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Introduction 


This book is the third and final volume of a full and detailed course in the 
elements of real and complex analysis that mathematical undergraduates 
may expect to meet. Indeed, I have based it on those parts of analysis that 
undergraduates at Cambridge University meet, or used to meet, in their first 
two years. I have however found it desirable to go rather further in certain 
places, in order to give a rounded account of the material. 

In Part Five, we develop the theory of functions of a complex variable. To 
begin with, we consider holomorphic functions (functions which are complex- 
differentiable) and analytic functions (functions which can be defined by 
power series), and the results seem similar to those of real case. Things 
change when path-integrals are introduced. To use these, a good under- 
standing of the topology of the plane is needed. We give a careful account 
of this, including a proof of the Jordan curve theorem (every simple closed 
curve has an inside and an outside). With this in place, various forms of 
Cauchy’s theorem and Cauchy’s integral formula are proved. These lead on 
to many magical results. Chapter 25 is geometric. A single-valued holomor- 
phic function is conformal (that is, it preserves angles and orientations). We 
consider the problem of mapping one domain conformally onto another, and 
end by proving the celebrated Riemann mapping theorem, which says that 
if U and V are domains in the complex plane which are proper subsets of 
the plane and are simply-connected (there are no holes) then there exists a 
conformal mapping of U onto V. In Chapter 26, we apply the theory that 
we have developed to various problems, some of which were first introduced 
in Volume I. 

In Volume I, we developed properties of the Riemann integral. This is very 
satisfactory when we wish to integrate continuous or monotonic functions, 
and is a useful precursor for the complex path integrals that we consider 
in Part Five, but it has serious shortcomings. In Part Six, we introduce 
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Lebesgue measure on the real line. Abstract measure theory is a large and 
important subject, but the topological properties of the real line make the 
construction of Lebesgue measure on the real line rather straightforward. 
With this example in place, we introduce the notion of a measure space, 
and the corresponding space of measurable functions. This then leads on 
easily to the theory of integration, and the space L? of p-th power inte- 
erable functions. These results are used to construct Lebesgue measure in 
higher dimensions, using Fubini’s theorem. Properties of the Hilbert space 
L? are then used to give von Neumann’s proof of the Radon—-Nikodym the- 
orem, and this is used to establish differentiability properties of measures 
and functions on R¢%. Almost all measures that arise in practice are defined 
on topological spaces, and we establish regularity properties, which show 
that such measures are rather wellbehaved. A final chapter uses the the- 
ory that we have established to obtain further results, largely concerning 
Fourier series (first considered in Volume I), and the boundary behaviour of 
harmonic functions on the unit disc. 

The text includes plenty of exercises. Some are straightforward, some 
are searching, and some contain results needed later. All help develop an 
understanding of the theory: do them! 

I am again extremely grateful to Zhuo Min ‘Harold’ Lim, who read the 
proofs and found many errors. Any remaining errors are mine alone. Cor- 
rections and further comments can be found on a web page on my personal 
home page at www.dpmms.cam.ac.uk. 


Part Five 


Complex analysis 


20 


Holomorphic functions and analytic functions 


20.1 Holomorphic functions 


Suppose that f is a continuous complex-valued function defined on an open 
subset U of the complex plane C. Recall that the set U is the union of 
countably many connected components, each of which is an open subset of 
U (Volume II, Proposition 16.1.15 and Corollary 16.1.18). The behaviour 
of f on each component does not depend on its behaviour on the other 
components. For this reason, we restrict our attention to functions defined 
on a connected open subset of C; such a set is called a domain. 

We begin by considering differentiability: the definition is essentially the 
same as in the real case. Suppose that f is a complex-valued function on 
a domain U, and that z € U. Then f is differentiable at z, with derivative 
f(z), if whenever € > 0 there exists 6 > 0 such that the open neighbour- 
hood N5(z) = {w : |w — z| < 6} of z is contained in U and such that if 
0 < |w —z| <6 then 


HW= $2) p49 ce 
In other words, 
f(w) — f(z) 


> f'(z) asw—z. 
w—z 


Thus if f is differentiable at z, then the derivative f’(z) is uniquely 
determined. The derivative f’(z) is also denoted by F(z). 


Proposition 20.1.1 Suppose that f is a complex-valued function on a 
domain U, that Ns(z) C U, and that 1 € C. The following statements are 
equivalent. 
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(i) f is differentiable at z, with derivative l. 
(ii) There is a complex-valued function r on Ns (0) = N5(0) \ {0} such that 


f(z+w) = f(z)+lw+r(w) for0< |w| <6 


for which r(w)/w > 0 as w > 0. 
(itt) There is a complex-valued function s on N5(0) such that 


f(z+w) = f(z) + (l+ sw))w for |w| < 6 
for which s(0) = 0 and s is continuous at 0. 


If so, then f is continuous at z. 


Proof ‘This corresponds to Volume I, Proposition 7.1.1, and the easy proof 
is essentially the same. 


If f is differentiable at every point of U, then we say that f is holomorphic 
on U. If U = C, then we say that f is an entire function. Although the 
form of the definition of differentiability that we have just given is exactly 
the same as the form of the definition in the real case, we shall see that 
holomorphic functions are very different from differentiable functions on an 
open interval of R. 


Example 20.1.2 Let f(z) =1/z for z € C \ {0}. Then f is holomorphic 
on C \ {0}, with derivative —1/z?. 


For if 0 < |w| < |z|, then z+ w #0 and 


f(iztw)—-f(z) -1_ 2-(e+w)z+u(zt+u) _ w 
— o_o - ee aera, “sea 


as w — 0. 


Proposition 20.1.3 Suppose that f and g are complex-valued functions 
defined on a domain U, and that f and g are differentiable at z. Suppose 
also that A,44 € C. 


(i) Af + ug is differentiable at z, with derivative Af'(z) + ug! (z). 
(ii) The product fg is differentiable at z, with derivative f'(z)g(z) + 
f(z)g'(2)- 


Proof An easy exercise for the reader. 


Theorem 20.1.4 (The chain rule) Suppose that f is a complex-valued 
function defined on a domain U, that h is a complex-valued function defined 


20.1 Holomorphic functions 629 


on a domain V and that f(U) C V. Suppose that f is differentiable at z 
and that h is differentiable at f(z). Then the composite function ho f is 
differentiable at z, with derivative h'(f(z)).f’(z). 


Proof There are two possibilities. First, there exists 6 > 0 such that 
Ns(z) CU and f(z+w) F f(z) for 0 < |w| < 6. If 0 < |w| < 6 then 


h(f(z+w)) = AF) _ (Soe en (See 
w f(z+w)— fw) , w : 


Since f is continuous at z, f(z +w)— f(z) > 0 as w > 0, and so 


A(f(z +w)) — hf) 
f(z+w) — f(z) 


Since (f(z + w) — f(z))/w > f’(z) as w > 0, the result follows. 

Secondly, z is the limit point of a sequence (z,,)°2., in U \ {z} for which 
f(2n) = f(z). In this case it follows that f’(z) = 0, and we must show that 
(ho f)/(z) = 0. We use Proposition 20.1.1. Let b = f(z). There exists 7 > 0 
such that N,(f(z)) C V and a function t on N,(0), with (0) = 0, such that 
h(b+k) = h(b) + (h'(b) + t(k))& for k € N,(0) and such that t is continuous 
at 0. Similarly, there exists 6 > 0 such that N5(z) C U and a function s on 
N5(0), with s(0) = 0, such that f(z + w) = b+ s(w)w for h € N5(0) and 
such that s is continuous at 0. Since f is continuous at z, we can suppose 
that f(Ns5(z)) C N,(0). If 0 < |w| < 6 then 


+ h'(f(z)) as w > 0. 


h(f(z+w)) = h(b+ s(w)w) = h(b) + (h’(b) + t(s(w)w))s(w)w 
so that 


h(f(z + w)) — ACF) 


. = (h'(b) + t(s(w)w))s(w) > 0Oasw > 0, 


since s(w) > 0 and t(s(w)w) > 0 as w > 0. 


This is essentially the same proof as in the real case. But, as we shall 
see (Theorem 23.1.1), the second case can only arise if f is constant on U: 
complex differentiation is in fact very different from real differentiation. 


Corollary 20.1.5 Suppose that g is a complex-valued function on U, 
which is differentiable at z. If g(z) # 0 then there is a neighbourhood 
Ns(z) © U such that g(w) 4 0 for w € N5(z). The function 1/g on 
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N5(z) is differentiable at z, with derivative —g'(z)/g(z)*. Furthermore f /g 
is differentiable at z, with derivative 


f\', _ £@e@) - f@s9'@) 
— | (2) = o>. 
g (9(z)) 

Proof Since g is continuous at z, there is a neighbourhood N5(z) C U 
such that g(w) 4 0 for w € N5(z). Then g(N5(z)) C C\ {0}. Let h(z) = 1/z 
for z € C \ {0}. Then the first result follows from the chain rule, and the 
second from Proposition 20.1.3. 


For example, if p(z) = a9 + --: + a"z” is a polynomial function, then p 
is an entire function, and p'(z) = a, + 2agz +--+ +nanz"—!. Similarly, if p 
and q are polynomials, and U is an open set in which q has no zeros then 
the rational function r(z) = p(z)/q(z) is holomorphic on U, and 


I= q(z)p'(z) ~ a'(2)pl)_ 


q(z)? 


Exercises 


20.1.1 Suppose that f is a holomorphic function on N;(i) and that (f(z))° = 
z for z € Ni(t). What is f’(i)? 

20.1.2 Suppose that f is a holomorphic function on D = {z € C: |z| < 1}. 
Show that the set {n € N: f(1/(n + 1)) = 1/n} is finite. 


20.2 The Cauchy—Riemann equations 


Suppose that f is a complex-valued function on a domain U, and that z = 
xt+iy € U. We can write f(z) as u(x, y) +iv(x, y), where u(x, y) and v(z, y) 
are the real and imaginary parts of f(z). The functions u and v are real- 
valued functions of two real variables. How are differentiability properties of 
f related to differentiability properties of u and v? 

Let us make this more explicit. Let k : R? — C be defined by setting 
k((x,y)) =x +iy; k is a linear isometry of R? onto C, considered as a real 
vector space. Let 7 : C > R? be the inverse mapping. If f is a complex- 
valued function on U, let f = jofok; f isa mapping from the open set j(U) 


into R?. If f(x,y) = (u(x, y), v(z,y)), then f(x + iy) = u(x, y) + iv(z, y): 


xc+iy wha f(x + ty) = ula, y) + iv(a, y) 
kt Lg 


(c,y) > (u(x,y),v(@,y)) 
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Theorem 20.2.1 Suppose that f is a complex-valued function on a 
domain U, and that zo = x9 + iyo € U. With the notation described above, 
the following are equivalent: 


(i) f is differentiable at 2; 

(ii) the function f : (x,y) (u(z,y), v(x, y)) from j(U) to R? is differ- 
entiable at (xo9,yo), and the partial derivatives satisfy the Cauchy— 
Riemann equations: 


O 0 O 0 
Fz (t0r¥0) = 5, (eosYo) and 5 -(t0, yo) = 7 (0-40). 


If so, then 


df _ Ou Ov _ Ov Ou 
qa (0) = By (207 Yo) + i2 (20, Yo) = By (20 Wo) _ 5, Po» Yo): 


Proof Suppose first that f is differentiable at zo. Then 


f(zo +2) — f(z) 


df 
aoe = ij 
dz (20) 20 £ 

= tim W010) = (OVO) 5 Hin VCO + Yo) = V(t, YO) 


so that the partial derivatives (Ou/Ox)(x0, yo) and (Ov/Ox) (xo, yo) exist, and 


df Ou Ov 
7 0) md Dy (20 Yo) + ig, (o> Yo): 
But also 
df, ,_,, flzo+ty) — f(zo) 
= ij Tim UOtor¥o ty) — U(70,40) | 4 U(@o,¥o + y) — (20, ¥0) 
y>0 7] y>0 y 
Ov 


O 
= By (20> Yo) ~~ iF, (0:40); 


so that the partial derivatives (Ou/Oy)(x0, yo) and (Ov/Oy) (xo, yo) exist, and 


df _ Ov Ou 
qe (20) = By (20 Yo) a 5, (o> Yo): 


Thus the partial derivatives satisfy the Cauchy—Riemann equations. 
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Suppose that z € U. Using these equations, we see that the real part of 
(z — 20) f’(z0) is 


(0 — 20) (00, yo) + ily — o)(—t5 (Ho, v)) 


0 O 
= (2 — #9) (9, yo) + (y — yo) (20,40), 
Ox Oy 
so that if we set 
6} O 
r(x, 4) = u(x.) — ulao, %0) — (® ~ 0) 5 (0: 90) — (Y — Yo) 5, (o> Yo) 


then r(z,y) is the real part of f(z) — f(zo) — (2 — 20) f’(z0). Consequently, 
u is differentiable at (x9, yo). An exactly similar argument shows that the 
same is true for v. 

Conversely, suppose that (ii) holds. Let 


= S45, yo) + £2 (0, wo) = 22 (0,40) — #4 (0, wo) 
g= dx: v0, Yo 1 ae X09, Y0) = ay 0, Y0 “By XO; Yo)- 


Suppose that z € U. Let f(z) — f(zo) — (z— 20)g = h(z) +ik(z). Then easy 
calculations show that 


h(a + iy) = ule.y) ~ uleosyo) ~ (© — #0)5"Ce0. 40) — (v= vo) (to, 90) 
k(x + iy) = o(e,y) ~ v0, yo) ~ (0 = 20)" (a0, uo) — (y ~ wo) 52 (0, 40) 


so that 


fle) = flzo) le) ible) 
Z— 2% z— £0 


as z — zo; hence f is differentiable at zo, with derivative g. 


Corollary 20.2.2 If f is holomorphic and twice continuously differen- 
tiable on U then u and v are harmonic functions; that is 


au, Bu _ ote Be _ 
Ox? ~— Oy2— Oa? Ay2— 


20.2 The Cauchy—Riemann equations 633 
Proof For 


Pu Ou _ Ou _ Ou 
0x2 Oxdy  OyOx——Ox?’ 
O?u Oru _ Ou _ oma) 
Ox? — Oxy —— OxOy OO?” 


We shall see later that every holomorphic function is infinitely differen- 
tiable. Harmonic functions in Euclidean space were considered in Volume II, 
Section 19.8. 7 

This result suggests a rather different approach. Suppose that f is dif- 
ferentiable at (29,yo). Let f = fok, so that f(x,y) = f(x + iy). We 


set 
a1 fof oF @ Of , of 
op = 5 (FE 14), ar = 5 ( +4 iF 


of = Zee +i ees 
Ox Oy Ox Oy , 


so that f is differentiable at zp if and only if Of(z9) = 0. If this is so, then 


aftea) = 5 ( (Fe +32) (eorse) +i (Fe — 5°) (eone)) = 


We can use the Cauchy—Riemann equations and the differentiable inverse 


Then 


mapping theorem to prove an inverse mapping theorem for holomorphic 
functions. An injective holomorphic function on a domain U is said to be 
univalent: that is, it takes each value at most once on U. 


Theorem 20.2.3 Suppose that f is a univalent function on a domain 
U, with continuous derivative f’, and suppose that f'(z) # 0 for all z € 
U. Then f(U) is an open subset of C, the mapping f : U + f(U) is a 
homeomorphism, the inverse mapping f—!: f(U) > U is holomorphic, and 


if f(z) =w then (f)'(w) = 1/f'(z). 
Proof Suppose that z = x + iy € U. Let r = |f’(z)|. Since 


Ou Ov 


f'(z) a 7g tr ¥) ci in (ty), 
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Ou : Ov . 
2 = —— —— 
so that there exists 0 < 0 < 27 such that 


Ou Ov Ou Ov ; 
By (tr) _ By eY) —_ r cos @, By oY) _ — 9, (ey) = —rsing. 


it follows that 


Hence f/(z) = r(cos@ + isin@). Thus the Jacobian J(f)) of the mapping f 
from j(U) to 7(f(U)) is 


agi r cos @ —r sind 29s 4: 
rsin@  rcosé 


By the differentiable inverse mapping theorem (Volume II, Theorem 17.4.1), 
j(f(U)) is an open subset of R?, and the inverse mapping f—! : j(f(U)) > 
j(U) is differentiable, with derivative 


r-!cos@ r'sin@ 


(Di eecisie = (Dhar = 1 


—r—!sin@ r—!cosé@ |" 


Consequently, the Cauchy-Riemann equations are satisfied by f~!, and f~! 
is holomorphic; if w = s + it = f(z) € f(U) then 


an OF" of 
(fF) (w) = Sr (s,t) +i 


ay je 1 
gp eG 


At first sight, this looks like a strong and useful result. In fact, as we 


shall see, two of the hypotheses are redundant. First, the derivative of a 
holomorphic function on a domain is always continuous (Corollary 22.6.6), 
and secondly, if f is a univalent function on a domain U, then its derivative 
cannot take the value 0 on U (Theorem 23.6.8). 


Exercises 


20.2.1 Why was the chain rule not used to prove the Cauchy—Riemann 
equations? 

20.2.2 Suppose that f is holomorphic on a domain U and that |f| is constant 
on U. By considering | f|? and using the Cauchy-Riemann equations, 
show that f is constant on U. 

20.2.3 Suppose that f is a non-constant holomorphic function on a domain 
U. Show that if c € R then {z € U: |f(z)| = c} has an empty 
interior. 
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20.2.4 Suppose that f is an entire function and that u and v are its real and 
imaginary parts. Show that if u(z) + v(z) > 0 for z € C, then f is 
constant. Show that if u(z)v(z) > 0 for z € C, then f is constant. 

20.2.5 Suppose that wu is a harmonic twice-differentiable function on an open 
neighbourhood N,.(x9, yo) of (#0, yo) in R?. If (x,y) € N,(xo, yo) let 


x 

vty) = -{ os, yo) ds + [ ae at. 

4 OU Ox 

Show that wu and v satisfy the Cauchy—Riemann equations. If zo = 
Lo+iyo and z = x+iy € N,(z0), let f(z) = u(a, y) +iv(az, y). Then f 
is a holomorphic function on N,(zo). The function v is the harmonic 
conjugate of u. 
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So far, we only have a meagre supply of examples of holomorphic functions. 
When we considered functions of a real variable, we used a power series to 
define the exponential function and the circular functions. We shall see that 
power series not only enable us to do the same in the complex case, but also 
play a fundamental role in the theory of functions of a complex variable. 
First we consider power series quite generally. 

Recall that a complex power series is an expression of the form 
rp an(z — 20)", where (Gn)%9 is a sequence of complex numbers, zo is a 
complex number, and z is a complex number, which we also allow to vary. 
Here are some of the fundamental results that were established in Volume 
I, Sections 4.7 and 6.6. 


e Suppose that S°P° 5 a@n(z — 20)" is a complex power series. There exists 
0 < R < o (the radius of convergence) such that \~>° 9 an(z — zo)” 
converges locally absolutely uniformly on {z : |z—zo| < R} to a continuous 
function f on {z : |z—zo| < R}; that is, if0 < S < R then }-P° 9 an(z—z)” 
converges absolutely uniformly to f on {z : |z — zo| < S}. If |z — zo| > 
R, then the sequence (a,(z — 20)")°29 is unbounded, so that the series 
certainly does not converge. All sorts of things can happen on the circle 
of convergence {z : |z — zo| = R}. 

e Suppose that 77° 9 an(z—z0)” is a power series with radius of convergence 
R. Let A = limsup|a,|!/". If A = 0 then R = oo. If A = oo then R= 0. 
Otherwise, R = 1/A. 

0 Tf re 9 an(z — 20)” and S°°° 5 bn(z — 20)” are power series, we can form 
the formal product 772.9 ¢n(z — 20)", where cp = D179 ajbn—j. If 779 
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Gn(z — zo)" has radius of convergence R and S79 bn(z — 20)” has 
radius of convergence R’, then the power series }°”° 9 ¢n(z — zo)” has 
radius of convergence greater than or equal to min(R, R’). If |z — z| < 
min(R, R’) then 


($220) (mica) -Eate-ah 


Provided that their radii of convergence are positive, different power 


series define different functions. Suppose that each of the power series 
Po Gn(Z — 20)” and S>P° 9 bn(z — 20)” has radius of convergence greater 
than or equal to R > 0. Let f(z) = Po an(z — 20)” and g(z) = 
0 On(z — 20)", for |z — zo| < R. Suppose that (w,)f2, is a null 
sequence of non-zero complex numbers in {z : |z| < R} such that 
f(z2o + we) = g(zo + we) for all k € N. Then ap, = by for all n € ZT. 
This means that if we obtain two power series for the same function, we 
can ‘equate coefficients’. 


Suppose that the power series )>° 9 an(z — 20)" has positive radius of 
convergence R; if |z— z| < R, let f(z) = >?--9 Gn(z — 20)”. Suppose that 
0 < S < R, and that f has no zeros in {z : |z — zo| < S}. Then there 
exists a power series )°°° 4 Cn(z— 20)" with positive radius of convergence 
T such that, if g(z) = 772.9 Cn(z—20)” for |z—zo| < T, then f(z)g(z) =1 
for |z — Z| < min(S,T). 


What about the differentiability of power series? 
Theorem 20.3.1 Suppose that the power series >, an(z — 2)" has 
radius of convergence R. Then the power series \~°°, nan(z — 20)"~+ has 


radius of convergence R. If f(z) = 772.9 an(z — 20)” for |z — 20| < R, then 
f is differentiable on the set {z © C: |z — z| < R}, and 


[oe] (oe) 
= x iainlz— zo) = Sin + 1)an41(z — 2)”. 
n=1 n=0 


In other words, we can differentiate a power series term by term within 
its circle of convergence. 


Proof We can clearly suppose that z9 = 0. Since (log(n + 1))/n > 0 as 
n— oo, (n+1)!/" + 1 as n > oo, and so 


1/n 1/n 


lim sup((n + 1)|an41|)/” = lim sup |a,| 


Thus the power series }7°°_9(n + 1)an412" has radius of convergence R. 
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Figure 20.3. 


Suppose that |z| = r < R. Choose s and t with r < 5s <t < R, and 
let M = sup, |an|t”; then M < oo. Let 6 = s—r and lett BB ={wecC: 
lw — 2] <5}; By C {w : jl <5}. 

We use the identity 


= =e bila bgt eee Ag oP), 
If w € Bs, let 


qa(w) = 1, 
gt) =Gluy teetuy past Sessa 


for n > 1. Then g,(0) = nz"—1, and gn(w) = ((z + w)” — 2")/w for w £0, 
so that 


W 


$+) = $2) Sa ante) 
n=1 


Now if |w| < 6 then |gn(w)| < n(\z| + |w])"~! < ns"—!, so that 


sup{|angn(w)| : w € By} < ns” (=) 7 () ey 


S t 


Since }>°>_, n(s/t)” < 00, the series \>°°_, Gngn(w) converges absolutely and 
uniformly on Bs. Consequently, the function gene AnQn is continuous on Bs, 
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and so 


Hep) FE) andn(tw) + Ys andin(0) = Snag"! 
n=1 n=1 ot 


W 


as w > 0. 


Corollary 20.3.2 f(z) is infinitely differentiable on the set {z € C: 
|z — z9| < R}, and 


(2) = b+ N+) + ana? = Dag gel 


j=0 j=0 


Proof For we can apply the result inductively to f’, and to the higher 
derivatives of f. 


Corollary 20.3.3 an, = f'(z)/n!, so that 
So f(z 7 
fe) =), — 2) 
n=0 : 


is the Taylor series expansion of f. 


Corollary 20.3.4 If |z—zo| < R then 


P@= prio 
j=0 

Thus if a power series has positive radius of convergence, it defines a 
holomorphic function within the radius of convergence, and this function is 
infinitely differentiable. 

This leads to the following definition. Suppose that f is a complex-valued 
function on a domain U. f is analytic on U if for each w € U there exists a 
power series }7°° 9 dn(w)(z — w)” with positive radius of convergence R(w) 
such that f(z) = 07-9 a@n(w)(z — w)” for all z € Nay)(w) NU. 


Corollary 20.3.5 Jf f is analytic on a domain U, then f is holomorphic, 
and indeed is infinitely differentiable on U. 


We shall see later (Theorem 22.6.5) that the converse holds: a holomorphic 
function on a domain is analytic. 


Theorem 20.3.6 Let A(U) denote the set of all analytic functions on a 


domain U. If f,g € A(U), then f +g € A(U) and fg € A(U). If fe AU) 
and f(z) #0 forz€U then 1/f € A(U). 
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Proof These results follow directly from the properties of power series 


listed at the beginning of this section. 
Corollary 20.3.7 The function J(z) =1/z is analytic on C \ {0}. 


Proof For the function f(z) = z is analytic on C \ {0}, and f(z) #0 on 
C \ {0}. 


It is instructive to obtain the power series expansion of J. 


Proposition 20.3.8 If z) £0 then 


1 1 ow (—w)” 
Zo + WwW 2H 2 


for |w| < |zo|, and the power series has radius of convergence |zo|. 


Proof Suppose that |w| < |zo|. Using the formula 


(l—y)(ltyte-ty")=1-y"™™, 


with y = —w/zo, we find after a little manipulation that 
1. a gO (—w)” (—w)"*1 
ztw 20 Fs met (89 +w) 
Now a 
—any\ntl 1 n 
aGait <4 (8) >Oasn- ow, 
zo** (zo + w)1~ [zol — lw! \ 120! 


and so the series converges. It follows directly from the definition that the 


radius of convergence of the power series is | zo]. 


Proposition 20.3.9 Suppose that f is an analytic function on a domain 
U, and that there exists z € U such that f(z) = 0 for allk © N. Then 
f is constant on U. 


Proof We use the connectedness of U. Let 
A={zeU: f(z) =0 for all k € N}. 


If k € N then f“) is continuous on U, so that {z € U : f(z) = 0} is closed 
in U. Since A = Mgen{z € U : f(z) = 0}, A is closed in U. If w € A, 
there exists R > 0 such that Ne(w) C U and 


SFM (z 
=! ie ain $e) for z € Nr(w). 
n=0 : 


n 
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Thus f)(z) = 0 for z € Nr(w) and k € N. Hence Np(w) C A, and A is 
open. Since U is connected and A is not empty, it follows that A = U, and 
that f is constant on U. 


This means that an analytic function on a domain U is determined by its 
values near an arbitrary point of U. 


Corollary 20.3.10 Suppose that f and g are analytic functions on a 
domain U, and that there exists zy € U such that f(z) = g (zo) for 
allk € Zt. Then f =g. 


Proof Apply the proposition to f — g. 

We now show that a power series with positive radius of convergence 
R defines an analytic function within its circle of convergence. The Taylor 
series expression suggests that it is convenient to consider power series of 
the form 77° 9 en(z — 20)" /nl. 


Theorem 20.3.11 Suppose that the power series \~°°, cn(z — 2)"/n! 
has positive radius of convergence R; for |z — z| < R let f(z) = 
bead ae — z9)"/n!. Suppose that |w — zo| =r < R. Then the power series 
aul ‘fe )\(w)(z — w)*/k! has radius of convergence at least R—r, and if 
|z-—w| < R—r then 


Proof We can clearly suppose that zo = 0. First, 


oe) 


f®(w) = ss n(n —1). {a Tk+ 1) wrt - \ e = 


n=k n=k 


We consider absolute values, and change the order of summation. If |z| < 


— |w| then 
[Ff (wyllale Sf _lenl ie) EF 
ie ee OSs rer 
= = len| nl n—ky jk 
n=0 k=0 
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Thus the radius of convergence of the power series )7?2.9 f(w)z*/k! is at 
least R—|w|, and the double sum 


3 (> te wt) i 
ae or (n —k)! k! 


is absolutely convergent for |z| << R—|w]. We can therefore change the order 
of summation: 


Sf! (w)z* 2 Cn “ch \ 2" 
oo (> a" ‘ a 


love) é ( n “al 
n n—k k 
= ed ail » — hi 
a Ae (n—k)!k 
iG 
= —(wt+z)" = f(wtz) 
= 
Exercises 


20.3.1 Suppose that the power series )>°° 9 a,2z” has positive radius of con- 
vergence R, and that f(z) = }77° 9 anz” for |z| < R. Show that there 
exists an analytic function F' on |z| < R such that F’(z) = f(z) for 
lz| < R. 

20.3.2 Suppose that f is an analytic function on a domain U. Use the con- 
nectedness of U to show that there exists an analytic function F’ on 
U such that F’ = f. 


20.4 The exponential, logarithmic and circular functions 


In Volume I, we used power series to define the real-valued exponential and 
circular functions on the real line. We now consider their complex-valued 
counterparts, defined on C. First, the power series 


2 n 
z a ede re eee ee 
Se oy Ye ae 
has infinite radius of convergence and so defines an entire function. Of 
course, the restriction of exp to R is real-valued, and is the function that 
we considered in Volume I, Section 7.4. Differentiating term by term, we 
see that de*/dz = e*, and multiplying the series for e* and e”’, we see that 
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er = e*e”. Consequently, if z = x + ty then e* = eveY, Since —iy = iy it 
follows that e~’” = e’¥. Thus 


\e'¥ |? — eety — e'Ve“Y — ely-Y — 1, 


so that |e#| = 1. 
The power series 


as) zen oo antl 
COs Z = —1)"”—— and sinz = —1)"”——__ 
LW om XI)" aay 
n=0 n=0 
also have infinite radii of convergence, and inspection shows that 
el? 4 ee e _ e 
cos z = ———— and sinz = ——___, 
2 21 


so that e’* = cos z+isin z. In particular, if  € R then cos x and sin z are the 
real and imaginary parts of e’*. Many of the results about the real-valued 
circular functions can be deduced from this. 


Proposition 20.4.1 The mapping t > e* = cost +isint from R to 


T = {z: |z| = 1} is a continuous homomorphism of the additive group 
(R,+) onto the multiplicative group (T,.), with kernel 27Z. 


Proof The mapping is certainly continuous, and is a homomorphism into 
(T,.). Ifz =a+iy € T then —1 < x < 1; by the intermediate value theorem, 


there exists s € [0,7] such that x = coss. Then y? = 1 — cos” s = sin’ s. If 
y = sins take t = s, and if y = —sins take t = —s. Then e” = z, and so the 


mapping is surjective. Finally, e = cost +isint = 1 if and only if cost = 1 


and sint = 0, and this happens if and only if t = 27k, for some k € Z. 
Recall that C*, the punctured plane, is the set C \ {0}. 


Corollary 20.4.2 The mapping exp: z > e* is a continuous homomor- 
phism of the additive group (C,+) onto the multiplicative group (C*,.), with 
kernel {2aki: k € Z}. 


Proof Again, the mapping is certainly continuous, and is a homomorphism 
into (C*,.). If w € C* and r = |w| then w/r € T, so that there exists y € R 
such that w/r = e. Let = logr. Then r = e*, and so w = e7e¥ = e?, 
where z = x + iy; the mapping is surjective. Since e* = 1 if and only if 
z = 2rki for some k € Z, its kernel is {27ki: k € Z}. 


Thus if w € C*, we can write w = re’ with r = |w| and 6 € R; this is the 
polar form of w. The number @ is not unique; we set Argw = {9E R: w= 
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|wle?}. The set Arg w is called the argument of w, and elements of Arg w 
are called values of the argument. There is a unique 6 € Argw Nf (—7,7]; 
this is the principal value of the argument, and is denoted by arg w. Then 
Argw = {argw+ 2kn:k € Z}. 

In the same way, if w € C* we set Logw = {z € C: e* = wh, so that 
Log w = log |w|+iArg w. Thus Log is a set-valued function on C*: an element 
of Log w is called a value of Log w. We define the principal logarithm of w 
to be log |w| + zarg w, where arg is the principal value of the argument. 

The strip {z = a+iy:—a < y < 7} is a connected open subset of C, 
and the restriction of exp to the strip is a univalent map of the strip onto 
the cut complex plane 


Co = C\ (—00, 0] = {w = re”: r > 0,-7 < 0 < a}. 


Then the restriction of log to Co is the inverse mapping from the cut 
complex plane Co onto the strip {z = x+iy: —1t < y < m}. It is alsoa 
univalent mapping, and log’ w = 1/w, as in the real case. 


Proposition 20.4.3 If |z| <1 then log(1 + z) = 7°, (-1)"*12"/n. 
Proof For the power series on the right-hand side has radius of conver- 
gence 1; if |z| < 1, let I(z) = 0°, (-1)"12"/n. Then 


n 


<(log(1 + 2) -U2)) => - L-a" =o, 


so that log(1 + z) — I(z) is constant on {z : |z| < 1}. But log1 = 0 = 1(0), 
and so log(1 + z) = I(z), for |z| < 1. 


The complex function log and the real function arg cannot be extended 
to continuous functions on C*, or on T, since 


lim log(—r + iy) = logr + iz and lim log(—r+ ity) = logr — iz. 
_ g( y) = log re g( y) = log 


We can cut the complex plane in other ways. If —a < 6 < 7, let 
Cg=C\{-re? :0<r<co} ={w=re”:r>0,8-1<0< 6 +n}. 


Cz is a cut plane, cut along a ray in the direction opposite to e'? Ifwe Cz 
there exists a unique 0 € Arg wM(8—7, 8+7), which we denote by arg (py W: 
Similarly, if w € Cg, we set log(g) w = log |w| + iarggyw. Then loggy is a 
holomorphic function on Cg. 
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Care is needed when working with principal values. If w; = e!°8” and 
wz = eS” are in C*, then 


wiw2 = clos W1 clog we = pet og ts 
so that log w, + log wg € Log (w iw), but log w; + log wa need not equal 
log(w1we2). For example, if w= 7-1 then 


w = V2e3"'/4 | s0 that 2log w = log2 + 30/2, 
whereas 
w* = —2i, so that log(w?) = log 2 — mi/2 4 2log w. 


We can use the exponential and logarithmic functions to define complex 
powers. If w € C* and a € C, we define {w%} to be the set {exp(az) : z € 
Log w}; any element of {w%} is then a value of w®. The principal value of 


wo 


is obtained by taking the principal value of logw. If —7 < 6 < a, and 
w € Cg, we set we) = exp(alog(g) w). Then the function w > wa) is a 


holomorphic function on Cg. 


Exercises 
20.4.1 The functions cosh z and sinh z are defined as 
z Zz Z_ 2-2 
cosh z = ae and sinh z = a 


Write down their power series. Show that cos z = coshiz and isin z = 
sinhiz, and prove the inequalities 


|sinh y| < |sin z| < coshy, | sinh y| < | cos z| < coshy 


for z=x+iyEC. 

20.4.2 Find the zeros of cosh z and sinh z, and of cos z + sin z. 

20.4.3 Suppose that f is a complex-valued function on a domain U which 
does not contain 0, and that f(re’”) = u(r, 0) + iv(r, 0). Show that 
the Cauchy-Riemann equations become 


Ou 10v Ov 1 Ou 
Or roo” Or +do- 

20.4.4 Suppose that w € C*, and that argw = —(. Find the power series 
for log(g)(w + z) in a neighbourhood of w. What is its radius of 
convergence? 

20.4.5 Evaluate 7°. 

20.4.6 Define the function z* on the cut complex plane Cop, and show that 
it is holomorphic. What is its derivative? What happens as z — 0? 
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20.5 Infinite products 


We now use properties of the complex functions exp and log to consider 
infinite products of the form []j°,(1 + aj), where aj € C and |a;| < 1 for 
j EN. We need the following inequality. 


Proposition 20.5.1 Suppose that z1,...,z,% are complex numbers for 
which ee |z)| <a <5. Then 
ji +2)-1)<o 
1 — 20. 


Proof If |z| <1 then 


|log(1+ z)| = aoe at = » ie —log(1—|z]|) < <Dk f= 


j= i= 7 Fr 
and 
4 24) Ie? j 
je tl= [oF] s oP aac opt = E. 
j=l j=l 
Thus 


/\ 
ie) 
% 
ue) 
o 
0g 
— 
ro 
+ 
& 
| 
ra 


/\ 
iq) 
e 
ae 
Qe. 
iM-= i 
I 


llog(1 + 25)| } — 1 


j=l 
k 

< exp rear —1<exp(a/(l—o))-1 
j=l 

< a/(1 — 20). 


The following result corresponds to Corollary 14.2.10 of Volume II. 
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Proposition 20.5.2 /Weierstrass’ uniform M-test for complex products] 
Suppose that (X,r) is a topological space and that (fj)7, ts a sequence 
of bounded continuous complex-valued functions on X. If || fj\|,, < Mj for 
each j € N, and )0¥°, Mj < 00, then the infinite product []j2,(1 + fj(x)) 
converges uniformly to a nurs continuous function on X. 

Further, if S072 Mj =o <q 1 then [TEE + fi) — 1 s 20: 


Proof First we show that the finite products are uniformly bounded. If 
keEN andz€ X, then 


Thus there exists K > 1 such that | IG + fj(x))| < K for all k € N and 
allze X. 

Suppose that 0 < « < 1/2. There exists jo such that 09° ,, Mj < €/2K. 
By Proposition 20.5.1, 


and so 


l 


4 II @+fi@) 


jak 


<e€. 


k 
aap et 1+ f(z 


Thus the products converge uniformly on X. 
The final statement follows by applying Proposition 20.5.1 to the product 
of & terms, and then letting & tend to infinity. 


20.6 The maximum modulus principle 


Theorem 20.6.1 (The maximum modulus principle) Suppose that U is 
a bounded domain and that f is a non-constant continuous function on U 
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whose restriction to U is analytic. If 2 © U then 


| f(z0)| < sup{| f(z) 


Proof Since U is compact and |f| is continuous on U, |f| is bounded on 
U. Let M = sup{|f(z)|: 2 € U}. Then L = {z €U : |f(z)| = M} is a closed 
non-empty subset of U. 

We must show that LU is empty. Suppose not, and suppose that zg € 
LOU. There exists 6 > 0 such that N5(z9) C U. Since f is analytic on U, 
there exists a power series )*7° 9 dn(z — 20)" which converges to f(z) for 
z € N5(z0). Note that ap = f(z), so that |ag| = WM. By Proposition 20.3.9, 
there is a least index k in N for which a, 4 0. Thus 


:z€ OU}. 


f(z) = a0 + ag(z - zo)* + s(z)(z— zo)*, where s(z) = bs Gpin(Z — 20)”, 
n=1 


for z € N5(zo). Then s(z) > 0 as z — 20, and so there exists 0 < 7 < 6 such 
that |s(z)| < |az|/2 for |z—z| < n. Now consider f (zo +e"), for t € [0, 27): 


f (zo + nel’) = ag + nee ax + n*s(20 + ne"), 
so that 
If (20 + ne"*)| > lao + n*e*ax| — n* lag] /2. 


Now Arg (n*e***a,) = (Arg ax) + kt, and so we can choose t € [0,27) such 
that Arg (n*e*a,) = Argao; ap and neta, point in the same direction. 
Thus 


ikt aE a | _ |ao| + n* lal, 


Jao + 1*e™ax| = |aol + |n*e 


and so | f (zo t+ne*)| > |ao|-+n*|az|/2 > |ao]| = M. This gives a contradiction, 
and so LNU =9. 


In particular, if f is not constant, |f| has no local maxima in U. 


Corollary 20.6.2 Jf |f(z)| ts constant on OU, then f has a zero in U: 
there exists zo © U for which f(z) =0. 


Proof Let c be the value of |f(z)| on OU. By the maximum modulus 
principle, c > 0. Suppose that f(z) 4 0 for z € U. Then the function g = 1/f 
is continuous on U, and its restriction to U is analytic. But if z9 € U then 
\g(zo)| > 1/c = sup{|g(z)| : z € OU}, contradicting the maximum modulus 
principle. 


We shall improve on this in Corollary 20.6.6. As an application, let us 
give the first of several proofs of the fundamental theorem of algebra. 
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Corollary 20.6.3 (The fundamental theorem of algebra) Suppose that 
p(z) = ao +--+ +an2” ts a non-constant complex polynomial function on C. 
Then there exists z; € C such that p(z,) = 0. 


Proof Suppose not. Then apg = p(0) 4 0. Since p is not constant, n > 0, 
and we can suppose that a, 4 0. If z 4 0 let 


p(z) = 2" (an + — fees 3) =e" la). 


Then h(z) > ap as z — oo, and so |p(z)| oo as z > oo. Thus there exists 
R such that |p(z)| > 2/ao| for |z| > R. Let 


V={zEC: |p(z)| < 2lao|}. 


V is a non-empty bounded open subset; let U be a connected component. 
Then |p(z)| = 2|a9| for z € OU (justify this!). Then p has a zero in U, by 
the previous corollary. 


Corollary 20.6.4 Ifa, 40 there exist z1,...,2n such that 


p(z) = an(z — 21)... (2 — Zn) 


Proof A straightforward induction argument. 


Theorem 20.6.5 (The open mapping theorem) Jf f is a non-constant 
analytic function on a domain U, and if V is an open subset of U, then 
f(V) is an open subset of C. 


Proof Suppose that z) € V. Let g(z) = f(z) — f(zo). Arguing as in Theo- 
rem 20.6.1, there exists 6 > 0 and m > 0 such that M5(zo) = {z: |z — z0| < 
6} C U and such that |g(z)| > m for |z — z9| = 6. Suppose now that 
IC — f(zo)| < m/2. Let h(z) = f(z) —¢. Then |h(z)| > m/2 for z € T5(z), 
and |h(zo)| < m/2. Let W = {z € Ms(zo) : |h(z)| < m/2}. Then W is a 
non-empty open set, and WM T5(z9) = 0, so that W C N5(zo). Let X bea 
connected component of W. As before, |h(z)| = m/2 for z € OX, and so, by 
Corollary 20.6.2, there exists w € X such that h(w) = 0. Thus f(w) = ¢, 


and so f(N5(z0)) > Nm2(f(20)). This implies that f(V) is open. 


Corollary 20.6.6 Suppose that U is a bounded domain and that f is a 
non-constant continuous complex-valued function on U which is analytic on 
U. If |f(z)| takes the constant value c on OU, then 


JU = tee |s| cy ong fiol) {24 \2| ch. 
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Proof The set f(U) is compact, and is therefore closed in C. Since f(U) = 
fU) o{w : |w| < ch, f(U) = N{w : |w| < c} in the subspace topology. But 
f(U) is open in {w : |w| < c}, by the open mapping theorem. The set 
{z:|z| <c} is connected, and so f(U) = {z: |z| < c}. Since f(U) is closed, 
it contains f(U) = {z: |z| < c} and so 


F(OU) = 4a e |e] =e}, 


Compare the open mapping theorem with Theorem 20.2.3. We give 
another proof of the open mapping theorem in Section 23.5. 


Exercises 


20.6.1 Suppose that f is analytic on a bounded domain U and that 


lim sup (zsw:zeu)|f (2) me 4 


for each w € OU. Show that |f(z)| < K for each z € U. (Hint: Show 
that if L > K and V = {z €U: |f(z)| > L} then V is a compact 
subset of U.] 

20.6.2 Let U ={z=a+ iy: —a/2 < y < 1/2} and let f(z) = exp(e’), for 
z €U. (You may assume that f is analytic.) Show that 


lim sup ieswveuils 2) = 2 


for each w € OU, but that f is unbounded on U. 
20.6.3 Suppose that f is analytic on an unbounded domain U, that 


lim sup (cow:zeu) lf (2)| aK 


for each w € OU and that lim sup --.0|f(z)| < AK. Show that |f(z)| < 
K for each z € U. 

20.6.4 Let A, be the annulus {z € C;r < |z| < R}. Show that if p is a 
polynomial then sup{|p(z) — 1/z| : z € Arr} > $(1/r — 1/R). The 
function J(z) = 1/z cannot be approximated uniformly on A,r by 
polynomials. 


21 
The topology of the complex plane 


21.1 Winding numbers 


The complex analysis that we have so far developed is essentially a straight- 
forward development of ideas from real analysis. In the next chapter, we 
consider path integrals, and things will change dramatically. For this, we 
need to establish some of the topological properties of the complex plane C. 
Since the mapping (x,y) > x + iy is an isometry of R? onto C, these 
properties correspond to topological properties of R?. 

Suppose that (X,7) is a topological space and that f is a continuous 
mapping from X into C*. A continuous branch of Arg f on X is a continuous 
mapping @ of (X,7) into R such that @(a) € Arg f(x) for each x € X. We 
shall be concerned with the question of when continuous branches exist. 
Note that continuous branches are functions on X, and not on f(X). Asa 
particular case, if X C C* and f(z) = z, then a continuous branchof Arg z 
on X is a continuous branch of the inclusion mapping of X into C*. 

For example, the principal value mapping z — argz is a continuous 
branch of Arg z on the cut plane Cg. Similarly, the mapping z — arg ,z 
is a continuous branch of Arg z on the cut plane Cy. 


Proposition 21.1.1 Suppose that f : (X,r) — C* is continuous and 
that 0 is a continuous branch of Arg f on (X,T), that x9 € X and that 
to € Arg f (x0). 


(i) If g is a continuous mapping of a topological space (Y,o) into (X,T), 
then 00g is a continuous branch of Arg (fog) on Y. In particular, if Y 
is a subset of X, then the restriction of 0 to Y is a continuous branch 
of Arg f on Y. 

(it) There exists a continuous branch 09 of Arg f on (X,d) with 09(x0) =to. 
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(iit) If (X,d) is connected, the continuous branch 09 of Arg f on (X,d) with 
60(x0) = to is unique. 


Proof (i) follows directly from the definition. For (ii), let 09 = 6 + (to — 
6(x0)); 90 satisfies (ii). If 0 also satisfies (ii), then (09—61)/27 is a continuous 
integer-valued function, which vanishes at 29; thus if X is connected, then 
(99 — 01)/2m = 0, so that 09 = 04. 


Corollary 21.1.2 There is no continuous branch of Arg z on T = {z: 
aie}. 


Proof Suppose that a continuous branch existed on T. Since T is con- 
nected, there would be a unique branch a on T with a(1) = 0. But T \ {—1} 
is connected, and so the restriction of a would be the principal value of 
the argument. But, as we saw in Section 20.4, arg has no continuous 


extension to T. 


Recall that a path y in C is a continuous mapping from a closed interval 
[a,b] into C. y(a) is the initial point of the path, and y(b) is its final point, 
and 7 is a path from a to b. The image y(|a,b]) is called the track from 
y(a) to y(b), and is denoted by [y]. A path + is closed if y(a) = y(b); we 
return to our starting point. A path y : [a,b] + C is simple if y is an 
injective mapping from [a,b] into C. A simple closed path y : [a,b] > C is 
a closed path whose restriction to [a,b) is injective. If y : [a,b] > X and 
6: [c,d] + X are paths, and (b) = d(c), the juxtaposition y V 6 is the path 
from [a,b + (d —c)| into X defined by y V 6(x) = 7(x) for x € [a,b] and 
yV 6(x) = 6(a+(c—b)) for x € [b,b+(d—c)]. If y: [a,b] > X is a path, the 
reverse y* (t) is defined as y* (t) = y(a+6-—t) for t € [a,b]. If y: [a,b] > X 
and 6 : [c,d] + X are paths, y and 6 are similar paths, or equivalent paths, if 
there exists a homeomorphism ¢ : [c, d] + [a, 6] such that ¢(c) = a, o(d) = b 
and 6 = yo@. Properties of paths are established in Volume II, Section 16.2. 


Theorem 21.1.3 If 7: [a,b] + C* is a path in C* then there exists a 
continuous branch of Arg y on [a,b]. 

If w and al are two such continuous branches, then a(b) — a(a) = a’(b) — 
a’ (a). 


Proof (i) We use the fact that [a,b] is connected. If s,t € [a,b], set s ~t 
if there is a continuous branch of Arg y on [s,t]. We show that this is an 
equivalence relation on [a,b]. Clearly t ~ t, and t ~ s if s ~ t. Suppose 
that s ~ t and t ~ u, and that @ is a continuous branch of Arg y on 
[s,t], 6’ a continuous branch of Arg ¥ on [t,u]. Let k = 6(t) — 6’(t), and let 
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O(v) = 8 (v) +k, for v € [t,u]. Then 6 is a continuous branch of Arg y on 
[s,u], so that s ~ u. 

Suppose that s € [a,b], and that arg y(s) = a. Then y(s) € Cy. Since 7¥ is 
continuous, there exists 6 > 0 such that y(NV5(s)M[a, 6] C Cy. Then arg , 07 
is a continuous branch of Arg y on N5(s) NM [a,b], and so the equivalence 
classes of ~ are open. Since [a,b] is connected, there is just one equivalence 
class, namely [a, b], and so there exists a continuous branch of Arg y on [a, }]. 

(ii) The function (a — a’)/27 is a continuous integer-valued function on 


the connected set [a,b], and is therefore constant. 


Suppose that y : [a,b] > C is a path and that w does not belong to the 
track [y] of y. Then y — w is a path in C*, and so there exists a continuous 
branch 6 of Arg (y — w) on [a,b]. The winding number n(y,w) of y about w 
is defined to be 

A((y = w)()) — O(y = w)fa)) _ (70) — w) — A(V(@) — w) 


J aaa ae os 


It follows from Theorem 21.1.3 that this is well defined. In fact, we shall 
be principally concerned with the case where y is a closed path, so that 
y(a) — w = 7(b) — w, and n(y, w) is an integer. 

As an easy example, let y(t) = w+ re‘ for t € [0,27], where r > 0 
and k € Z. Then kt is a continuous branch of Arg(y — w) on [0,27], and 
so n(y,w) = k. This accords with common sense: the path winds k times 
round w. But note that & can be positive, negative or zero; if k > 0 then + 
winds k times round w in an anti-clockwise sense, and if k < 0 then y winds 
|| times round w in a clockwise sense. 

Here are some basic properties of winding numbers. 


Proposition 21.1.4 Suppose that y : [a,b] + C is a path, and that 
w ¢ 7]. 


(i) If y is a constant path then n(y7, w) = 0. 
(it) Ify =aV B is the juxtaposition of two paths then n(y, w) = n(a, w) + 
n(B,w). 
(itt) If s : [c,d] [a,b] is continuous, and s(c)=a, s(d)=b then n(y o 
s,w)=n(7,w). 
(iv) If s : [c,d] > [a,b] is continuous, and s(c) = b, s(d) = a then n(yo 
s,w) =—n(7,w). 


Proof ‘The easy proofs are left as worthwhile exercises for the reader. 


Corollary 21.1.5 If y and 6 are similar paths, or similar closed paths, 
then n(y,w) = n(d, w). 
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Corollary 21.1.6 n(y*~,w) =—n(q,w). 
We can rotate, dilate and translate C without changing winding numbers. 
Proposition 21.1.7 Suppose that y : [a,b] > C is a path, and that w ¢ [9]. 


(i) If 8 €R then n(ey, ew) = n(y, w). 
(ii) If X > 0 then n(Ay, Aw) = n(7, w). 
(iti) If be C then n(y + 6, w + b) = n(7, w). 


Proof More easy exercises for the reader. 


Proposition 21.1.8 Suppose that y: |a,b] + C is a closed path. 
(i) If w € [y], and if there exists a € (—1, 7] such that 


—a ¢ Arg (y(t) —w) fora<t<b, 


then n(y,w) = 0. 
(ii) Suppose that 6: [a,b] > C is a closed path for which 


|5(t) — y()| < |y(t) — w| + [6(4) — w| for allt € [a, dB]. 
Then w ¢ [y| U [6] and n(6,w) = n(7, w). 


Proof (i) The track [y — w] is contained in Cy and arg, is a continuous 
branch of Arg z on Cg. Then 


ny, w) = arg q(7(b) — w) — arg ,(y(a) — w) = 0. 


(ii) Translating and rotating if necessary, we can suppose that w = 0 and 
that y(a) is real and positive. Then the inequality implies that 0 ¢ [y] U [6] 
and that 6(t) 4 —A y(t), for some A > 0. Let 6, be a continuous branch of 
Argy on [a,b] with @,(a) = arg y(a) = 0, and let @5 be a continuous branch 
of Argo on [a,b] with 05(a) = arg d(a). Since d(a) is not real and negative, 
—m < 65(a) < 1, so that |@5(a)—6,(a)| < 7. We claim that |65(t)—@,(t)| <7 
for all t € [a,b]. If not, then by the intermediate value theorem there exists 
to € [a,b] with |A5(to) — 6,(to)| = 7. But then 6(t) = —A y(t) for some A > 0, 
giving a contradiction. In particular, |65(b) — 0,(b)| < a; thus 


|n(d, 0) — n(y,0)| < (185(6) — 84(b)| + |85(a) — 8,(a)|)/2m < 1. 


Since n(d,0)and n(7,0) are integers, it follows that (6,0) = n(v7, 0). 


The track |[y] of a closed path 7 is a compact subset of C. Its com- 
plement C \ [y] is an unbounded open subset of C. It therefore has one 
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unbounded connected component, and finitely many or countably many 
bounded components. 


Corollary 21.1.9 The function n, : C \ |y] > Z defined by n,(w) = 
n(y,w) is continuous, and so is constant on each of the connected com- 
ponents of C \ [y|. If w is in the unbounded component of C \ |y| then 
n(y,w) =0. 


Proof Suppose that w € C \ [y]. Let 


6 = dw, [y]) = inf{|y(t) — w| : ¢ € [a, bf}. 


Since [7] is closed, 6 > 0. If z € Ns(w) and t € [a,b], then 


(y(t) — w) — (Vt) -— 2)] = lw — 2] < ly) — wl. 


Thus 
ny, z) = ny a) 0) = ny ~— w,0) = n(y7,w), 
and so ny is continuous on C \ [7]. Since ny is integer-valued, it is constant 
on each of the connected components of C \ [7]. 
Let M = sup{|y(t)| : t € [a,b]}. If r > M then —r is in the unbounded 
connected component of C \ [y], and [y +r] N Cp = 9, so that n(y,—r) = 
n(y + 7,0) = 0. The result follows, since ny is constant on the unbounded 


connected component. 


Exercises 


21.1.1 Give the details of the proof of Proposition 21.1.7. 
21.1.2 Suppose that f is holomorphic on a domain U and that arg f is 
constant on U. Show that f is constant on U. 
21.1.3 Suppose that + : [0,1] + C* and 7 : [0,1] + C* are closed paths. 
Let 7(t) = 1(t)y2(t). Show that n(7,0) = n(y1,0) + (72, 0). 
21.1.4 Suppose that 7 : [0,1] — C and 7 : [0,1] > C are closed paths, 
and that w ¢ |]. By considering the path 
yilt) — yat) — yalt) — w 
ye) <1 -2O=2O) _ w= w 
yi(t)-w y(t) — w 
show that if |y1(t) — ye2(t)| < |yi(t) — w| for t € [0,1] then w ¢ [79] 
and n(71, w) = (7, w). 
21.1.5 Give an example of a closed rectifiable path y in C for which 


{n(7,w) : w ¢ J} =Z. 
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21.2 Homotopic closed paths 


Proposition 21.1.8 shows that a small perturbation of a path does not change 
its winding number about a point. We can obtain further results like this. 
In order to do so, we need to introduce the notion of homotopy of closed 
paths. 

Suppose that yo : [a,b] > U and 7 : [a,b] > U are two closed paths in 
a domain U. Then yo and y, are homotopic in U if there is a continuous 
mapping [': [0,1] x [a,b] > U such that 


(i) T'(0,t) = yo(t) and ['(1, ¢) = y(t) for ¢ € [a,b], and 
(ii) I(s,a) =T(s,b) for s € [0,1]. 


Let us set y,(t) = I(s,t). Then yz, is a closed path in U. As s increases 
from 0 to 1, ys; moves continuously from yo to 71. The function T is called a 
homotopy connecting yo and 7. 


Theorem 21.2.1 Suppose that y : [a,b] ~ U and : [a,b] > U are 
homotopic closed paths in a domain U, and that w € C\U. Then n(y, w) = 


n(V1,W). 


Proof Let I be a homotopy connecting yo and 7. Since I'((0, 1] x [a, 6]) 
is a compact subset of U, 6 = d(w,I(({0,1] x [a,b])) > 0. Thus |T'(s,t) — 
w| > 6 for all (s,t) € [0,1] x [a,b]. The function [ is uniformly continuous 
on [0,1] x [a,b], and so there exists 7 > 0 such that if ju —s| < 7 then 
\C'(u, t) —T'(s,t)| < 6 for all t € [a,b]. If so, then 


lYu(t) — Ys(4)| < lys(t) — w| for all t € [a, 4). 


Thus n(7u,w) = n(ys,w), by Proposition 21.1.8, and so n(ys, w) is a con- 
tinuous function of s on [0,1]. Since n(y;,w) is integer-valued and [0,1] is 


connected, n(7s,w) is constant, and so n(yo, w) = n(71, w). 


We say that a closed path y in an open subset U of C is null-homotopic 
in U if it is homotopic in U to a constant path. 


Corollary 21.2.2 Suppose that y is a null-homotopic closed path in U 
and that w € U. Then n(y, w) = 0. 


Proposition 21.2.3 If is a closed path in U and y = V y2, where 1 
and y2 are null-homotopic closed paths in U, then y is null-homotopic. 


Proof We can suppose that y, maps [a,b] into U and that 72 maps 
[b,c] into U. Let 6 be the constant path taking the value y,(b). Then y 
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(a) 


T(s,a) = '(s,b) 


f % 


%(a) = %H(b) 


(b) d 


fis. ¢ (5,1) 


h(s) 


Figure 21.2. 


is homotopic to y, V 6, which is homotopic to 6 V 6, which is homotopic 
to 6. 


As an example, let us show that a closed path in a domain U is homotopic 
to a dyadic rectilinear closed path. 


Proposition 21.2.4 Suppose that y : [0,1] ~ U is a closed path in a 
domain U and that 6 > 0. Then there is a dyadic rectilinear path B : [0,1] > 
U, with |G(t) — y(t)| < 6 for t € [0,1], which is homotopic to y. 


Proof We can suppose that N5(|y]) GC U. By Corollary 16.2.3 of Volume II, 
there exists a dyadic rectilinear path @ : [0,1] + U with |8(t) — y(t)| < 6 
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for t € [0,1]. Since y is closed, we can also suppose that 6(0) = 6(1). A 
homotopy is then given by setting I'(s,t) = (1 — s)y(t) + sG(t). 


Let us give some applications of Theorem 21.2.1 and its corollary. Suppose 
that w € C and that r > 0. Recall that the circular path «,(w) : [0,27] > C 
is defined as «,(w)(t) = w+ re%, and that its track T,(w) = {z EC: 
|z — w| = r} is the circle with centre a and radius r. Also N,(w) = {z € 
C: |z—w| <r} is the open r-neighbourhood of w, and M,(w) = {z € C: 
|z — w| <r} is the closed r-neighbourhood of w. 


Proposition 21.2.5 Suppose that f is a continuous complex-valued func- 
tion on M,(w), and suppose that zo ¢ f(T,(w)). Ifn(fok,(w), zo) 40 then 
the equation f(z) = zo has a solution in N,(w). 


Proof Suppose not. Let U = C \ {zo}. Then f maps M,(w) into U. Let 
I'(s,t) = f(w + sre”), for (s,t) € [0,1] x [0, 27]. 
Then I is a homotopy in U connecting the constant path f(w) to 7 = fok,. 


Thus fo «,(w) is null-homotopic in U, and so n(f oK,(w), 20) = 0, giving a 
contradiction. 


Notice that this result uses the convexity of M,(w). 
We use this to give a second proof of the fundamental theorem of algebra. 
As in Corollary 20.6.3, it is enough to show that if 


p(z) =ag + aiz+---+anz2”", with n > 0 and a, £0, 


then there exists z with p(z) = 0. Let f(z) = anz” and let g(z) = ag + 
ayz+++++an_12""|. Then there exists R > 0 such that |g(z)| < |f(z)| for 
\z| > R. Let y(t) = Re”, for t € [0,27], so that f(y(t)) = anR"e*™. Then 
n(f oy,0) =n. Since 


lpr) — FO) = lg @) < [Fy()I for t € [0, 27], 


n(poy,0) =n 40, by Proposition 21.1.8. Thus there exists z € Mpr(0) with 
p(z) = 0, by the proposition. 


Proposition 21.2.6 Suppose that f : M,(w) + M,(w) is continuous. 
Then f has a fixed point: there exists z € M,(w) with f(z) = z. 


Proof Without loss of generality, we can suppose that w = 0. Let g(z) = 
z— f(z) for z € M,(0). We must show that the equation g(z) = 0 has 
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a solution in M,(0). Suppose not. Let y(t) = «,(0)(t) = re#. Let A(t) = 
e~g(7(t)), for 0 <t < 27. Then 


Ja(é) — r] = le“ g (y(t) — “7 
= |e" (gv) — rt) = IFO) S 


Also g(z) £0 for z € M,(0), and so h(t) £0 for ¢ € [0,27]. Thus [A] C {z: 
Rz > 0} C Co, and so n(h,0) = 0. Let 6, be a continuous branch of Argh 
on [0,27]; then the function t + 0,(t) + t is a continuous branch of Arg g 
on [0, 27], so that 
O;,(2 27) — (@;,(0) + 0 
Ata = PO OE) the Oh 4, 
27 
Thus the equation g(z) = 0 must have a solution in M,.(0), by Proposition 
21.2.5. 


Corollary 21.2.7 Suppose that C is a compact convex body in R?. If 
f:C—-C is continuous then it has a fixed point. 


Proof For C is homeomorphic to Mj(0) (Exercise 18.5.4). 


A continuous mapping f of a topological space (X,7) onto a subset Y of 
X is a retract of X onto Y if f(y) = y for y € Y. Suppose that w € C and 
r>0.Ifz¢ Cand zw, let 


p(z) is the unique point in T,(w) MN Rw,z, where 
Ry z = {wt+rA(z-—w): A> 0} 


is the ray from w that contains z. The mapping p: C \ {w} > T,(w) isa 
retract of C\{w} onto T,(w); it is the natural retract of C\{w} onto T,(w). 
The restriction of p to the punctured neighbourhood M?(w) = M,(w) \ {w} 
is also a retract, of M?(w) onto T,.(w). We cannot do better. 


Proposition 21.2.8 There does not exist a retract f of M,(w) onto 
T,(w). 


Proof Ifw+ze€T,(w), let t(w +z) = w-—<z. t is a homeomorphism of 
T,.(w) onto itself, called the antipodal map. Suppose that f is a retract of 
M,(w) onto T,(w). Then to f is a continuous mapping from M,.(w) to itself 
with no fixed point, giving a contradiction. 


The next result is intuitively ‘obvious’, but requires proof. 
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Proposition 21.2.9 Let R = |a,b] x [c,d] be a closed rectangle. Suppose 
that h = (hi, ha) : [-1,1] > R and v = (v1, v2) : [-1,1] > RB are paths for 
which hy(—1) = a and h,(1) = 6, and v(—1) = ¢, v2(1) = d. Then [h] N [v} 
is not empty. 


Proof his a path which joins the left and right sides of the rectangle R 
and v is a path which joins the bottom and top sides. The proposition says 
that the paths must meet. 

Suppose that they do not, so that h(s) € v(t), for (s,t) € [-1, 1] x [-1, 1]. 
We may clearly suppose that R = [—1,1] x [—1, 1]. Then R is the closed unit 
ball of R?, with norm ||(s, t)||,, = max(|s], |t]). Let 


g(s,t) = (g1(s, t), g2(s,t)) = hey , for (s,t) € [-1,1] x [-1,]]. 


Thus g(s,t) is the unit vector in the direction h(s) — u(t), and so belongs 
to OR. Next, we reflect in the y-axis: let f = (fi, fo) = (—91, 92). f isa 
continuous mapping of R into OR. We shall show that f has no fixed point. 
This contradicts Corollary 21.2.7. 

Suppose that (so, to) is a fixed point of f. Then (so, to) € OR, so that 


(so, to) = (fi (So, to), fo(S0, to)) = (v1 (to) — hi (0), ha(so) — v2(to))- 
Thus 
80 = vi(to) — hi(so) and to = ha(so) — va(to). 

The point (so, to) lies on one of the sides of the square OR. We consider each 
case in turn. 

If sp = —1 then hi(so) = —1 and —1= s9 = v1 (to) +1 > 0; 

if so = 1 then hy(so) = 1 and 1 = sp = v1 (to) — 1 < 0; 

if t) = —1 then v2(to) =-—land —1l=tj= h2(so0) +120; 

if to = 1 then v2(to) =land1l= to = h2(s0) —1 < 0. 


In each case, we obtain a contradiction. 


Exercises 


Homotopy can be defined in a more general setting. In these exercises, some 
of the basic theory is developed. Suppose that (X,d) is a metric space and 
that ro € X. x is called a base point. Let 


D(X, 29) = {y: y is a closed path in X with 7(0) = 7(1) = zo}. 
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We define juxtaposition in a slightly different way. If y,6 € L(X, 29), set 


(y¥V 6)() = 9(2i) for 0 <¢ < 1/2, 
= §(2t —1) for 1/2 <#<1. 


If y,6 € L(X,2x09), a homotopy connecting y and 6 is a continuous mapping 
h: [0,1] x [0,1] ~ X such that A(0,t) = y(t) and A(1,t) = d(t) for 0 < 
t < 1 and A(s,0) = A(s,1) = xo for 0 < s < 1. We set A,(t) = h(s,¢t). 
y is null-homotopic if it is homotopic to the constant map ¢€ taking the 


value xo. 


21.2.1 


21.2.2 


21.2.3 


21.2.4 


21.2.5 


21.2.6 


21.2.7 


21.2.8 


21.2.9 


21.2.10 


21-211 


Set y ~ 6 if there is a homotopy connecting y and 6. Show that 
this is an equivalence relation. Let II,;(X,29) denote the quotient 
space of equivalence classes which this defines, and let {y} be the 
equivalence class to which y belongs. 

Suppose that 7, ~ y2 and 6, ~ 69. Show that 7, V 61 ~ y2 V d2. Use 
this to define a law of composition * on II, (X, 20). 

Prove associativity: show that 


({at * {v2}) * 173} = {ya} * 2} * {73})- 


Let e = {e} be the equivalence class of null-homotopic maps. Show 
that e is an identity element: {y} *e =e x {y} = {7}. 

Show that {y}«{y* } = {77 } «{y} =e. ({7} has an inverse). Thus 
(II, (X, x), *) is a group, the homotopy group of (X, d) relative to xo. 
Suppose that (X,d) is path-connected and that 7; € X. Show that 
(II, (X, 20), *) and (I, (X, 21), *) are isomorphic. 

The next few exercises show that the homotopy group need not be 
commutative. Let U = R? \ {(1,0), (—1,0)}. Let 


y(t) = (1 — cos 27t, sin 2at) and 6(t) = (—1 + cos 2at, sin 2zt) 


for0<t<1, and let G=yVdV~-* V6™. Show that n(8,w) = 0 
for all w ¢ [6]. 

Show that there is a retract of U onto [3]. Deduce that if 6 is null- 
homotopic then there is a homotopy connecting § to a constant map 
taking values in [/]. 

Suppose that A is such a homotopy. Let C' = {s € [0,1] : [hs] = [4]}. 
Use a compactness argument to show that C is closed. 

Use the intermediate value theorem and a compactness argument to 
show that C is open. 

Deduce that 6 is not null-homotopic, and that II, (U,(0,0)) is not 
commutative. 
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21.3 The Jordan curve theorem 


The results of the previous section now enable us to prove one of the famous 
results of mathematics. To conform with tradition, we shall call a simple 
closed path in C a Jordan curve, although, in the terminology used in 
Volume II, it need not be a curve. 


Theorem 21.3.1 (The Jordan curve theorem) Suppose that y is a Jordan 
curve. Then C\|y] has exactly two connected components. One is unbounded 
(the ‘outside’) and one is bounded (the ‘“inside’). 


We denote the outside of y by out[y], and the inside by in|[y]. We denote 
the closure [y] U in[y] of in[y] by in[y]. A point in the bounded connected 
component of C \ [y] is said to be inside [y], and a point in the unbounded 
connected component to be outside [y]. The theorem is intuitively true, but 
it needs to be proved. Bolzano was the first to observe this. Jordan gave a 
proof in 1887, but this was considered to be incomplete. A complete proof 
was given by Veblen in 1905, and many proofs have been given since then. We 
shall present the proof given by Ryuji Maehara (The Jordan curve theorem 
via the Brouwer fixed point theorem, American Mathematical Monthly 91 
(1984) 641-643.) in 1984, and shall to a large extent use his notation. 

Before proving the Jordan curve theorem, we prove two results, of interest 
in their own right. 


Theorem 21.3.2 Suppose that y : [a,b] + C is a simple path in C and 
that U is a non-empty bounded open subset of C \ [y]. Then OU is not 
contained in |]. 


Proof Suppose that OU C [4]. Let w € U, and let Mpr(w) be a closed 
*: bl > [2,9] 
is a homeomorphism. By Tietze’s extension theorem (Volume II, Theorem 


disc which contains U U [7] = U U [y]. The mapping y~ 


14.4.3), there exists a continuous mapping f : Mpr(w) — [a,b] which extends 
1. Thus if r= yo f, r is a retract of Mpr(w) onto [y]. Let q(z) = r(z) for 
z €U and let q(z) = z for z € Mr(w) \ U. (Note that q(z) = r(z) = z, for 
z € OU.) Then q is continuous on each of the closed sets U and Mp(w) \ U, 
and their union is Mp(w), and so q is a continuous mapping of Mp(w) onto 
Mr(w)\U. Thus if p is the natural retract of C\ {w} onto Tr(w), poqisa 
continuous mapping of Mr(w) onto TR(w) which fixes the points of Tr(w), 


contradicting Proposition 21.2.8. 


Corollary 21.3.3 If 7 is a simple path in C then C \ [y] is connected. 
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Proof Suppose, if possible, that U is a bounded connected component 
of C \ [y]. Then OU C [)], giving a contradiction. Thus every connected 
component of C \ [y] is unbounded. Since [y] is bounded, there can be only 
one unbounded connected component, and so C \ [y] is connected. 


Theorem 21.3.4 Suppose that y is a Jordan curve for which C \ |y]| has 
at least two connected components. If O is any one of these, then OO = [y]. 


Proof First suppose that O is a bounded connected component of 
C \ [7]. Then 00 C |[y]. Suppose that 0O # [y], and that zp € [y] \ OO. 
We can parametrize [7] as a closed path starting and finishing at zo; there is 
a simple closed path 6 : [0,1] ~ C such that [6] = [y] and 6(0) = B(1) = zo. 
Since OO is closed, there exists 6 > 0 such that 0O C 6([d,1 — 6]). This 
contradicts Theorem 21.3.2. 

Next, suppose that O is the unbounded connected component of C \ [7], 
and let O' be a bounded connected component. Without loss of generality, 
we can suppose that 0 € O’. Let 7 : C* — C* be the inversion mapping 
z — 1/z; 7 is a homeomorphism of C* onto itself. Then j o 7 is a Jordan 
curve in C* with path 7([y]), 7(O) U {0} is a bounded connected component 
of C \ j([y]) and j(O’ \ {0}) is the unbounded connected component of 
C \ j([y]). By the result that we have just proved, 0(j(O) U {0}) = j([7]). 
Thus 00 = [y]. 


Before proving the Jordan curve theorem, let us recall some notation, 
introduce some more, and set the scene. If 2,y € C, we denote by o(z, y) 
the linear path from x to y: o(z,y)(t) = (1—t)x 4+ ty for t © [0,1], and 
we denote its track by [x,y]. If y is a simple path in C and u = y(r) and 
v = 7(s) are points on its track, we denote by y(u,v) the restriction of 7 to 
the part connecting u and v: if r < s then 7(u,v) is the restriction of y to 
[r,s]; if r > s then y(u,v)(t) = y* (t) = y(t) for t € [—r, —s]; if r = s, so 
that u = v, then y(u, v)(t) = u for t € [0,1]. 

We shall work within the rectangle with vertices +1+ 27. We label certain 
points of OR as follows: 


N=2i, S=-2i, E=1, W=-1, 


NE=14+42i, SE=1-2i, NW =-142i, SW =-1-2i. 


We call [NW, NE] the top of OR, and [SW, SE] the bottom of OR. The set 
OR is the track of a Jordan curve, and of course the Jordan curve theorem 
holds for it; let U be the inside of OR and V the outside. If y : [a,b] > C 
is a path with y(a) € U and y(b) € V then y~!(U) and y~1(V) are disjoint 
non-empty open subsets of [a,b]. Since [a,b] is connected, it follows that 
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y~!(OR) is a non-empty closed subset of [a,b]. If t is the least element of 
y~!(OR) then ¥(t) is called the exit point of ¥. 
We now prove the Jordan curve theorem. 


Proof Suppose that 7 is a Jordan curve. [y] is a compact subset of C, and 
so there exist points a and 6 in [y] such that |a—b| = sup{|c—d|: c,d € [y]}. 
By scaling, rotation and translation, we may suppose that a = W and b= E. 
Then [y] C R and [y] NOR = {W, E}. Further, we can split [y] into two: 
there exist simple paths 71,2 : [0,1] > [y] such that 


Y=NV 2, %1(0) = y2(0) = W and y1(1) = 72(1) = E. 


We now consider [y] M [N,S]. By Proposition 21.2.9, [yi] MN [N,S] and 
[y2] 1 [N, S] are not empty. Let | = sup{t € [—2,2] : it € [y]}, and let 
L = il. By relabelling if necessary, we can suppose that L € [7]. Next, let 
m = inf{t € [—2,2] : it © [y]}, and let M = im. (It may well be that 
[= M.) Thus [1] N[N, S] C [L, M]. 

Now consider the path 6 = o(N,L)V y1(L,M) V o(M,S). This connects 
the top and bottom of OR, and so [7.2] M [5] is not empty. But [y2] 9 [N, L] 
is empty, and so is [72] N [y1(L, M)], and so [y2] N [M, S] is not empty. Let 
p = sup{t € [—2, m] : it € [y2]} and let q = inf{t € [—2, m] : it € [y2]}, Then 
m>p>q> -—2. Let P = ip, Q = ig. Then P 4 M, but it may well be 
that P = Q. Finally, let Z = 3(M + P). Thus we have the following figure: 

The point Z does not belong to [y]. Let O be the connected component 
of C \ [y] to which it belongs. First we show that O is bounded. If not, there 
exists a path € in O from Z to a point outside R. Let X = x+7y be the exit 
point of e. Then y 4 0, since [e] M [y] = 0. Suppose that y < 0. Then there 
exists a simple path ¢ in OR from X to S. Now let 


n=oa(N,L)V1(L,M)Vo(M,Z)V (ZX) VC. 


Then 7 is a path joining the top and bottom of OR whose track is disjoint 
from [72]; this contradicts Proposition 21.2.9. Suppose that y > 0. Then 
there exists a simple path @ in OR from N to X, so that 0Ve(X, Z)Va(Z, S) 
is a path joining the top and bottom of OR whose track is disjoint from 
[yi], again giving a contradiction. Thus O is bounded. Since C \ [y] has 
an unbounded connected component Op, , there are at least two connected 
components of C \ [9]. 

Since Ox is the only unbounded connected component of C \ [4], it is 
enough to show that there are no more bounded connected components. 
Suppose, if possible, that O’ is another bounded connected component. Since 
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Ose. DV, OF CUZ Let 
L=0(N,L)V n(£,M) Vv o(M, P) Vv 72(P,Q) V o(Q,S). 


Lis a path joining the top and bottom of OR. Since neither W nor E is 
in [], there are neighbourhoods Ns5(W) and N5(£) disjoint from [v]. Now 
Im (L, M)] U [72(P, Q)] C [y] = OO by Theorem 21.3.4, [N, L] and [Q, S] are 
contained in O., and [M, P] C O (since Z € O). Consequently, [1] is disjoint 
from O’. Since there are at least two connected components, 0O’ = [7], so 
that W, E € O’, and there are points W’ € N;(W)NO’ and E’ € Ns(E)NO’". 
Since O’ is path-connected, there is a path \ in O’ joining W’ and E’. Then 
the path A = o(W,W’)VAVo(E’, E) isa path from W to E disjoint from [z]. 
Once again, this contradicts Proposition 21.2.9; the proof is complete. 


We can say more about the inside of a Jordan curve 74 . If w is outside [y 
then n(y,w) = 0. What happens if w is inside [y]? Certainly the winding 
number is constant on the inside of 7y. 
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Figure 21.3. 


Theorem 21.3.5 If zp is inside a Jordan curve y, then n(y, 20) = +1. 


Proof First we consider the case where [7] contains a straight line segment 
[a, b]. Since we shall need this result later, we state it separately. 


Proposition 21.3.6 Suppose that y is a Jordan curve whose track con- 
tains a straight line segment [a,b]. Suppose that c,d ¢ [y] and that 
[y] A [c,d] = {e}, where e is an interior point of the segment [a,b]. Then 
|n(y,c) — n(y,d)| = 1, so that one of {c,d} is inside [y] and the other is 
outside. 


Proof First we make some simplifications. By scaling, rotation and trans- 
lation, we can suppose that [a,b] C R, that e = 0 and that a < 0 < b. There 
exists a simple path 8 such that y = o(a,b) V 6. Let 6 = inf{|z| : z © [G]}. 
Since [6] is a compact subset of C, 6 > 0. There exists \ > 0 such that 
|Ac| < 6/2 and |Ad| < 6/2. Since [Ac,c] N [y] = 9, Ac and c are in the 
same connected component of C \ [y] and so n(y,c) = n(y, Ac); similarly, 
n(y,d) = n(y,Ad). This means that we can suppose that |c| < 6/2 and 
|\d| < 6/2. Since 0 € [c,d], we can suppose that the imaginary part of c is 
positive and that the imaginary part of d is negative. We reparametrize 7 
to start at —d; we can suppose that 


y = o(—6,6) V a(6,b) V 8B V a(a, —6) = o(—6,6) Ve, say. 
Now let 6(t) = de" for t € [—7, 0]; 6 is a simple semicircular path from —6 


to 6. Let 7 = 0 Ve, and let Kk = 8 V o(6, —6). Since |c| < 6/2 and |d| < 6/2, 
[c, d] N [n] = 0, so that n(n, c) = n(n, d). But 
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n(n, c) = n(KV 7,¢) = n(k,c) + n(y,¢) = 0 + n(q, ¢) 
and n(n, d) = n(K V 7,d) = n(K,d) + n(y,d) = 1+ n(q, 4), 


so that n(y,c) — n(y,d) = 1. 


Inspection of the proof shows that we have in fact shown the following. 


Corollary 21.3.7 Suppose that a,b © R and that a < b. Suppose that 
y = (a,b) V B is a simple closed path, where 8 is a simple path from b to 
a whose track is in the upper half-space: if x + iy € [6] then y > 0. Then 
n(y,z) =1 for z inside [y]. 


Proof Let e = (a+ 6)/2. Then d = e + iy is outside [4] for negative y, 
and c = e + wy is inside [y] for small positive y. The proof then shows that 


n(y,c) — n(y, d) = 1. 


Now let us return to the proof of the theorem, and consider the general 
case. We can suppose that we are in the situation described in the proof of 
the Jordan curve theorem, and that 7 = 71 V 75. 

We consider two Jordan curves. Let 


e=1(W, M) V o(M, P) V3 (P,W) 
and ¢ = 73 (E, P) V o(P, M) V 11 (M, E). 


Note that if w ¢ [e]U[¢] then n(v7, w) = n(e, w) +n(¢, w). There exists 7 > 0 
such that N,(W)N[¢] = 0. Since W € inJ[e], there exists W’ € N,(W)Ninfe]. 
Thus n(e,W’) = +1 by Proposition 21.3.6. On the other hand, W is outside 
¢, and N,,(W) is connected, so that W’ is outside [¢] and n(¢, W’) = 0. Thus 
n(y,W’) = +1. This implies that W’ is inside [y]. Since n(y, z) is constant 


on the inside of [y], the result follows. 


Thus if 7 is a simple closed path and z is inside [y] then y winds round z 
once, either in a clockwise sense or in an anti-clockwise sense. If n(y, z) = 1 
for z inside y, we say that ¥ is positively oriented; if n(y, z) = —1 for z inside 
y, we say that ¥ is negatively oriented. If 7 is positively oriented, then ~*~ 
is negatively oriented. A positively oriented rectifiable simple closed path is 
called a contour. 


Exercises 


21.3.1 Suppose that 71, y2 and 73 are simple paths in C from a to b, with no 
points other than a and 6 in common. Thus the paths 61 = 72 V 3, 
bg = 73 V 77 and 63 = y¥1 V 73. are Jordan curves. Let z; be a point 
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in [y;] \ {a,b}, for 7 = 1,2,3. Show that there is exactly one j such 
that z; is inside [4;]. [Hint: consider the proof of Theorem 21.3.1.] 

21.3.2 Three utilities, gas, water and electricity, have plants at distinct 
points G, W and E, and wish to provide supplies to each of three 
distinct houses X, Y, Z. The plants and houses lie in a plane, and 
supplies are delivered along a simple path. Show that at least two 
paths must cross. What is the minimal number of crossings? 
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We now show that a compact connected subset of C can be squeezed between 
some simple closed dyadic rectilinear paths. We need a certain amount of 
notation. We begin with the set Z+iZ = {m+in: m,n € Z}. If w = 
m+in € Z+%iZ, there are linear paths to the four nearest elements of 
Z+iZ: 


Emn = 0(w,wt1), Nin = o(w,w +4), 


Wn = o(w,w—1), Smn = o(w, w — 74). 


The path Emin V Nm+in VWm-+in+1 V Sm,n+1 is then a simple closed path, 
the square path sqmm.- Its inside is the open square Qmn, and its closure 
QmnU[S4m,n] is the closed square On. We say that two squares are adjacent 
if they have an edge in common. For example, the closed squares O.. and 
Qm+in have an edge [(m +1) + in, (m+ 1) +i(n + 1)] in common. Notice 
though that 


[(m + 1) + in, (m +1) +2(n + 1)] = [Nitin] S [amr] 
and [(m + 1) + #(n + 1), (m+ 1) + in] = [Sm4in4i] © [sem4tjn]} 


the paths sqm n and sqm+4ijn traverse the edge in opposite directions. 
This elementary fact is of critical importance, since it leads to essential 
cancellation results. 

We now scale all of the above by a factor 2~", where k € Z. We consider 
the set (Z+iZ)/2* = {(m+in)/2* : m,n € Z}. Elements of (Z + iZ)/2* 
are called k-points. If m+in € Z+iZ, we set 

E®) 


mn One N= Dale Ww) =Way 2" Si) = ee 


m,n Ya 


Similarly, we set sq, = 80a) 2” and Qs), = Qian 2": Paths Ee. NS), 


we ) and si), are called elementary k-paths, and paths obtained by jux- 
taposing elementary k-paths are called k-rectilinear paths. The track [y] of 
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Figure 21.4. 


a k-rectilinear path y is the union of a finite number of rectilinear line seg- 
ments of length 172", which join a finite number of vertices vp,...,Un. Two 
vertices vj and v; are adjacent if |i — j| = 1. In particular the k-square 


path sq, is a k-rectilinear path. Notice that a k-rectilinear path is also a 


(k + 1)-rectilinear path. The set Qi), is an open k-square and o. isa 
closed k-square. 


Theorem 21.4.1 Suppose that K is a non-empty compact connected sub- 
set of C, and that 6 > 0. Let Ns(K) = U{Ns(k) : k € K} be the open 
d-neighbourhood of kK. Then there is a finite sequence (yo,..-,7j) (here j 
may be 0) of simple closed dyadic rectilinear paths in Ns5(K) such that 


(i) K is inside yo; 

(i) K is outside y, forl1<i< J; 
(iii) in|yr] is inside yo, for 1 <r <j; 
(iv) in|yr] Nin|ys] = 0 forl<r<s<j. 


Proof ‘The idea of the proof is simple: we cover K with a finite collection 
of small dyadic squares in such a way that the boundary of their union is 
the track of finitely many disjoint closed dyadic rectilinear paths. 

There exists | € Z such that 2~! < 6/2. Then the set F of closed I-squares 
which have a non-empty intersection with K is finite; list F as (Q,,...,Q,,); 
and let G = U*_,Q,,. Then G is a closed set, and K C G C N;(K). Suppose 
that k € K belongs to the boundary of a /-square. Then & is an interior 
point of the union of the /-squares to which it belongs, and so k ¢ 0G. Thus 
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K is contained in the interior of G. There therefore exists m > 1+ 2 such 
that 2-™ < d(0G, K). 

The boundary OG is a finite union of some of the edges of the /-squares 
in F’. Suppose that e is an edge contained in OG, and that e is an edge 
a0, = Oo. Then e is a subset of the /-square path sq. We use the 


orientation of sq’) to orient e; it has a beginning point and an end point. 


Let us now consider an element v of 0G which is the corner of an /-square. 
It may belong to one, two or three [-squares in F’. If it belongs to one or three 
i-squares in F’, or to two adjacent /-squares in F’, then it belongs to exactly 
two edges in OG, and is the beginning of one and the end of the other. If 
it belongs to two non-adjacent squares Q,. and Q, in F, then it belongs to 
four edges in 0G. We remove an m-square containing v from each of Q,. and 
Q,, to obtain disjoint closed sets H, and H,. We orient the edges of 0H, in 
such a way that each corner of OH, is the beginning of an edge of 0H, and 
the end of an edge of O0H,, and so that the orientation of the edges of 0Q,. 
which have not been changed are preserved; similarly for H,. 

We carry out this procedure for each vertex of this kind. As a consequence, 
we obtain closed sets H,,...,H,, each a finite union of closed m-squares, 
such that H, 1K #9, for 1 <u < w. Further, if H = U’_, Hu, then 


KCH°CHCGCN;(K). 


The boundary OH is the union of edges of m-squares, and each element v 
of OH which is the corner of an m-square is the beginning of just one edge 
in OH and the end of just one other. 

We now show that OH is the track of finitely many disjoint closed m- 
rectilinear paths. Suppose that vp = (mo + ino)/2™ is a vertex in OH for 
which mp + no is as small as possible, and suppose that vp € Hy. Then the 
edge ep = [(mo + ing)/2™, ((mo + 1) + ing) /2™] is contained in OH, and vp 
is the beginning of eg; let v1 = (mp + 1) +ino)/2™ be its end. Then vj is the 
beginning of just one edge in OH; let v2 be its end. We iterate this procedure 
until we reach a vertex which has already been listed. This must be vg, since 
each vertex is the end of exactly one edge in 0H. Thus we obtain a simple 
closed m-rectilinear path yo in OH, with vertices vo, v1,..., Up. If [yo] = OH, 


the construction is finished. If not, choose uf) a vertex in OH \ |]. It is the 


beginning of an edge in OH; let ol? be its end, and repeat the procedure to 
obtain a simple closed m-rectilinear path 7 in OH, with |[y] disjoint from 
[yo]. Repeat this procedure until all the vertices have been used. Thus we 


have simple closed m-rectilinear paths yo,71,..., Yj; with disjoint tracks such 
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that Ut _ ole] = OH. We show that these paths satisfy the conclusions of 
the theorem. 

First note that P = (mo +4 +4(no — $))/2™ is outside each of the tracks 
[yr], for 0 << r < j. On the other hand, Q = (mp + 4 + i(no + §))/2™ is in 
the interior of H,,,, and the line segment [P,Q] meets e9. Thus Q is inside 
[yo]. But there exists ko ¢ KM Hj, and Hj, is connected, and so ko is inside 
[yo]. Since K is connected, K C in|yo]. Thus (i) is satisfied. Since each A, 
is connected, it follows that H° = in|yo]. 

Ifl<r<j then [P,Q]N[7,] = 9, so that Q is outside [y,]. Then, arguing 
as for [yo], we see that K C out|y,]. Thus (ii) is satisfied. Again, it follows 
that H° C out[y,] 

Suppose now that [u,v + 1/2'] is a horizontal edge in [y,]. There 
exists \, = +1 such that Q, = uv) + (1+ id,)/2™+! © H° and P. = 
v") + (1 — id,)/2™! ¢ H°. Then Q, is inside [yo] and outside [ys] for 
1<s<j. But [P,,Q,] meets [7] and none of the other paths, so that P, is 
inside [7,] and [yo], and is outside [y,] for s 4 0,r. Conditions (iii) and (iv) 
follow from this. 


Exercises 


21.4.1 Prove the following generalization of Theorem 21.4.1. 

Suppose that K is a non-empty compact subset of C, and that 
6 > 0. Let Ns(K) = U{Ns(k) : k © K}. Then there is a finite 
sequence (71,...,7;) of disjoint simple closed dyadic rectilinear paths 
in Ns(i) and, for each 1 < i < j a finite set A; of disjoint simple 
closed dyadic rectilinear paths in N3(A’) such that 

(i) K CUL_in[); 
(ii) in[y,] Nin[yi] = 0 for 1 <h<i<y; 

and, for each 1 <7 < J, 

(iii) [6] is inside [y;] and K is outside [6], for each 6 € Aj; 
(iv) in[d] M in[d"] = O for distinct 6,6’ € Aj. 


21.5 Simply connected sets 


A domain U is said to be simply connected if every closed path in U is 
null-homotopic. 


Theorem 21.5.1 Suppose that U is a domain. The following are equiva- 
lent: 


(i) U is simply connected; 
(ii) Every simple closed dyadic rectilinear path y in U is null-homotopic; 
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(iti) n(y, w) = 0 for all closed paths y in U and all w ¢ U; 
(iv) n(y,w) =0 for all simple closed dyadic rectilinear paths y in U and all 
wu; 
(vu) If y is a simple closed path in U then in|y| C U; 
(vi) If y is a simple closed dyadic rectilinear paths in U then in|y| C U. 


Proof Clearly (i) implies (ii), (iii) implies (iv), and (v) implies (vi). It 
follows from Corollary 21.2.2 that (i) implies (iii), and (ii) implies (iv). If 7 


is a simple closed path in U and w € in|y] then n(7, w) = £1, by Theorem 
21.3.5. Thus (iii) implies (v) and (iv) implies (vi). It is therefore sufficient 
to show that (ii) implies (i) and that (vi) implies (ii). 

Suppose that (ii) holds, and that y is a simple closed path in U. There 
exists 6 > 0 such that N5([y]) C U, and by Proposition 21.2.4 there exists a 
closed dyadic rectilinear paths 6 in U which is homotopic to y. The path ( 
may not be simple, but we can suppose that 6 = 6, V--- V By, where each 
8; is simple. Then each (; is null-homotopic, and so @ is null-homotopic, by 
Proposition 21.2.3. Thus ¥ is null-homotopic, and (i) holds. 

Suppose that (vi) holds. Suppose that y is a simple closed k-dyadic rec- 
tilinear path in U. We prove that y is null-homotopic by induction on the 
number nz(y) of k-squares in in|y]. If ng(y) = 1 then ¥ is a square path 
in U with in|y] C U, and so y¥ is clearly null-homotopic. Suppose that 
the result holds for all simple closed k-dyadic rectilinear paths in U with 
ne(y) <n, and that y is a simple closed k-dyadic rectilinear path in U 
with nz(7y) =n. There exists a vertex vp = (mo + ing)/2* in [y] for which 
mo + no is minimal, so that ((mg + 1) + ino)/2* and (mo + i(no + 1))/2* 
are the two adjacent vertices. Let 7/ be the path obtained by replacing v9 
by vg = ((mo + 1) + i(mo + 1))/2*. Then y and 7 are homotopic in U. 
There are now two possibilities. First, y/ is simple. Then n;(y') = n—1, and 
so ¥ is null-homotopic. Secondly, 7/ 
6 an € are simple closed k-dyadic rectilinear paths in U with ng(d) < n 


is not simple. then 7’ = 6 V «, where 


and nz(e€) <n. Thus 6 and ¢ are null-homotopic, and so therefore is 7, by 


Proposition 21.2.3. Thus ¥ is null-homotopic, and (ii) holds. 


There is another important characterization of simply connected sets, this 
time for bounded sets. First we need an easy result. 


Proposition 21.5.2 Suppose that K is a compact subset of a domain U. 
Then there exists a compact connected subset L of U which contains K. 


Proof There exists 6 > 0 such that Ns(i) C U. Since K is compact, there 
exists a finite subset {k1,...,kn} of K such that K C Uf,_1N5/2(km). Since 
U is path-connected there exists, for each 2< m <n, a path ym, in U from 
ky to ky. Let 
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L = (Ut 1 Mg/o(km)) U (UR 2b Yml) « 


Then L is a compact connected subset of U which contains K. 


Corollary 21.5.3 There exists a simple closed dyadic rectilinear path + 
in U such that K C in|y]. 


Proof For there exists such a path for which L C U, by Theorem 21.4.1. 


Theorem 21.5.4 A bounded domain U is simply connected if and only if 
C\U is connected. 


Proof Suppose first that C \ U is connected and that y is a path in U. 
Then n(7, w) is constant on C\U. Since C\U is unbounded, it follows that 
n(y, w) = 0 for all w ¢ U, and U is simply connected. 

Suppose next that C \ U is not connected. Let E U F be a splitting of 
C\U, where E and F are disjoint non-empty closed subsets of C. Since U is 
bounded, C\U has just one unbounded connected component. Suppose that 
this is contained in E. Let V = C\ E = F UU. Then V is a bounded open 
set, and F' is a compact subset of V. There exists a connected component W 
of V such that FNW # 0. Since W is closed in V, FOW is a compact subset 
of W, and, by the preceding proposition there exists a compact connected 
subset L of W such that FW C L. By Theorem 21.4.1, there exists a 
closed path yo in W \ L such that L C in[yo]. Since [yo] C V = F UU and 
ly] NF =, [yo] CU. Ik Ee FAW then k ZU and n(70,k) 4 0. Thus U 
is not simply connected. 


Corollary 21.5.5 If y is a simple closed path then in|y| is simply 
connected. 


Proof For C \ in[y] = [7] U out|y] = out[y]. The set out|y] is connected, 
and so therefore is out|y], by Volume II, Corollary 16.1.7. Thus in[y] is 


simply connected. 


What more can we say about in|7]|? 


Theorem 21.5.6 If 7 is a simple closed path, there is a homeomorphism 
of the open unit disc N1(0) onto in[y]. 


This is a consequence of the Riemann mapping theorem (Theorem 25.8.1), 
which we shall prove much later. 


21.5.1 


21.5.2 


21.5.3 


21.5.4 


21.5.5 
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Exercises 


Give an example of a domain U which is not simply connected, but 
for which C \ U is connected. 

Give an example of a domain U which is simply connected, but for 
which C \ U is not connected. 

Show that the {z € C:r < |z| < R} is not simply connected. 

Let U be the domain C \ {—1, 1}. Give an example of a closed path 
in U for which n(7, w) = 0 for w ¢ U, but which is not null-homotopic 
in U. (You need not prove that ¥ is not null-homotopic.) 

Suppose that K is a non-empty compact connected subset of C. Show 
that the unbounded connected component of C \ K is not simply 
connected, but that every bounded connected component of C \ K is 
simply connected. 
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Complex integration 


22.1 Integration along a path 
Suppose that y : [a,b] > C is a path. Recall that its length I(y) is defined as 


i(y) = sup{>— ly(ty) — y(tj-1)| :n € Na = ty <--+ < ty =O}, 
j=l 


and that y is rectifiable if I(y) < oo. Properties of rectifiable paths are 
considered in Volume IT, Section 16.6. We now consider the integral of a con- 
tinuous complex-valued function f along a rectifiable path y in C. Suppose 
that D = (a = to < --- < tn = 0) is a dissection of [a, b]. We set 


So(fi7) = d— Flr (ts) (vty) — Vty-1))- 


j=l 


Note the similarity to the approximating sum of a Riemann integral; the 
increment t; — t;-1 is replaced by the change y(t;) — y(t;-1) in the path 
between t;_1 and t;. 

Recall that the mesh size of D is max{|t; — t;-1|: 1 <j <n}. We want 
to show that as the mesh size of D tends to 0 these finite sums converge to 
an element of C, the path integral is f(z) dz of f along y. We begin with a 
preliminary result. 


Theorem 22.1.1 Suppose that y : [a,b] > C is a rectifiable path and that 
f is a continuous complex-valued function on |y]. Then given € > 0 there 
exists 0 > 0 such that if D = (a = to < --- < tn = 0) is a dissection of 
[a, b] with mesh size less than 6 and if D! = (a = 89 < ++: < 8m = b) is a 
refinement of D then |Sp’(f37) — Spo(f3)| < €. 
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Proof Since f oy is uniformly continuous on [a,b], there exists 6 > 0 
such that if |s — t| < 6 then |f(y(s)) — f(y(t))| < €/l(y). Suppose that 
D=(a=to <-:+ < tn =5)) is a dissection of [a, b] with mesh size less than 
6 and than D! = (a = 89 < --: < Sm = b) is a refinement of D. Then there 
exist 0 = 79 < +--+ <%, =m such that t; = s;, for0 <7 <n. Now 


and 
S* AGG) Hes) |— FOGG) -V64)) 
t=t;-14+1 
=| 5° G6G- eee) 
t=tj=1+1 
2 > ee =e ilies ea) 
t=t;-1+1 
= iy >,, ly(si) — y(si-1) |, 
so that 
ISp(f- SelM < TD DS be) - wad} <e 


Corollary 22.1.2 Suppose that y: [a,b] > C is a rectifiable path and that 
f is a continuous complex-valued function on |y]. Then there exists a unique 
complex number I,(f) with the property that if ¢ > 0 then there exists 6 > 0 
such that if D = (a = ty <--- < tn =) is a dissection of [a,b] with mesh 
size less than 6 then 

[Z4(f) — So(fs 9) < 2. 


Proof Let D,, be the dissection of [a,b] into 2” intervals of equal length. 
Then D,, is a refinement of D,, for m > n, and the mesh size of D, tends 
to 0 as n > oo. It follows from the theorem that (Sp, (f;7))?21 is a Cauchy 
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sequence in C. Let I,(f) be its limit. If D is a dissection of [a, b] with mesh 
size less than 6, then 


Sp.lisy) = spe) 
= Sp, (037) — Saws 7) (Spa iy) — Sp, ry)| < 26 
so that |I,(f) — Sp(f;7)| < 2e. 


We denote I,(f) by id f(z) dz. Then rs f(z) dz is uniquely determined. It 
is a path integral, the integral of f along the path y. The quantities {Sp(f,7) : 
D a dissection of [a, 6]} are approximating sums to the integral. 


Proposition 22.1.3 Suppose that 7 : [a,b] > C is a rectifiable path and 
that f is a continuous complex-valued function on |y]. Then 


- Oe 


Proof For |Sp(f37)| < ||fll,, -(y) for any dissection D of [a, 0]. 


< IIfllo (1). 


The path integral does not depend upon the parametrization of the path. 


Corollary 22.1.4 Suppose that the path y is similar to the path 7 : 
[c, d] > E. Then ty f(z)dz= ie f(z) dz. 


Proof Suppose that « > 0. There exists 6 > 0 such that if D’ is a dissection 
of [c, d] with mesh size less than 4, and if D is a dissection of |a, b] with mesh 
size less than 6 then 


ISo(fir!) — f #@) del <e/2 and |Sp(fi7) - ff) del <e/2. 
Y *): 


There is a strictly increasing continuous map ¢ of |c, d] onto [a,b] such that 
7 = yo ¢. Since ¢ is uniformly continuous on [c,d], there exists 0 < 7 < 6 
such that if s,s’ € [c,d] and |s — s’| < 7 then |¢(s) — d(s’)| < 6. If D’ isa 
dissection of [c,d] with mesh size less than 7 then the image dissection ¢(D) 
has mesh size less than 6. Since Sp/(f; 7) = Sg(p)(f;7) it follows that 


[tee- f tea 


i (Oe | + 


= 


[ f@4-svit)] <e 
: 


Since € is arbitrary, the result follows. 
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Here are some straightforward results. 


Proposition 22.1.5 Suppose that y andy’ are rectifiable paths in C, and 
that the final point of y is the initial point of 7'. Suppose that f and g are 
continuous functions on |y] and that a € C. 


(i) LS) + 9(2)) de = f, Sle) dz + F912) de 
(ii) s af(z)dz= af f(z) dz. 
(iii) Jy flzjdz= J, Ff) dz+ a f(z) dz. 


Proof The proofs are left as an exercise for the reader. 


A path y : [a,b] > C is piecewise smooth if there is a dissection D = 
(a= ty <-++ < ty, =b) of [a,b] such that y is continuously differentiable on 
[t;-1, tj] (with one-sided derivatives at t;-; and t;), for 1 <j <n. 


Theorem 22.1.6 <A piecewise smooth path y : [a,b] > C is rectifiable, 
b 
and I(y) = fq |7'(t)| at. 


Proof Wecan clearly suppose that y is continuously differentiable on [a, }]. 
Suppose that D = (a = to <--- < tn =) is a dissection of [a,b]. Then 


Sh) a= / M(t) dt 
j=l gai |" = 
< W@la= fb’ @lat. 
2 [ y | y 


On the other hand, suppose that « > 0. Since y’ is uniformly continuous, 
there exists 6 > 0 such that if |s—t| < 6 then |7/(s)—7'(t)| < €/2((b—a@) +1). 
There exists a dissection D = (a = tp < --: < tn = 6) of [a,b] with mesh 
size less than 6 for which 


b n 
| Wole- SG) -4-)| < ab =a)" 
a j=1 


But 


So ly(ty) — y(tz-1)| — SO ly) (ts - ty) 
j=l j=l 


ly(ts) — v(tj—-2)| — | Ep) — ty-2) 


nr 
>» 
j=l 
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n 


< D7 by@s) — 1ts-2) — 7 Gs) Gy — 4-2) 


j=l 
= (/° (1-148) 
ga1| Wat 


j=l 
“. e(t; — tj-1) 
< =¢/S 
= 2(b—a) 
Hence 
n b 
Ss h(t)) — (1) - ; '(@)| atl <e, 
j=l : 


so that I(7) > iM \7/(t)| dt — €. Since ¢ is arbitrary, the result follows. 


In fact, almost all path integrals that arise are path integrals along a 
piecewise smooth path. Such integrals can be expressed as the integral of a 
complex function of a real variable. 


Theorem 22.1.7 Suppose that y : [a,b] > E is a piecewise smooth path 
in C, and that f is a continuous complex-valued function on |y]. Then 


b 
z)dz= (t\ d 
/ t(2) [ fl(t))y'(t) at 


Proof For 


fs Fv(t)¥ (b) dt — Spl f: | 
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3 


< i  Le(a(t)) — F(t): lat 


jal? bi-1 


Thus 


Since € is arbitrary, the result follows. 


Example 22.1.8 Suppose that y: [0,1] > [zo, 21] is the linear path from 
zq to 21, defined as y(t) = (1 — t)z + tz). Then 


1 
[4@ dz = (z — zo) f f((1 — t)zo + tz1) dt. 
y 0 


For ¥'(t) = 21 — Zo. 
In particular, if z9 = 2 + iy and z; = x, + iy, then, changing variables, 


[t@ae= [ Ho+innas if ro < 2 
¥ Xo 


Xo 
--f f(s + iy) ds if zo > 21. 
Ly 
Similarly, if z9 = x + iyo and z] = x + iy; then 


Y1 
[i@a=if Sa Sates 
Y Yo 


Yo 
= -i | f(x + it) dt if yo > yr. 
YL 


Example 22.1.9 Suppose that f is a continuous function on a circle 
T,(w). Then 


27 


/ fg@)dz=ar f(w+re*)e" dt 
Kir (w) 0 


2a 
and / F@) dz=i f(w+ re”) dt, 


-(w) aw 0 
where k,(w) is the circular path defined by «,(w)(t) = w+re”, for t € [0, 27]. 


For «/(w)(t) = ire” and z—w=re®. 
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22.1.2 


22.1.3 


22.1.4 


22.1.5 
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Exercises 


Evaluate the integrals 


/ dz, | edz, | zZdz and | 2 dz. 
#1(0) #1 (1) #1 (0) Ki (1) 


Suppose that y : [a,b] + C is a rectifiable path in C and that f is 
a continuous function on [y]. Suppose that a(t) and ((t) are the real 
and imaginary parts of 7(t). Show that a and £ are rectifiable paths 
in R. Suppose that a and £ are strictly monotonic. Show that there 
are continuous real-valued functions u, and v,; on [a] and u; and v; 
on [3] such that 


f (y(t) = ur(a(t)) + ter (a(t)) = ua(B(t)) + tui (8(4)), 


for t € [a,b]. Show that 


[1@e- (fut de— faite iz) 
+i (fmerae+ futar), 


Is the result true if the word ‘strictly’ is omitted? 
Let y be the square path with corners 1, 7, —1 and —7. Calculate 


ie dz/z. 


Suppose that f is a continuous function on T. Show that 
27 
/ ft) dz=i4 flee“? ao. 
#1 (0) z 0 


Let y(t) = t+ itsin(1/t) for 0 < t < 1 and let y(0) = 0. Show that 
y is a continuous path in C which is not rectifiable, but that the 
restriction 7. of 7 to [e, 1] is rectifiable, for 0 < € < 1. Suppose that f 
is a continuous function on |y]. Show that I f(z) dz tends to a limit 


ase \, 0. 


22.2 Approximating path integrals 


We have defined path integrals of continuous functions along rectifiable 


paths. 


It is useful to approximate these by integrals along polygonal and 


rectilinear paths. The proofs use rather standard approximation arguments. 
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Theorem 22.2.1 Suppose that y : [a,b] > U is a rectifiable path in a 
domain U, that f is a continuous complex-valued function on U, that H 
is a dense subset of U and that € > 0. Then there exists a polygonal path 
Bp: y b| > U with vertices in H such that |B(t) — y(t)| < € for t € [a,b] and 
Ife F(z z)dz— is f(z) dz| < «. If y is a closed path, then 8 can be chosen to 
be a ae path, homotopic to y in U. 


Proof Since |y] is compact, f is uniformly continuous on [a,b] and, if 
U #C, d([y],C \ U) > 0. There therefore exist 0 < 6 < € and a partition 
D=(=02 fh < +s <i, —5) suck that 


(i) No(ly]) SU; 

Gi) | f f@de— Solfin)| < €/4 

(ii) if FE [a, 8] and fw — 7(6)] <6 then |f(w) — f(v(0)| < €/AU(Y): 
(iv) |y(t) — y(t;)| < 6/4 for all t € [¢t;-1, tj] and 1 <j <k. 


Let 7 = min(6/4,1(y)/2k). Since H is dense in U, there exists h; € U 
with |h; — y(t;)| < 9 for 0 <j <k; if y is closed, we can take hj, = hg. For 
1<j<k, let o; : [t;-1,t;] - [Rj-1,hj] be the linear path from h;_1 to 
hj, parametrized by the interval [t;-1,¢;], and let b be the polygonal path 
01 V---V op. We shall show that ( satisfies the conditions of the theorem. 

Ifte leptin tls then 


[B(t) — y)| < |B) — hy + [hg — yes) + ly (ty) — 1) 
< 5/4 45/44 6/4 <e. 


Further, 
k 
B) = 2 [ny — Aya 
k 
< $7 (\ag — vets) + ly(ts) — y(ts—a) + by (ey—a) — Fy-a) 
j=l 
< I(y) + 2kn < 21(7). 
Now 


2) dg = (hy = hg) Fs) 


1 
lat / f((L = 8)hj—1 + shy) — f(y(t,)) ds 
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1 
Zig / IF (1 — 8)hya + shj) — f(y(t,))| ds 
€|hy = hj-1| 
4l(7) 
Adding, 
[16 }de— Sorry ) = ([ 104 2 = (hy mss) 
j=1 
< / fej d2— (hg = figer) Fy) 
jai [10 
€l(3) 
$ aay <<? 


Thus | SoC F( z)dz — Ar (z)dz| < e. Finally, the function [(s,t) = (1 — 
s)y(t) + sB(t : isa ee from ¥ to 8 in U. 


Corollary 22.2.2 The path 6 can be chosen to be a dyadic rectilinear 
path. 


Proof Since the set D = {x +iy € U : x,y dyadic rational numbers} is 
dense in U, we can take H = D; there is a polygonal path 6 with vertices in 
D which satisfies the conditions of the theorem. Let us retain the notation 
of the theorem. Suppose that 1 < j < k. There is a dyadic rectilinear path 
¢j : [t7-1,tj] > U from h;_1 to h;, obtained by changing one co-ordinate at 
a time. Then 1(¢;) < V2|h; — hj—1|. Let 


C=O V...V Ck, 


so that ¢ : [a,b] > U is a dyadic rectilinear path with I(¢) < V2l(8) < 
2V/2I(y). Then |¢(t) — y(t)| < € for t € [a,b], and, arguing as in the theorem, 
if1<j<k then 


7 f(z) dz — (hy — Aya) f (y(ty))| < V2€|hy — hy—1|/41(y), 


from which the result follows. 


The next important result illustrates the usefulness of Theorem 22.2.1. 
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Theorem 22.2.3 Suppose that U is a domain, that y : [a,b] — U is 
a rectifiable path in U, and that F is a holomorphic function on U with 
continuous derivative f. Then 


/ f(2) dz = F(7(b)) — F(a). 
7Y 


If, further, 7 is closed, then ie fiz)d2 =0. 


Proof Suppose that ¢ > 0. Let 6 be a piecewise-linear path which satisfies 
the conclusions of Theorem 22.2.1. Then, adopting the notation of Theorem 
22.2.1, and using Example 22.1.8, 


n 


j=l 
But 


1 
(v(t) - ¢t)-1)) / f((1— 8)9(tj-1) + sr(t;)) ds = F(y(t,)) — Flv(ty-1)), 


by Theorem 22.1.7, and so 
[st dz= 0 (F(t) — FOy-1))) = FO®) — F(a). 
j=l 


Thus IL, f(z) dz — F(7(b)) - F(x(a))| < e. Since € is arbitrary, the result 
follows. 


We write Sia.b} f (z) dz for Soa.) f (z) dz. 


Corollary 22.2.4 Suppose that U is a domain, that y : [a,b] > U is a 
closed rectifiable path in U, and that p = ag +--+ +4n2” is a polynomial 


function on U with continuous derivative f. Then is p(z) dz = 0. 


Proof Let P(z) = dY9 a;z)*1/(j + 1). Then P is holomorphic, and 
P=, 


Exercises 


22.2.1 Use Theorem 22.2.3 to show that if U is a domain in C* containing 
T then there does not exist a holomorphic function F’ on U for which 
F"(2) = 1/z, for ze VU. 


684 Complex integration 


22.2.2 (Integration by parts) Suppose that U is a domain, that y : [a,b] ~ U 
is arectifiable path in U, and that F' and G are holomorphic functions 
on U with continuous derivatives f and g respectively. Show that 


[face dz = PO)GO) -Flvla)GO(a)) — f F(z)g(z) dz, 
7 7 
and that if 7 is closed, then 


/ (ge Gar== / Restade. 


22.3 Cauchy’s theorem 


So far, the complex analysis that we have studied is very similar to the real 
analysis of Part Two. We now show that path integrals provide a very pow- 
erful tool, which we use to obtain some remarkable results of a completely 
different nature. We begin with Cauchy’s theorem. We shall prove this in 
several stages, obtaining more and more general results. First we begin with 
a square path. 


Theorem 22.3.1 (Cauchy’s theorem for a square) Suppose that f is a 
holomorphic function on a simply connected domain U, and that y is a 
square path in U. Then J. f(z) dz =0. 


Proof This theorem is the heart of Cauchy’s theorem. By scaling and 
translation, we can suppose that y = yo is the dyadic rectilinear path sq 
with vertices (0,0), (1,0), (1,1) and (0,1), so that [yo] is the boundary of the 


0-square Qo = Oi Since U is simply connected, Q) C U. Suppose that 


(2) d2= 1g 4 0. 
Yo 


Qo is the union of four 1-squares Os Q.. rah and Qe. Let 


1 


’ 


@)_ ,,@) ~@ (1) (1) Q)  .() 


VY = $400. Y2° = $41.09 Y3° = $4019 Ya = sq. 


Then 
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Figure 22.3. 


since the contributions from edges inside |yo] cancel in pairs. Consequently, 
there exists 1 < 7 < 4 such that 


fo f(z) dz 
( 


Set y= ae then |] is the boundary of a 1-square Q; contained in Qo. 
We now iterate the procedure, to obtain a sequence (V5) FZ0 of simple 


= |hi] 2 ol/4- 


closed square paths, such that 


(a) 7; is a j-square path, and 


[ tow 


wl 


> |Io|/4’; 


(b) [yj] = 0Q;, where Q; is a j-square; 
(c) (Q;) is a decreasing sequence of compact sets, and diam Q; = /2/2). 


Thus N99; is a singleton set, {zoo}, say. Then z. € U, and f is dif- 
ferentiable at z.. Thus there exists 6 > 0 such that N5(zo0.) GC U, and such 
that if |z| < 6 then 


f (Zoo + 2) = f (200) + f’(Z00)2 + r(z), where |r(z)| < [ollz|/6. 
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Now there exists j such that Q; © N5(z00). Since 
| (tle) + He00)2)de = 0, 
i 
by Corollary 22.2.4, it follows that de f(z)dz= im r(z) dz. But 


[ r(z) dz 


by Proposition 22.1.3; this contradicts (a). 


Ea e Lal 


< sup{|r(z)| : 2 € [y]b-l(y) < Tr rie 


Theorem 22.3.2 Suppose that f is a continuous function on a simply- 
connected domain U, for which i f(z) dz = 0 for every dyadic square path 
in U. Then " f(z) dz =0 for every closed rectifiable path y in U. 


Proof First we prove the theorem for simple closed k-dyadic rectilinear 
paths in U. Suppose that y is a simple closed k-dyadic rectilinear path in 
U. Let nz(7) be the number of k-squares in in|y]. We prove the result by 
induction on nz(y). The result holds when nz(y) = 1, by Theorem 22.3.1. 
Suppose that the result holds for all simple closed k-dyadic rectilinear paths 
in U with nz(y) < n, and that y is a simple closed k-dyadic rectilinear path 
in U with nz(y) = n. There exists a vertex v9 = (mo + ino) /2* in [y] for 
which mo +o is minimal, so that ((mo+1)+éno) /2* and (mo +i(no +1))/2* 
are the two adjacent vertices. Let 7 be the path obtained by replacing vp 
by ug = ((mo +1) +2(no + 1))/2*.Then 


[i@e=froe-f tea= frou. 


There are now two possibilities. First, y/ is simple. Then n;z(7’) = n — 1, 
and so if f(z) dz = 0. Secondly, y’ is not simple. Then 7/ = 6 V «, where 
6 an € are simple closed k-dyadic rectilinear path in U with n,(d) < n and 


ne(€) <n. Then 
[teoe= [roast fr@e- 


Thus J, f(z) dz =0. 
Secondly, we prove the theorem for closed k-dyadic rectilinear paths in U. 
If + is such a path, then y = 7] V--- V Yn, where each 7; is a simple closed 
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k-dyadic rectilinear path in U. Then 


[1@ ip y ( | Fe az) =) 


Finally, suppose that y is a closed rectifiable path in U, and that 
7 > 0. By Corollary 22.2.2, there is a closed dyadic rectilinear path 6 in U 


such that 
[ree-frow 


Since [; f(z) dz = 0, it follows that Ld f(z) dz| <7. Since 7 is arbitrary, it 
follows that dy f(z)a7 =, 


<n. 


Theorem 22.3.3 If f is a continuous function on a domain U, for which 
i f(z) dz = 0 for every closed polygonal path in U, then there exists a 
holomorphic function F on U such that F' = f. 


Proof Pick zg € U as a base point. Suppose that w € U. Since U is path- 
connected, there exists a polygonal path y,; from zp to w. If yo is another 
such path, then 7; V 75" is a closed polygonal path, and 


f(z) dz—- flayde = f flejdz=1, 
on Y2 Vai Vas 


by Theorem 22.3.2. Thus l,£@) ie= J, F (2) dz, and so the quantity 
F(w) = In f(z) dz does not depend upon the choice of rectilinear path 
from zp to w. 

We shall show that F' is holomorphic and that F’ = f. Suppose that 
w € U and that « > 0. There exists 6 > 0 such that Ns(w) C U, and such 
that if |¢| < 6 then |f(w+¢) — f(w)| < €. Suppose that |¢| < 6. If yo isa 
polygonal path from zo to w, then yo Vo(w, w+) is a polygonal path from 
zo tow+¢. Thus 


Fw+¢)= [ 


Yo 


f@ az + | F(zjdz 


[w,wtc] 
1 
= F(w) + cf f(w + tC) dt = F(w) + f(w)6 +r), 


where : 
r(Qj= cf (f(w + tC) — f (w)) dt. 
0 


But | {)(f(w + tC) — f(w)) dt] < €, so that |r(Q)| < ¢¢|. Thus F is 
differentiable at w, with derivative f(w). 
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Combining Theorems 22.3.1, 22.3.2 and 22.3.3 we have the following. 


Theorem 22.3.4 (Cauchy’s theorem for simply-connected domains) Sup- 


pose that f is a holomorphic function on a simply-connected domain U. 


(i) If y is a closed rectifiable path in U then J, flz\dz=0. 
(ii) There exists a holomorphic function F on U such that F’ = f. 


Exercises 


There are other ways of proving Cauchy’s theorem for a simply connected 


domain. The following exercises provide another proof, preferable in some 


respects to the one given above. 


22.3.1 


22.3.2 


22.3.3 


22.3.4 


22.3.5 


22.3.6 


Suppose that a,b,c € C. Let a’ = (b+ c)/2, = (c+ a)/2,¢ = 
(a + b)/2. Calculate |b! — c’|, |¢ — a’| and |a’ — 0’. 

Use a’, b’ and c’ to divide the triangle abc into four triangles. Argue 
as in Theorem 22.3.1 to prove Cauchy’s theorem for triangular paths. 
We want to prove Cauchy’s theorem for closed polygonal paths in a 
simply connected domain, using induction on the number of vertices. 
Suppose that the result holds for polygonal paths with fewer than n 
vertices, and that y has n vertices. Show that the result holds if y is 


not simple. 
Now suppose that y is a simple closed polygonal path with vertices 
UQ,UV1,+++;Un = Vo. Show that it is enough to show that there is a 


linear path from a vertex v; to a point in [y] which is inside [y] and 

divides |y] into two polygons, each with less than n vertices. 

There are several ways of doing this; here is one. Maybe you can find 

a better one. We can suppose that vp = (Zo, yo), with yo minimal. 

Let 0; = arg(v; — vo), for 1 < j < n—1. Thus 0 < 0; < 7, for 

1 <j < n-— 1. We can suppose that 0; < 0, 1. Consider three 

possibilities: 

e 62 < 1; consider the ray {v, + Ae” : \ > O}. 

© On—2 > On—1; consider the ray {vp_1 + Ae”-1 : A> OF. 

e 0, < @ and O,-2 < On-1. Show that either 6; < 02 < 6,_ 1 or 
01 < On—2 < On-1, so that S = {v; : 01 < 02 < O,_1} is non-empty. 
Consider [vo, vg], where vz € S and |ug — vo| < |v; — vo| for vj; € S. 

Complete the proof of Cauchy’s theorem for a simply connected 

domain. 
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22.4 The Cauchy kernel 


We use the function k(z) = —1/27miz on C \ {0} as a convolution kernel, and 
call it the Cauchy kernel. 


Theorem 22.4.1 Suppose that g is a continuous function on a rectifiable 
path y. Let 


fw) = f kw —2)9(2)d2 = ef Lae forw ¢ by 
Y iy 


271 Z 


Then f is an analytic function on C \ [y]. If zo € [y] then 


Proof Let M = sup{|g(z)| : z € [y]}, and let d = d(zo, |y]). Suppose that 
|h| < d. Using the formula in Proposition 20.3.8, we find that 


1 
z—(zo+h) 
1 h h” pers 
2% | mPa mye (mth) 


Multiplying by g(z)/27i and integrating, it follows that 


eon =o (se f HS ae) ni + Ral 
Y 


j=0 
where 
Arti g(z) 
n(h) = : —$$$___->________ dz. 
Rn(h) Qni [ (z — 29)"*1(z — (29 +h)) os 
Then 


nPrtay)M _ f_tay_ (aly 
[Rn(h)l S 5 amt —]h)) Gran, (7) 


so that R,(h) > 0 as n > co. Thus the series 
[oe] 


> (aa fea)» 


j=0 
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converges to the value f(z +h). Since this holds for all z9 +h € Ng(zo), the 
power series has radius of convergence at least d, and 


n! z 
fo) = / ete 


Oni Z— 20) 


How does the analytic function f on C \ [y] relate to the continuous 
function g on [y|? This is something that we shall investigate in the rest of 
this chapter. 


Exercises 


22.4.1 Let g(z) = 2”, for z € T and n EN. Show that 
/ k(w — z)g(z) dz = 0 for w € D. 
#1 (0) 


22.4.2 Suppose that f(z) = )(72)anz” is a power series with radius of 
convergence greater than 1. Show that Sex (0) k(w — z) f(z) dz = ao, 
for w € D. 

22.4.3 What are the real and imaginary parts of the Cauchy kernel? 

22.4.4 The Poisson kernel is defined as 


Pi e)= , forx eR, y>0. 


a oe 
m(a? + y?) 


Show that the function (x,y) — Py(a) is harmonic. 


22.5 The winding number as an integral 


Recall that «,(w) is the circular path K,(w) = w+ re” for t € [0,27] and 
that its track is denoted by T,(w). Recall also (Example 22.1.9) that if f is 
a continuous function on T,(w) then 


20 


/ fizd=ir f(wtre')e” dt. 
Kr (w) 0 


In particular, putting f(z) = (z — w)/, where j € Z, 


on ; Cr ae 
/ (z-—w) dz= ir f reGtHe dt = { ae ed = : , 
eee) 0 0 otherwise. 


Thus i d 
z 
. : — 1 =>=—_ : 
mace) om) 208 J (ny 2 W 
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the winding number of «,(w) is expressed as an integral. We can extend this 
result to more general paths, to obtain the following fundamental theorem. 


Theorem 22.5.1 Suppose that y : [a,b] + C is a closed rectifiable path 


and that w ¢ [7]. Then 
1 dz 
nyu) => | 
4 


oni J, zw 
Proof First we consider the case where 7 is piecewise smooth. Let y(a)—w 
=re” Fora<s<b let 
Ss / 
V(t) . . 
h(s) = i ——— dt, and let h(s) = j(s) +7k(s), 
a y(t) —w 

where j and & are the real and imaginary parts of h. Then 


/ a and h'(s) = 1S). 
‘i 


Z—-Ww y(s) — w 


Pe 
— 
=) 
I 
a 
= 
— 
o 
Bel 
I 


As s varies, we unwind y(s) — w. Let f(s) = (y(s) — w)e7?). Then 


Consequently, f(s) = f(a), so that e~")(y(s) — w) = 7(a) — w and 
¥(s) — w = el) (4(a) — w) = rel) ths) +) 
Thus k(s) + 0 is a branch of Arg (y(s) — w) on [a, 6], and 


Now 


(y(b) — w)e" = f(b) = f(a) = 7a) — w = (6) — wv, 
so that e~*() — e~J)e-*k() — 1, and j(b) = 0. Thus 


dz 


Z-w. 


2rin, w) = ik) = J(0) + ik(B) = h(0) = | 
: 


Next, suppose that 7 is a rectifiable path. Let U = C \ {w}. By Corollary 
22.2.2, if € > 0 there exists a dyadic rectilinear path § : [a,b] + U homotopic 


to y in U such that 
~ | dz ~ | dz | 
— = <. &. 
271 gpe-—w 211 ye 
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By Theorem 21.2.1, n(8,w) = n(7y, w), and so 


( ) = | dz 
be ni Jy Z— Ww 


Since € is arbitrary, the result follows. 


<e€. 


Corollary 22.5.2 If f :U —C is holomorphic and w ¢ f([y]) then 


_1 £2) 
non) =a5 | Aaa” 


Proof As in the theorem, it is enough to prove this when 74 is piecewise 
smooth. Then, by the chain rule, f oy is a piecewise smooth path, with 
derivative 

df 


(for) = OO)’. 
Thus, making a change of variables, 
4 _ — fo) ~ si) 
ny Qi foy 7 —-W wae f(y ae 


1 PP rooy® (2) 
~ Oni J, fo@®)—w ~ Oni 1 [fits f(iz—w a 


22.6 Cauchy’s integral formula for circular and square paths 


Recall that k,(w) is the circular closed path «,(w)(t) = w+ re, for t € 
[0,27], so that M,(w) = in[K,(w)]. 


Theorem 22.6.1 (Cauchy’s integral formula for a circular path) Suppose 
that f is a holomorphic function defined on a domain U, that M,(w) C U 
and that ¢ € N,(w). Then 


a LD iy 
oa / oo 


~ Oni I, z—¢ 


Proof Let g(z) = f(z)/2ni(z — ¢) for z € U \ {¢}; g is holomorphic on 
U \ {¢}. Let t = r — |¢ — w|, and suppose that 0 < s < t. Let 


i= / g(z) dz, and let I, = / g(z) dz. 
K-(w) Ks(¢) 
First we show that J = I,. The set U \ {¢} is not simply connected. We split 
each of the paths y and «,(¢) into two parts, each contained in a simply 
connected domain. 
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al 


Figure 22.6. 
Let 
Kr(w)4 = Kr (W)to,n]> Kr(w)— = Kr (W) t,27] 
Kis(¢)+ = Ks(C)Io,n]> Kis(C)— = Ks(C) tx Q7]> 
and let 
By = p(w) V o(w — in, ¢ = is) V Rg (CE Vo(C + is,w + ir), 
Kr(w)] V o(w — ir,¢ —is) VKs(C)_ Vo(C +is,w +ir). 


—.= 
The track [8] is contained in the simply connected set UM (¢ + C2), 


so that Je, g(z) dz = 0, by Cauchy’s theorem. Similarly, the track [6_] is 
contained in the simply connected set UM (¢ + C_,/2), so that f a g(z) dz = 


0. 
Since the integrals along the linear paths cancel, it follows that 


t= f g2)dz- ff oaae— ff ote dz. 


Suppose that € > 0. Since f is continuous at w, there exists 0 < 6 < t such 


that if |z —¢| < 6 then |f(z) — f(¢)| < «. Since 


! d 
Qi |. (0) 2 = n(«s(¢),¢) = 1, 
it follows that 
- _1f |f@-10 
F-FOl= le - FOl= 55 eal Ls | i 
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so that if 0 < s < 6 then 


I FOL < 5 (5) Un) =e 


Ss 


Since € is arbitrary, the result follows. 


A similar result holds for square paths. 


Theorem 22.6.2 (Cauchy’s integral formula for a square path) Suppose 
that f is a holomorphic function defined on a domain U. Let sq,(w) be the 
square path with vertices w—r—ir, wtr—ir, wtr+ir, w—r+ir. Suppose 
that in|sq-(w)| C U and that ¢ is inside [sq-(w)]. Then 


pw)= sof Abas 


Ont anes 


Proof Replace «,(w) by sq,(w) in the proof of Theorem 22.6.1, and make 
obvious changes to the proof. 


Corollary 22.6.3 If M,(w) CU, then 


Tv 


f(w) ee f(w+ re”) dé. 


~ On a 
Proof For 
oe C2 el a ee 
204 Jic.(w) % — W 27% Jiz,.(0) z 
1 /[” . 
=—]| f(wtre) dd. 
27 


—T 


We can apply this to harmonic functions. 


Corollary 22.6.4 Suppose that g is a harmonic function on a domain U, 
and that M,(w) C U. Then 


Proof By considering real and imaginary parts, we can suppose that g 
is real-valued. There exists s > r and a function h on N,(w), such that 
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N,(w) C U, and such that f = g + th is holomorphic on N,(w). Then 


TT 


a= SG = = [fw + rel) ab 


27 27 


—t —T 


=— g(w+re”) dois f h(w + re’’) dé. 


The result now follows by considering the real part of this equation. 


We have seen in Volume I, Example 7.1.9 that there are continuous 
functions on R with no points of differentiability, and so there are con- 
tinuously differentiable functions on R which are not twice differentiable at 
any point of R. For functions of a complex variable, the situation is com- 
pletely different. The most important application of Theorem 22.6.1 is the 
following. 


Theorem 22.6.5 (Taylor’s theorem for holomorphic functions) Suppose 
that f is a holomorphic function on a domain U. Then f is analytic on U. 
Ifw €U and Mr(w) CU then 


f(w+h)= Yeah = eae rh for |h| < B, 


where 


i f(z) 
On = 5 bee (wrt dz, forr < R. 


Proof If |h| <r < R then 


1 f(z) 
f(w+h)= ge 


by Theorem 22.6.1. The result now follows from Theorem 22.4.1. 


Corollary 22.6.6 A complex-valued function on a domain U is 
holomorphic if and only if it is analytic. 


Authors define holomorphic functions and analytic functions in various 
ways. This corollary shows that this is not important. We shall generally 
refer to ‘holomorphic functions’, rather than ‘analytic functions’. 


Corollary 22.6.7 If f is an entire function, and zg € C, then the Taylor 
series expansion of f around zq has infinite radius of convergence. 

Suppose that U is a domain which is a proper subset of C. If f is a 
holomorphic function on U and z € U, then the radius of convergence of 
the Taylor series expansion of f around zo is at least d(zo,0U). 
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Proof Let us prove the second statement. If 0 < R < d(z,0U) then 
Mr(z0) C U, and so the radius of convergence is at least R. Since this holds 
for all R < d(zo,0U), the radius of convergence is at least d(zo,0U). The 
proof of the first statement is similar. 


Example 22.6.8 (The complex binomial theorem) If a € C then 


nm 
’ 


ieee y ee 


n=2 


n! 


the sum converging locally absolutely uniformly on D. 


For (1+ z)® is holomorphic on C \ (—oo, —1], and is therefore analytic on 
D, and if f(z) = (1+z)® then f(z) = a(a—1)... (a_,+1)(14+z)°*. Note 
how much simpler this proof is than the corresponding proof for real-valued 
functions (Volume I, Theorem 7.6.4). 

Taylor’s theorem enables us to prove a converse of Cauchy’s theorem. 


Theorem 22.6.9 (Morera’s theorem) Suppose that f is a continuous func- 
tion on a domain U, and that ‘a f(z) dz =0 for every dyadic square path y 


for which in[y] CU. Then f is holomorphic on U. 


Proof Suppose that zo € U. Then there exists a neighbourhood N,.(z0) 
with N,(zo) C U. Since N,(zo) is simply connected, it follows from Theorem 
22.3.2 that if f(z) dz = 0 for every rectifiable closed path in N,(zo), and 
it therefore follows from Theorem 22.3.3 that there exists a holomorphic 
function F' on N,(z9) such that F’ = f. But F is analytic, and is therefore 
infinitely differentiable, and so f is differentiable at zp. 


Let H(U) denote the vector space of holomorphic functions on a domain 
U. H(U) isa linear subspace of the vector space C(U) of continuous complex- 
valued functions on U. As in Volume II, Section 15.8, we give C(U) a 
complete metric d which defines the topology of local uniform convergence. 


Theorem 22.6.10 H(U) is a closed linear subspace of (C(U),d). 


Proof We use Cauchy’s theorem and Morera’s theorem. Suppose that 
(fn)°2 is a sequence in H(U) which converges locally uniformly to a func- 
tion f in C(U). Suppose that 7 is a dyadic square path with in[y| C U. 
Since [y] is compact, f,, > f uniformly on [y], and so 


[142 jim, [ neyar=o 


Thus f is holomorphic, by Morera’s theorem. 
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Thus (H(U),d) is a complete metric space. 
Here is a useful consequence of Morera’s theorem: integrals of holomorphic 
functions are holomorphic. 


Theorem 22.6.11 Suppose that U is a domain and that f is a continuous 
complex-valued function on U x |a,b] such that, setting . = f(z, t), the 
function f, is holomorphic on U for all t € [a,b]. Let F(z =f? f(z, t) dt. 
Then F is a holomorphic function on U. 


Proof Let y be a dyadic square path in U with in[y] C U. Then 


[Fe de= f (f Heat) a: 
=f ([ tena) dt =0, 


so that F’ is holomorphic, by Morera’s theorem. 


Corollary 22.6.12 Suppose that U is a domain and that f is a continu- 
ous complex-valued function on U x [a,oo) such that, en jfile J=IR)) 
the function f, is holomorphic on U for all t € [a,oo) ia f(z, t) dt con- 
verges locally uniformly to ie f(z,t)dt as b > co then ie fe, ; dt is a 
holomorphic function on U. 


Proof Apply Theorem 22.6.10. 


Clearly, similar results also hold for improper integrals on open intervals. 


Exercises 


22.6.1 Suppose that y is a convex path in C, and that w is inside [4]. If 
6 € [0,27], let pp ={w+re” : r > 0}. Show carefully that pg M [7] is 
a singleton y(@), and that the mapping 0 > ¥(@) from [0,27] to [7] 
is a parametrization of [7]. 

22.6.2 Suppose that f is an entire function and that there exists R > 0 and 
k € N such that |f(z)| < |z|* for |z| > R. Show that f is a polynomial 
function of degree at most k. 

22.6.3 Suppose that f is a holomorphic function on a domain U and that 
zo € U. Suppose that the radius of convergence r of the Taylor series 
expansion of f about zo is greater than d(zo, U). Can the Taylor series 
be used to extend f to a holomorphic function on U U N,(z0)? 

22.6.4 The function f(z) = 1/(1 — z — 2?) is holomorphic in {z € C: |z| < 
1/2}. Let its Taylor series be )0?°., F,z”. What recurrence relation 
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does the sequence (F;,)°29 satisfy? Show that 


ght} — (1 —g)?#} 
a5 ’ 


where g = (V5 +1)/2 is the golden ratio. 

22.6.5 Suppose that f is a holomorphic function on D taking values in D. 
Show that |f()(0)| < nl, forn EN. 

22.6.6 Suppose that (p,,)°°, is a sequence of polynomials, each of degree less 
than or equal to d, which converges locally uniformly on a domain U 
to a function f. Show that f is a polynomial, of degree at most d. 

22.6.7 Use Corollary 22.6.4 to show that a non-constant harmonic function 
on a domain U has no local maxima. 


Fy, = 


22.7 Simply connected domains 


Using Cauchy’s theorem, we can give further characterizations of simply 
connected domains. 


Theorem 22.7.1 Suppose that U is a domain. The following are equiva- 
lent. 


(i) U is simply connected. 
(ii) If f is a holomorphic function on U then [s f(z) dz = 0 for all polygonal 
closed paths y in U. 
(ii) If f is a holomorphic function on U_ then I fide = 0 for all 
rectifiable closed paths y in U. 
(iv) If f is a holomorphic function on U then there exists a holomorphic 
function F on U such that F’ = f. 
(v) If f is a holomorphic function on U such that f(z) 40 for z © U then 
there exists a continuous branch of Log f on U. 
(vi) If w € U then there exists a continuous branch of Arg (z—w) on U. 


Proof | Cauchy’s theorem for simply connected domains (Theorem 22.9.1) 
shows that (i) implies (iii). (iii) certainly implies (ii), and (ii) implies (iv), 
by Theorem 22.3.3. 

Let us show that (iv) implies (v). Suppose that f is a holomorphic function 
on U and that f(z) 4 0 for z € U. Then the function f’/f is holomorphic on 
U, and so there exists a holomorphic function G on U such that G’ = f'/f. 
Let h = e~@f. Then 


hi =—-Gle Cf +e Sf! =0. 
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so that h is a constant function taking a non-zero value k. Thus f = ke@ = 
e*, where F = logk +G. F is then a continuous branch of Log f on U. 

Next we show that (v) implies (vi). The function z—w does not vanish on 
U, so that there is a continuous branch of Log(z—w) on U. Since Log(z—w) = 
log |z — w| + iArg(z — w), there is a continuous branch of Arg(z — w) on U. 

Finally we show that (vi) implies that n(y,w) = 0 for all closed paths 
y €U and all w ¢ U. If a is a continuous branch of Arg(z — w) on U, then 
I(z) = log|z — w| + ta(z — w) is a continuous branch of Log(z — w) of U. 
Since l’/(z) = 1/(z — w), 


1 dz 1 
= — =>— I’ = 
mie) Qri j z—-w 2 i, i ae 


by Theorem 22.2.3. This implies that U is simply connected, by Theorem 
Zoe 


Corollary 22.7.2 Suppose that U is simply connected and that 8B € C. If 
f is a holomorphic function on U for which f(z) #0 for z € U, there exists 
a continuous branch of f? on U: that is, there exists a holomorphic function 
g onU such that g(z) € {f(z)*}, forz €U. 


Proof There exists a continuous branch lf of Log f on U. Let g(z) = 
ely (z) for z € U. 


Exercises 


22.7.1 Suppose that wu is a real-valued harmonic function on a domain U. 
A real-valued function v is called a harmonic conjugate of u if the 
complex-valued function u + iv is holomorphic. 

Show that if v and v’ are harmonic conjugates of u then v — v’ is 
constant. 

Show that if U is simply connected then a harmonic conjugate 
exists. 

Give an example on a domain U and a real-valued harmonic 
function wu on U which does not have a harmonic conjugate on U. 


22.8 Liouville’s theorem 


Theorem 22.8.1 (Liouville’s theorem) A bounded entire function is 
constant. 
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Proof Let M =sup{|f(z)| : z € C}. Suppose that w € C. We show that 
f(w) = f(0). If R > |w| then n(KR(0),0) = n(KR(0), w) = 1, so that, using 
Cauchy’s integral formula, 


17 #@, 17 £@ 
fw)-fO=sef oes | ee 


il wf (z) 
Omi hoo z(z—w) ie 


UeR(0))Miw| Mw 
|f(w) — f(0)| = InR(R—|wl) R—|wl 


Since M|w|/(R — |w|) > 0 as R > o0, f(w) = f(0). 


Thus 


We can use Liouville’s theorem to give another proof of the fundamental 
theorem of algebra. 


Theorem 22.8.2 If p(z) is a non-constant polynomial function, there 
exists zo € C such that p(zo) = 0. 


Proof If not, then f(z) = 1/p(z) is an entire function. As in Corollary 
20.6.3, |p(z)| 4 co as z — oo, and so f(z) > 0 as z > oo. Thus there 
exists R > 0 such that |f(z)| <1 for |z| > R. But the continuous function 
f is bounded on the compact set {z : |z| < R}, and so f is a bounded 
entire function. Thus f is constant, and so therefore is p; this gives a 
contradiction. 


Exercises 


22.8.1 Use Taylor’s theorem to show that if f is an entire function and if 
| f(z)| = O(|z|”") as |z| > oo then f is a polynomial of degree at most 
n. Use this to give another proof of Liouville’s theorem. 

22.8.2 Prove the following extension of Liouville’s theorem: if f is an entire 
function for which f(z)/z — 0 as z > oo then f is constant. 

22.8.3 Suppose that f is a non-constant entire function. Show that the image 
f(C) is dense in C. 


22.9 Cauchy’s theorem revisited 


We now prove a more general version of Cauchy’s theorem. 
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Theorem 22.9.1 (Cauchy’s theorem) Suppose that f is a holomorphic 
function on a domain U, and that 6 is a closed rectifiable path in U for 
which n(B,w) =0 forw ¢U. Then J, f(z) dz =0. 


Note that this extends Theorem 22.3.1, since if U is simply connected 
then n(6,w) = 0 for w ZU. 


Proof By Theorem 21.4.1, there exist 1 € Z and a finite set {yo0,...,;} 
of simple closed /-dyadic rectilinear paths in U such that [6] is inside [yo] 
and outside [7] for 1 < i < j. The set in[yo] N (M_, out|7]) is the union of 
a finite set F = {Q,,..., Qo} of closed I-squares. 

If e is an edge of two adjacent squares Q, and Q, then e has opposite 
orientations in sq, and sq,. Thus if g is a continuous function on U7? ,0Qy 
then 


Suppose now that w is an interior point of some Q,. Then by Cauchy’s 
integral formula for square paths, 


1 f() 
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dz = f(w), 


qu 


On the other hand, if v 4 u, let 6 = d(w,Qy). Then f(z)/(z — w) is 
holomorphic on the simply connected set N5(Q,), and so 


= / i ee 
27t Jog, 2— W 


Adding, and using the remark above, 


(tf ha) =s0 


i=0 


Now the expression on the left-hand side is a continuous function of w for 
w € in[yo]A(N, out|%]), as is the right-hand side, and so the formula holds 
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for all such w. In particular, it holds for all w € [6]. Thus 


[teow [oa fe) i) dw 
i=0 ; 
=> [ 50 Ce dz 
J 
=-> / Ae\n(6, 2) de 


the change of order being justified, since the integrands are continuous. 


Now n((, z) is a continuous integer-valued function on the connected set 
in|y], and so is constant there. Let its constant value be v;. Thus 


[ eo)w=-You f f(z) dz. 


i=0 % 


If z € [yo] then z is in the unbounded component of C \ [6], and so 1p = 0. 
If 1 <i < j, there are two possibilities. First, there exists w € in|[y] \ U; 
in this case 1; = 0, by hypothesis. Secondly, in|y;] CG U. In this case, the 
simply connected set N5(in|7;]) is contained in U, and so i, flz)dz = 0, 
by Cauchy’s theorem for simply connected domains. Thus each summand is 
zero, and Je flejdz=0, 


22.10 Cycles; Cauchy’s integral formula revisited 


We now prove a more general version of Cauchy’s integral formula. First, 
we consider integrals along more general sets than closed rectifiable paths. 
A cycle T in a domain U is an expression of the form T = 7 aii, where 
a; € Zand % is a closed rectifiable path in U, for 1 < i < j. We set 
[[], the track of T, to be [[] = Ud_olul- If w ¢ U, we define the winding 
number n(T,w) of [ about w to be n(T, w) = er ain(%, w), and if f isa 
continuous function on [I], we set 


[ie ie . (« [ Pe iz) . 


For example, if yo, 1,---,7j are the paths in Theorem 21.4.1 then T = 
>-J_9 %i is a cycle for which n([, w) = 1 for all w € K. 
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We can deduce results about winding numbers and integrals for cycles 
from the corresponding results for closed paths. Suppose that T = S~¥_, a7; 
is acycle in a domain U and that w ¢ [I], and suppose that f is a continuous 
function on [I]. Suppose that +; : [c;,d;] > U is a parametrization of ¥;, for 
1<i<j. Let 


yV...V 7% ay times, if a; > 0, 
7 = 4 the constant path at y;(c;), if a; = 0, 
yy V...V¥  |a;| times, if a; <0. 


Since U \ {w} is path-connected, for 2 < i < j there exists a rectilinear 
path £8; in U from y1(c1) to 7%(ci), with w ¢ [GB]. Let 6; = Bi V% V BF, 
for 2 <1 < j, and let 6 = V 62 V...V 6;. Then 6 is a closed rectifiable 
path in U. Further, the function f can be extended to a continuous function 
on [I] U [6]. 


Proposition 22.10.1 With the notation above, 
n(T,w) = n(d,w) and [1@ dz = f $2) dz. 
r 6 


Proof This follows from the facts that n(yj-,w)= — n(%i,w), that 
Le f(z)dz= - 1 f(z) dz and that the integrals along 8; and 8° cancel 
each other. 


Consequently, we have the following extensions of Theorems 22.9.1 and 
22.5.1, and of Corollary 22.5.2. 


Theorem 22.10.2 (Cauchy’s theorem for cycles) Suppose that T is a cycle 
in a domain U for which n(T,w) = 0 for w ¢ U. Then 


y ijae=0. 


Theorem 22.10.3 Suppose that T = ae a;y; ts a cycle and that w ¢ 


[C]. Then 
1 dz 


Z-w. 


Theorem 22.10.4 Jf f :U —C is holomorphic, and w ¢ f(|I]) then 


a! F(z) 
n(foTyw) = xe f oo as, 


We can also establish Cauchy’s integral formula for cycles. 
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Theorem 22.10.5 (Cauchy’s integral formula for cycles) Suppose that T 
is a cycle in a domain U for which n(T,w) = 0 for w ¢ U. Suppose that f 
is a holomorphic function on U and that z € U \ |]. Then 
wT, 26) f (zo) = = we tp 
ti Jp 2 — 20 

Proof  f(z)/(z — 2) is holomorphic on V = U \ {zo}. The result is true if 
n(T, zo) = 0, for then n(T', w) = 0 for w ¢ V, and so the result follows from 
Theorem 22.10.2. 

Otherwise, let v = n(I, zo). There exists r > 0 such that N,(zo) C U. 
Let I’ = TP — vk,(zo). Then n(I’, w) = n(T, w) — vn(K, (20), w) =0-0=0, 
for w ¢ U and n(I”, 20) = n(T, 20) — vn(Kr(z0), 20) = vy —v = 0. Thus 
n(I’,w) = 0 for z ¢ V, and so 


1 f(z) V i f(z) 
— | ——dz- — dz = 0. 
r(Zo) 


271 Jp Z— 2 27% zZ— 2 


1 f(z) 


271 kr (zo) % — 20 


by Theorem 22.6.1, and so the result follows. 


dz= f (2); 


22.11 Functions defined inside a contour 


So far we have been concerned with holomorphic functions defined on a 
domain U, and with paths with tracks in U. There is another situation 
which is worth considering. Recall that a contour is a positively oriented, 
rectifiable, simple closed path in C. Suppose that 7 is a contour and that f 
is a continuous function on the closed set in[y| which is holomorphic on the 
open set in|y]. Do Cauchy’s theorem and the Cauchy integral formula hold? 

In general, the answer is ‘yes’, but the proofs are difficult. There is, how- 
ever, one situation where the proof is quite easy, and which is quite sufficient 
for most needs. We need a definition. Suppose that K is a subset of C, and 
that ko is an interior point of kK. We say that K is star-shaped about ko if 
for each z € K the open line segment (ko, z) = {(1—A)ko +Az:0<A< 1} 
is contained in the interior K° of K. As an important example, if K is a 
convex body, then K is star-shaped about each point of K°. 


Theorem 22.11.1 Suppose that y: [a,b] + C is a contour, that in|y| is 
star-shaped about ko, and that0 <r <1. Let 7,(t) =(1—r)ko + ry(t), for 
t € [a,b]. Then 7, is a contour inside |y]. 


22.12 The Schwarz reflection principle 705 


Suppose that 0 < r9 <1 and that g is a continuous function on in[y|N 
out|y,,]. Then J. g(z) dz > ce g(2)\d2 as 7 1. 


Proof It follows from the definition of ‘star-shaped’ that y, is a simple 
closed path inside [y]. Since |y,(¢) — 7,(t’)| = rly(t) — y(t’), it also follows 
that 7, is a contour. 

If ro <r <1 and if z € [4], let g-(z) = rg((1 —r)ko + rz). Then g,(z) 
converges uniformly to g(z) on [y] as r 71, and f, g(z)dz = J) gr(z) dz. 
Consequently, i g(z) dz > is g@\deasr 71. 


Corollary 22.11.2 If f is continuous on in[y| and holomorphic on in|y 
then J. f(z) dz =0, and 


w) = : f@) dz for w € in|y]. 
fw) =a f for w € inly 
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Proof Since ie f(z) dz = 0, the first equation follows immediately. For 
the second, there exists 0 < rg < 1 such that w € in|y,,]. Then the function 
g(z) = f(z)/2ri(z — w) is continuous on in|[y] N out|,,], and if r9 <r <1 


then -_ fe) - 
fw) =a f Shaem | ate)ae, 


r 


so that 


22.12 The Schwarz reflection principle 


We use Morera’s theorem to establish the Schwarz reflection principle. 
Theorem 22.12.1 (The Schwarz reflection principle) Suppose that 


(i) U is a domain in Ht ={z=ax+iyeC:y>0}; 
(ii) OU contains an open interval (a,b) in R; 
(iit) f is a continuous function on U U (a,b) which is holomorphic on U, 
and 
(iv) f is real-valued on (a,b). 


Let U* = {z:Z€U}, and let V =UU(a,b)UU*. If z € U* let f(z) = f(z). 
Then f is holomorphic on V. 
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Figure 22.12. 


Proof It follows from (iv) that f is a continuous function on V, and it 
follows from the definition of differentiability, or from the Cauchy—Riemann 
equations, that f is holomorphic on U*. But we need to establish differentia- 
bility at points of (a,b). We therefore use Morera’s theorem and Corollary 
22.11.2. Suppose that 7 is a square path, with in[y] C V. If [y] C U or 
[y] € Ux, then i; f (z)dz = 0. Otherwise, suppose that [y|]N(a, b) = {wi, we}. 
There exist rectangular dyadic paths y, in U and 7 in U* such that 
[11] 9 (a, 6) = [ya] 9 (a, 6) = [wi, we] and [y1] U [72] = [7] U [w1, we]. Then, 
with suitable orientation, f, f(z)dz = J, f(z)dz + Ji» f(z)dz = 0. Thus f 
is holomorphic on V, by Morera’s theorem. 


Exercises 


22.12.1 Suppose that 
(i) U is a domain in D; 
(ii) OU contains an open circular arc Ag g = {e%:a<t< Bb} inT; 
(iii) f is a continuous function on UU Ag g which is holomorphic on 
U, and 
(iv) f is real-valued on Ag g. 
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Let U* = {z:1/z € U}, and let V = U U (a,b) UU. If z € U* let 
f(z) = f(1/z). Show that f is holomorphic on V. 

22.12.2 Suppose that condition (iv) of the previous exercise is replaced by 
(iv’) |f(z)| = 1 for z € Ag g. 
Let f(z) = 1/f(1/2Z), for z € U*. Show that f is holomorphic on V. 


23 


Zeros and singularities 


23.1 Zeros 


Suppose that f is a holomorphic function on a domain U. We denote the 
zero set{z €U: f(z) = 0} by Zy. What can we say about Z,? It is certainly 
closed, since f is continuous. 


Theorem 23.1.1 Suppose that f is a non-constant holomorphic function 
on a domain U, and that f(z) = 0. Then there exists a least k € N such 
that f\")(z9) #0, and there exists s > 0 such that N,(zo) C U and f(z) £0 
for z in the punctured neighbourhood Nz (z0). 


Proof By Proposition 20.3.9, there exists a least k © N such that 
f (zo) £0, so that there exists r > 0 such that N,(z9) C U and 


0 en) (y 
#2) = SD) o — ag" = (2 — a0) *H(2), 


ni 


where h(z) = ys fi eo) 


for z € N,(z9). Then h(zo) = f)(z9)/k! 4 0. Since h(z) + h(zo) as z > 20, 
there exists 0 < s < r such that h(z) 4 0 for z € N,(z), and so f(z) #0 
for z € Nj (zo). 


Thus the points of Zy are isolated points of Z+; the subspace topology on 
Zy is the discrete topology. In general, a subspace S' of a topological space 
(X,7) is a discrete subspace if the subspace topology on S is the discrete 
topology, so that each of its points is an isolated point in X. If zo € Zy, f is 
said to have a zero of order k, or multiplicity k, at zo if k is the least integer 
for which f")(zq) 4 0. Then f(z) = (z— 29)*h(z), where h is a holomorphic 
function for which h(zo9) 4 0. 
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It is important that we only consider points of the domain U. For example, 
let U = C* = C\ {0}, and let f(z) = exp(27i/z)—1. Then f is holomorphic 
on U, and Z, = {£1/k: k € N}. The point 0 is a closure point of Z, in C, 
but it is not in U. 

A closed subset S of a domain for which every point of S is an isolated 


point of S can be infinite, but it must be locally finite. 


Proposition 23.1.2 Suppose that S is a discrete subspace of a Hausdorff 
topological space (X,T). If K is a compact subset of U then KMS is a 
finite set. 


Proof For KMS is a compact Hausdorff space with the discrete topology, 
and so must be a finite set. 


Corollary 23.1.3 Jf S is a closed discrete subspace of a domain U then 
S is countable. 


Proof For U is o-compact; it is the union of countably many compact 


sets. 


In particular, if f is a non-constant holomorphic function on U then the 
zero set Zp is countable. 


Proposition 23.1.4 JfS is a closed discrete subspace of a domain U, then 
V =U\S is a domain. 


Proof Since S is closed in U, V is an open subset of C. We must show 
that it is connected; we shall show that it is path-connected. Suppose that 
v,v' € V. Since U is path-connected, there is a simple path y : [0,1] ~ U 
from v to v’. Since its track [y] is compact, [y] NS’ is finite. Thus there exist 
O< tj < ++: < t < 1 such that >]NS = {7@;):1< 7 < k}. It is now 
easy to perturb the path so that it avoids S. For each 1 < 7 < k there 
exists €; > 0 such that N.,(y(t;)) C U and N.,(y(tj)) AS = {y(t;)}. Since 
y is continuous, for each 7 there exist 1; and r; with 1; < t; <r; such that 
¥(lj,73]) S Ne, (y(t;)). We can suppose that r; < 1,41 for 1 <j < k. Since 
each punctured neighbourhood N= (7(t;)) is path-connected, we can replace 
Yl;,r;] by a path in NE (7(t;)) from y(1;) to y(rj). In this way, we obtain a 
path in V from v to v’. 


710 Zeros and singularities 


Exercises 


23.1.1 Where are the zeros of the function sin((1 + z)/(1 — z))? Show that 
they have an accumulation point in C. Why does this not contradict 
Proposition 23.1.2? 

23.1.2 Suppose that f and g are holomorphic functions on a domain U and 
that |f(z)| = |g(z)| for z © U. Show that there exists a € C such 
that f = eg. 

23.1.3 Give an example of a connected Hausdorff topological space (X,7) 
for which X \ {x} is not connected, for each 7 € X. 


23.2 Laurent series 


Suppose that f is a non-constant holomorphic function on a domain U, 
with zero set Zp. Then V = U \ Zy is a domain, and the function 1/f 
is holomorphic on V. If zo € Zy then there exists r > O such that the 
punctured neighbourhood N;(zo) is contained in V. The function 1/f is 
holomorphic on N*(z9), and |1/f(z)| — oo as z > zo. We are therefore led 
to study holomorphic functions on such punctured neighbourhoods. In fact, 
we consider holomorphic functions on rather more general sets. Suppose that 
zy € C and that 0<r< R< oo. The (open) annulus A;,p(zo) is defined to 
be the set 
A,,R(Z0) = {z EC:r< |z oe z0| < R}. 


Thus Ng(20) = Ao,r(Zo). An annulus A, (29) is an open connected subset 
of C, but it is not simply connected; its complement has two connected 
components, namely {z € C: |z— z| <r} and {z € C: |z — z| > R}. If 
r<s< R then «,(zo) is a closed path in A,;p(z) which is not homotopic 
to a constant path. If f is a holomorphic function on A,,p(zo), we cannot 
always represent f by a Taylor series, as the example 1/(z — zo) shows. 
Instead, we represent it by a doubly infinite series. 


Theorem 23.2.1 Suppose that f is a holomorphic function on the annulus 
A,,r(zo) and thatn € Z. Ifr<s< R, the quantity 


oe f) 
a 277 lL. (z — zo)jntt o 


does not depend upon s. 

Suppose that r <s <t < R. The series \\P° )Gn(z — 2)” converges 
absolutely uniformly on N;(zo), and the series \~>>_, a_n(z—20)~" converges 
absolutely uniformly on the set {z : |z — z| > s}. Thus the doubly infinite 
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series yo. dn(z— 20)" converges absolutely uniformly on the set {z: 8 < 


|z — 29| < th: tts sum is f(z). 


Proof Let T be the cycle k:(20)—Ks(20). The n(T, w) = 0 for w ¢ A, R(Z0), 
and the function f(z)/(z — z)"*! is holomorphic on the annulus. By 
Cauchy’s theorem for cycles, 


f(z) 7 f(z) ee f(z) = 
[ (z— zp)"tt dz = - @— a) d Ve Gai dz = 0. 


Thus a, does not depend upon s. 
Suppose now that z +h € A,,R(z0). Choose r < s < |h| <t < R. Then 
n(T, 2 + h) = 1, so that 


_1f_s@) 
fleo+h) = 5 f as 


ep fle) 
28 J mites) 2 = Bo+ fh) 2nt Ing(zo) %— (20 +h) 


Arguing exactly as in the proof of Theorem 22.4.1, 


1 f(z) % 
— | SS teat, 
2mt Sies(zo) % — (20 + A) dz a a 


n=0 
and the series has radius of convergence at least R. It therefore converges 
absolutely uniformly on N;(zo). 

We use an argument similar to the one used in the proof of Theorem 
22.4.1 to deal with the remaining terms. Choose r < s’ < s. If z € Ts/(z0) 
then |z — 29| = s’ < |h|. Since 


ee 

z—(zo +h) 

4 1 ant (z — 29)” (z — z)*t1 
-(——==7) RTT pel 7 Werle (py phy’ 


it follows that 


mo / _ AU) 
Qmt Sig (zo) 2 — (20+ A) 


_ 1 2-2 (z — z0)” (z — 2)"*4 
a ce (+ sas ac aa cS Na Ta SRY POTN ad 
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where 


7 1 (z — 29)"*4 
Buh) = Fan lL. OS 


Let My = sup{|f(z)| : z € Ts(zo)}. Then 


|Rn(h)| <= 


ons! Chane s! Mg 3! n+l 
Qnlh|r+l” |h|—s’ ~ s—s! 


so that R,(h) > 0 as n > oo. Thus 


1 f(z) way 
2 eee ae je 


Consequently the series Sea a_;z) has radius of convergence at least 1/s’. 
Since 1/s’ > 1/s, the series ee a_;/h) converges absolutely uniformly on 
the set {h: |h — zo| > s}. 

Adding the two infinite series, we obtain the result. 


The doubly infinite series }°°°. | an(z — 20)” is called the Laurent series 
for f. The function fp(w) = S772, a_n/(w — 20)”, defined for |w — zo| > r, 
is called the principal part of f: ifr < s < |w — zo| then 


WwW ies I) 4 
Oe [ i 


274 zZ—Ww 
Let us show that the Laurent series is unique. 


Theorem 23.2.2 Suppose that f is a holomorphic function on the annulus 
A,,r(z0), and that f (zo + h) = >>°° byph” for zo +h € Ay,r(zo). Then 


n=—CcO 


1 £2) 


Dart Srs(zo) (2 — 20)*! 


wherer<s<R. 


Proof As in Theorem 23.2.1, the series S>??.9 bnh” and S>P2, b_»h-™ 
converge uniformly on [Ks(zo)]. Since 


if (z — 29)4 ae ifj=n 


Qi j Fa) 0 otherwise, 


Ks (Zo 
it follows that 


i Djeem bj(2 — 20) 


aa dz=b,, for -M<n<QN. 
271 Ks (Zo) (z one 2)" ° Oe ice 
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Thus 


aaa bj(z — z)! 


1 f(z) 
= — ———_— dz. 
ni I (229) 


bn z 


= lm — 
M,N-00 201 Jig ( 


Exercises 


23.2.1 Find the Laurent series of the function f(z) = 1/z(z — 1)(z — 2), 
defined on C\ {0, 1, 2}, in each of the annuli Ag,1(0), A1,2(0), A2,00(0) 
and Ao, (1). 

23.2.2 Let )7°°. |, anz” be the Laurent series for the function e*t!/2 defined 
on C*. Show that 


co 


Hos Ge = 1 = ug 7 2 cost d 
n = 4-7 = ; = e cos nt dt. 
0 


pert er) La 


23.2.3 Let )°°°._ bnz” be the Laurent series for the function e*—!/ defined 
on C*. Show that ifn € N then 


Sy a 

by =(=—1)" bg = pa 7 on - | cos(2 sin t — nt) dt. 

= jiin—j)! am Jo 

23.2.4 Find the coefficients in the Laurent series for the functions cos(z+1/z) 
and sin(z + 1/z) defined on C*. 


23.3 Isolated singularities 


Suppose that f is a holomorphic function on a domain U with zero set Zy. 
We can then define the function 1/f on the domain V = U \ Z+. The points 
of Zy are isolated points of C\ V. If zp € Zy then |1/f(z)| 4 co as z > %. 

This leads to the following definition. If f is a holomorphic function on a 
domain U and Zp is an isolated point of C\U then zo is an isolated singularity 
of f. There then exists r > 0 such that N*(zo) C U, and the restriction of 
f to N*(zo) has a Laurent series 


(oe) 


f(z) = S- An(z— 20)” for z € Nx (z0). 


n=—cCO 
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Further, if 0 < s <r then 


a! f(z) 
noni = (z — qn er! ae 


As we shall see, the coefficient a_; = (1/27) [ 


eee) f(z) dz is particularly 
important; it is called the residue of f at zo, and is denoted by res f(z). 
We use the coefficients in the Laurent series to classify the singularity. 
We define the spectrum o (zo) of f at z to be of(z) = {n € Z: ay F Of. 
If f £0 then o¢(z9) is not empty. We then classify the singularity in the 


following way. 


e If f =0 or of(z) C Z* then f has a removable singularity at 2. 

e If of(2) is bounded below, but inf(o¢(z0)) = —k < 0, then f has a pole 
at zo, of order k. If k = 1 then zo is a simple pole of f. 

e If o7(2) is not bounded below, then f has an essential isolated singularity 
at 20. 


In the next three theorems, we characterize each of these possibilities. 


Theorem 23.3.1 Suppose that f is a non-zero holomorphic function on a 
domain U, that zo is an isolated singularity of f and that N*(zo) C U. The 
following are equivalent: 


(i) f has a removable singularity at z0; 
(it) f can be extended to an analytic function on N,(z0); 
(itt) there exists | € C such that f(z) > 1 as z > 20; 
(iv) (z — zo) f(z) 2 0 as z > 2; 
(v) if0<t<r then f is bounded on the closed punctured neighbourhood 
M;' (20): 


Proof If f has a removable singularity at zo, then the series )7?° 9 dn(z — 
zo)” defines an analytic function on N,(zo), with f(zo) = ao, which agrees 
with f on N*(zo). Thus (i) implies (ii). Then (ii) implies (iii), (iii) implies 
(iv) and (iv) implies (v). Suppose that (v) holds, and that 0 < t < r; let 
Ky = sup{|f(z)| : z © Mf(zo)}. If0<s<tandneéN then 


1 


|a_n| = lsat 


2 
/ f(z)(z — 2)""* dz| < <T* K,\s\"—) =e": 
Ks (Zo) 21 


Since s can be taken to be arbitrarily small, a_,, = 0, and so (i) holds. 


Thus the singularity can be removed, by setting f(zo) = ao. 
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Theorem 23.3.2 Suppose that f is a non-zero holomorphic function on a 
domain U, that zo is an isolated singularity of f and that N*(zo) CU. The 
following are equivalent: 


(i) f has a pole at zo; 
(it) There exists a holomorphic function g on UU{zo} andk € N such that 
g(co) £0 and f(z) = 9(2)/(z — 20)* for z €U; 
(itt) |f (z)| 4 00 as z > 2%; 
(iv) there exists 0 < s <r such that f(z) 40 on N3(z0) (so that 1/f is 
defined on N3(z0)), and 1/f(z) 30 as z > 2. 


Proof Suppose that f has a pole of order k at zp and that 


oe) 


fiZ= S- An(z — 29)", for z € NF (zo). 


n=—k 


Let g(z) = (2 — 20)¥ f(z) for z € U. Then g(z) = 7°.) Qn_x(z — 20)” for 
z € N*(zo), so that g has a removable singularity at zo, and can therefore 
be extended to a holomorphic function on U U {zo}. Thus (i) implies (ii). 
Clearly (ii) implies (iii) and (iii) implies (iv). 

Suppose that (iv) holds. Then 1/f has a removable singularity at zo, 
and it can be extended to a holomorphic function on N,(zo) by setting 
1/f(zo) = 0. Thus this extension has a zero at zo, of order k, say. There 
therefore exists a holomorphic function g on N;(zo), with g(zo) # 0, such 
that 1/ f(z) = (z—29)*g(z) for z € N,(z). Then g(z) # 0 for z € Ng(zo). Let 
h(z) = 1/g(z), for z € N;(z9). The function h is holomorphic on N,(z9), and 
so has a Taylor series expansion h(z) = )>?°.9 hn(z — 20)”, for z € Ns(zo), 
with ho = 1/g(zo) £0. Then 


oe) 


f(z) = (2 = 20) “hz = > hn+k(z — 20)” for z € NZ (zo). 


n=—k 


Since ho # 0, it follows that f has a pole of order k at zo. 
Finally we characterize essential isolated singularities. 


Theorem 23.3.3 (Weierstrass’ theorem) Suppose that f is a non-zero 
holomorphic function on a domain U, that zo is an isolated singularity of f 
and that Nx(zo) CU. The following are equivalent: 


(i) f has an essential isolated singularity at zo; 
(ii) for eachO < s <r the set f(Nz(zo)) is dense in C -— that is, ifw € C, 
d6>0 and0<s<r there exists z € Nj(z) such that |f(z) — w| < 0; 
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(iii) if w € C there exists a sequence (z,)~2, in U such that z_, — z and 
f (zp) 2 w as k > oo. 


Proof It is an easy exercise to show that (ii) and (iii) are equivalent, and 
it follows from Theorems 23.3.1 and 23.3.2 that either implies (i). It remains 
to show that (i) implies (ii). Suppose that (ii) does not hold, so that there 
exist w € C, 6 > 0 and 0 < s <r for which |f(z) — w| > 6 for z € N#(z0). 
Then the function g(z) = 1/(f(z)—w) is a bounded holomorphic function on 
N (zo), and by Theorem 23.3.1, it has a removable singularity at zo. It can 
therefore be extended to a holomorphic function g on N,(zo). If g(zo) = 0, 
then f(z) — w has a pole at zo, and so therefore does f; if g(zo) 4 0, then 
f(z)—w has a removable singularity at z9, and so therefore does f. In either 


case, f does not have an essential isolated singularity at zo. 


Corollary 23.3.4 Suppose that f is a holomorphic function on the domain 
{z € C: |z| > R} with Laurent series f(z) = 7°. ¥ anz”, and that its 
spectrum {n € Z: an 4 0} is not bounded above. Ifw € C, S > R and 
€ > 0 then there exists z € C with |z| > S such that |f(z) — w| < ¢; that is, 


f({z €C: |z| > S}) is dense in C. 


Proof Let h(z) = f(1/z), for 0 < |z| < 1/R. Then A has Laurent series 
yo a—-n2", so that h has an isolated essential singularity at 0. Thus 


there exists ¢ with 0 < |¢| < 1/S such that |A(¢) — w| < «. If z =1/¢ then 
|Z| > S and |f(z) —w| <e. 


As an example, the function f(z) = e~'/* on C \ {0} has an essential 
isolated singularity at 0, since its Laurent series is 


fe) = 3 — (:)". 


If we consider its restriction to R \ {0}, and define f(0) = 0, then f is 
an infinitely differentiable function all of whose derivatives vanish at 0 (see 
Volume I, Section 7.6). On the other hand, f(it) = e!/*’, so that, as we 
approach 0 along the imaginary axis, f(it) > co ast > 0. 


Weierstrass’ theorem shows that functions behave badly near an essential 
isolated singularity. In fact, more can be said. 


Theorem 23.3.5 (Picard’s theorem) Suppose that f is a non-zero holo- 
morphic function on a domain U, that zo is an essential isolated singularity 
of f and that N*(zo) CU. Then C\ f(Nz(z0)) consists of at most one point. 
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Thus f takes all values, except perhaps one, arbitrarily close to zp. We 
cannot do better: the function f(z) = e~!/* on C \ {0} fails to take the 
value 0. The proof of this theorem is beyond the scope of this book!. 


23.3.1 


23.3.2 


23.3.3 


23.3.4 


23.3.5 


Exercises 


Where are the singularities of the following functions? If a singularity 
is isolated, determine whether it is removable, or a pole, or an isolated 
singularity. If the function has a removable singularity at z, determine 
the value that the function should take at z to make it continuous 


) 

) 

) tan z 
(iv) el/? 

) (log z”)/(1 — z)” (defined in Nj(1)) 

) le =1) 

) 2" cos(1/z) 
(viii) 2” tan(1/z) 
Suppose that f is an entire function and that |f(z)| — co as |z| > oo. 
Show that f is a polynomial function. 
If 0 < |a| < 1, let bg be the rational function bg(z) = (z — a)/(1 — az) 
defined on the set Nj/\q\(0), and let bo(z) = z. Show that if |z| = 1 
then |ba(z)| = 1. 
Suppose that f is a non-constant holomorphic function on a domain 
U, that 44,(0) C U, and that |f(z)| = 1 for |z| = 1. Let a4,;...,a_ 
be the zeros of f in Ni (0), with multiplicities k1,...,k, respectively. 
Show that there exists 9 € (—7,7] such that f is the rational function 

ie eee 

where b, is the function defined in the previous exercise. 
Suppose that f is a holomorphic function on a domain U and that f 
has a singularity at zg. Show that if zp is a non-removable singularity 
then the function e/ has an isolated essential singularity at z9. Deduce 
that if Rf is bounded in a neighbourhood of zo then zg is a removable 
singularity. 


1 See John B. Conway Functions of one complex variable, Springer-Verlag 1978. 


718 Zeros and singularities 


pw) >. : Dis 
S = (0) 


Figure 23.4. 


23.4 Meromorphic functions and the complex sphere 


Theorem 23.3.2 shows that zeros and poles are closely related. This leads to 
the following definition. A meromorphic function f on a domain U is a pair 
(f,S¢), where Sr (the singular set) is a discrete closed subset of U, together 
with a holomorphic function f on U \ Sy which has a pole at each point of 
Sr. If f is a non-zero meromorphic function on U with singular set S>- and 
zero set Z, then 1/f is also a meromorphic function on U, with singular set 
Zy and zero set Sr. It follows from this that the meromorphic functions on 
U form a field. Rational functions are examples of meromorphic functions 
on C; another example is the function cot z, with singular set {na :n € Z} 
and zero set {(n + 5): n € Z}. 

A meromorphic function f on a domain U concerns a function defined on 
a subset U \ S of U. This appears to be a misuse of the word ‘function’, 
but is excusable since ‘mero’ means ‘part’. But we can remedy this misuse 
by enlarging the range of f. If z9 € Sy» then |f(z)| + co as z — 2, and 
so we need to adjoin a ‘point at infinity’ in a suitable way. The following 
construction provides a concrete way of doing so. 

The complex plane C is isomorphic as a real vector space to R?, and we 
can identify C with a linear subspace of R? by identifying z = x + iy with 
the point (x,y, 0). If we give R® the Euclidean metric d defined by the norm 


I(x, y, €)|| = (2? + y? + 22)2, then distances are preserved: d(z,w) = |z — w]. 
We now consider the unit sphere S = {(z,y,t) : 7+ y? +t? = 1} and the 
point N = (0,0,1): N is the north pole of S. If z € C then the straight line 
l, through N and z meets S in two points: one is NV, and we denote the other 
by $(z). The mapping z > ¢(z) is a bijection of C onto S \ {N}, called the 
stereographic projection. 

Let us calculate $(z). If z = x +iy = re’, the straight line l, is the set 


{(1-—A)N +Az:A€ R} = {(Arcos9, Arsiné,1 — A): A € R}. 
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This meets S where \?r? + (1 — A)? = 1; that is, where \ = 0 (the point N) 
and \ = 2/(1+ 77) (the point ¢(z)). Thus 


ate = ( Qx Qy “—). 


l+r2?14+r2?14+r? 


We now adjoin an extra point oo to C, and denote C U {oo} by Cy. 
We extend ¢ to C, by setting ¢(co) = N, so that ¢ is a bijection of Cy 
onto S. We define a metric p on C, by setting p(z,w) = d(¢(z), o(w)) = 
|o(z) — o(w)||. Then (Co, p) is a compact metric space, isometrically home- 
omorphic to (S,d); for this reason, C. is called the complex sphere. 
The inclusion mapping (C,d) — (C.o,p) is then a homeomorphism of 
(C,d) onto the dense subset Cy \ {00} of (Co, 2): (Coo, p) is a one-point 
compactification of (C, d). 

If a £0, we set a.co = o0.a = ov, and if b € C we set 0 +b =b+0=o. 
The quantities 0.co, 0/0, 00/oo and oo + oo are not defined. 

If now f is a meromorphic function on a domain U, with singular set Sj, 
we can extend f to a continuous function from U to Cy by setting ¢(z) = oo 
for z € Sy. As an example, the function J(z) = 1/z is meromorphic on C, 
with a simple pole at 0, and so we define J(0) = 1/0 = oo. Since J(z) + 0 as 
Zz — co, we set J(co) = 1/oo = 0. Then J is a homeomorphism (inversion) 
of C,, onto itself. 

An open connected subset of C., is called a domain in Cy. If U isa 
domain in C, then either oo ¢ U, in which case U is a domain in C, or 
co € U, in which case UMC is a domain in C with the property that there 
exists R > 0 such that {z € C: |z| > R} CU. 

Suppose that U is a domain in Cy, that oo € U and that f is a meromor- 
phic function on UMC with singular set Sy. We consider the function fo J 
on J(UNC) (so that foJ(z) = f(1/z) for z € J(UNC)). It is a meromorphic 
function on J(UMC), which is a subset of C* = C\ {0}. If Si is unbounded, 
then 0 is an accumulation point of the singular set of fo J, but if Sy is 
bounded, then 0 is an isolated singularity of foJ. There are then three pos- 
sibilities. First, 0 is a removable singularity of foJ, in which case f(z) tends 
to a finite limit | as z > oo, and we set f(oo) = 1. Secondly, 0 is a pole of of 
foJ, in which case f(z) > co as z > oo, and we set f(0o) = oo. Thirdly, 0 is 
an essential isolated singularity, in which case f (co) is not defined. If the first 
or second possibility holds, we call the mapping f : U > Cy a meromorphic 
function on U. 
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Exercises 


23.4.1 Verify that the mapping ¢ : (C,d) — (@(C), d) is a homeomorphism. 

23.4.2 Suppose that ¢(z) = (u,v, w). Show that z = (u+iv)/(1 —w). 

23.4.3 Suppose that $(z) = (u,v, w) and that $(z’) = (u’,v’, w’). Show that 
d(z, z')? =2—2(uu’ + vv’ + ww’). Deduce that 


Q\z— 2'| 
d(z,2')= ———_ 77 
(1 + |2|?)2(1 + |2’|?)2 
Show that 
2 
d(z,co) = ——: 
(1+ |22)? 


23.4.4 Suppose that f is a meromorphic function on C and that there exist 
R > 0 and k € N such that |f(z)| < |z|* for |z| > R. Show that 
f is a rational function: there exist polynomials p and q such that 
f(z) = p(z)/q(z) for z € C \ Sy. 

23.4.5 Suppose that f is a meromorphic function on C and that fo J is 
also meromorphic on C. Show that the singular set Sy is finite. Show 
that f is a rational function. 

23.4.6 Let R be the rotation of R® by a about the first axis, so that 
R(x, y,t) = (a, —y, -t). If z € C, what is 6-1 Rd(z)? 


23.5 The residue theorem 


We now apply Cauchy’s theorem to a meromorphic function f. This involves 
the residues at the poles of f. 


Proposition 23.5.1 Suppose that f is a meromorphic function on a 
domain U with zero set Zp and singular set Sr. Suppose that I is a cycle in 
U\ S¢ such that n(C,w) =0 for w ¢ U. Let 


UpaHizeU \ ||): 2) 40} endl Ape = ||) UE. 
Then Kp is a compact subset of U. 


Proof C\ Kp = {we C\ [I] : n(1,w) = 0} is the union of some of the 
connected components of the open set C \ [I], including the unbounded one, 
so that Ky is a compact subset of C. Further, Ap C U, since n(T,w) = 0 
for w € U. 
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Corollary 23.5.2 The sets 


Sel) =Arn sy ={2 € Si nll, fF) £0} 
and ZA0) = kp Zp = {zE€ Ly: mi, 7) xe 0} 


are finite. 


Proof This follows from Proposition 23.1.2. 


Theorem 23.5.3 (The residue theorem) Suppose that f is a meromorphic 
function on a domain U with singular set St, and suppose that 1 is a cycle 
inV =U\ Sy such that n(T,w) =0 for w ¢ U. Then 


aq [$0 )dz =) “{n(P, s)res p(s) : 6 SAL): 


Proof By Corollary 23.5.2, the set S¥(I°) is a finite subset of U, and so 
the sum is finite. The restriction of f to V is a holomorphic function, but 
we cannot immediately apply Cauchy’s theorem, since if S(T) 4 0 then 
n(I, s) may be non-zore for s € S?([) C C\V. There exists r > 0 such that 
M,(s) € Up, for each s € S;(T), and such that M,(s) M,(s’) =, for s, s’ 
distinct elements of S'¢(I’). Let 


I’ =f- > n(I, s)K,(s). 


seS-(L) 


Then I” is a cycle for which n(I”, s) = 0 for s € S(T), and also n(I”, s) = 0 
for s € Sp \ Sp(L). Thus n(I’,w) = 0 for w ¢ V. We can apply Cauchy’s 
theorem for cycles: f,, f(z) dz = 0. 


Since 
il sa ft 1 
— f(z) dz- n(T, s) (ef f(z) i) 
271 wi ~ Ori a 27% Jie,(s) 
ers )dz- n(L, s)res p(s), 
a 


the result follows. 


This theorem can be used to calculate certain definite integrals; we shall 
give examples in the next chapter. 

Suppose that f is a meromorphic function on a domain U and that ¢ € 
U\S;. Then, as in Cauchy’s integral formula, we may consider the meromor- 
phic function f(z)/(z—¢). If ¢ € U, this has a simple pole at ¢, with residue 
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f(¢). The next proposition gives information about the residues at the 
other poles. 


Proposition 23.5.4 Suppose that f is a meromorphic function on a 
domain U with singular set Sy, that s © Sy is a pole of order k, that If 
s € Sy is a pole of order k and if 


oe) 


f(2) = Yo aj(z—s) 


j=—k 


is the Laurent expansion of f in a neighbourhood of s and that ¢ #4 s. Then 
f(z)(z— ©) has a pole of over k at s, and 


a_k A_k+1 a1 
res,(s) = —-———_ + ———— + ::-: +=. 
f= —Co oe Coat tt Ga) 
Proof The function g certainly has a pole of order k at s. Let g(z) = 
a gOS s)/ be its Laurent expansion in a punctured neighbourhood of 
s. If |z—s| < |s—¢|, then 


- 1 14 zZ—S8 x z—s\? 4 

~ “C=3 (—s ¢-s , 
Multiplying the Laurent series for f by this power series, we see that the 
coefficient b_; of 1/(z — s) is equal to 


The residue theorem has the following corollary. 


Corollary 23.5.5 If s € S(T), let Saas as (2 —s)) be the Laurent 
expansion of f in a punctured neighbourhood of s. If ¢ © U \ Sp then 


ke 
eae nts) Oe 


sES ¢( T) sai | 


(s) 


nT, )F(¢) = 


This has the following consequence for certain meromorphic functions 
defined on C. 


Theorem 23.5.6 Suppose that f is a meromorphic function on C with 
the following property: there exists a sequence (rp)°, of real numbers 
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increasing to co, such that T,,, Sp = for each n € N, and such that 
Mp = sup{|f(z)|: z € Tr, } 40 asn > oo. Ifs € Ss, let OP a\)(z-s)) 
be the Laurent expansion of f in a punctured neighbourhood of s. Suppose 


that ¢ € C\ Sp. Then 


ke g(®) 


= i a 
sESz,|s|<rn \J=l 
and the limit exists locally uniformly on C \ Sr. 


Proof Suppose that K is a compact subset of C\ Sp. Let L = supcex |C]. 
Ifn > Land ¢ € K, then 


uniformly on K. The result therefore follows from Corollary 23.5.5. 


< (2a): 


— 0, 


n 
T, — L 


Thus we have a ‘partial fractions’ expansion of f. 
One important case occurs when all the singularities of f are simple: here 
we impose weaker conditions on f. 


Theorem 23.5.7 Suppose that f is a meromorphic function on C, all of 
whose singularities are simple poles, and suppose that 0 ¢ Sz. Suppose also 
that there exists a sequence (Tn)r2, of real numbers increasing to co, such 
that T,,, 1 Ss =9@ for n € N and such that if M, = sup{f(z) : z € T,,} 
then (M)?1 is bounded. If s € Sr, let bs be the residue of f ats. If¢ ¢ Sz 
then 


: 1 1 
fo) = FO) + jim, (+2), 
s€S;,|s|<Tn 


Proof |The meromorphic function h(z) = (f(z) — f(0))/z satisfies the con- 
ditions of Theorem 23.5.6. The residue of h(z) at s € Sy is b(s)/s, so that, 
applying Theorem 23.5.6, 


F(C) = FO) +Ch(Q) = f(0) + lim Se 


n—00 8 
sES pf, |s|<rn 


= f(0) + lim > (+t), 


sess, Is|<rn 


(¢—s) 


We shall apply these results in Chapter 26. 
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Exercises 


23.5.1 What is the corresponding result if, in Theorem 23.5.7, f has a simple 
pole at 0? 


23.6 The principle of the argument 


If f is a non-zero meromorphic function on a domain U, then so are f’ and 
f'/f. Where are the poles of f’/f, and what are their residues? 


Proposition 23.6.1 Suppose that f is a non-constant meromorphic func- 
tion on a domain U with singular set Sp and zero set Zp. The function f'/f 
is a meromorphic function on U with singular set Ss U Zy. If f has a zero 
of order k at 2 € Zy then f'/f has a simple pole at zo with residue k. If 
f has a pole of order k at 2) € Sy then f'/f has a simple pole at zo with 
residue —k. 


Proof The function f’/f is defined on U \ (Sf U Zp) and is holomorphic 
there. If f has a zero of order k at zo € Z;, then f(z) = (z—z0)*g(z), where 
g is a holomorphic function on U \ Si and g(z) 4 0. Then 


f'(z) = k(z — 20)*"*g(z) + (2 — 20)*9'(2)- 


ai Me) kl) 
z) J (z 
fl) z-% 92) 


Since g'/g is holomorphic in a neighbourhood of zo, it follows that f’/f has 


for z €U \ (Sp U Zs). 


a simple pole at zo with residue k. 

The argument for a pole is very similar. If f has a pole of order k at 
zo € Zp, then f(z) = (z — 2) *h(z), where h is a holomorphic function on 
U \ Sy for which h(zo) 4 0. Then 


f'(z) = —k(z — 29)" *h(z) + (2 — 20) *h'(2). 


Thus 
fie) _ -k | HG) 
f(z) 2-2  Ah(z) 
Since h’/h is holomorphic in a neighbourhood of zo, it follows that f’/f has 
a simple pole at zo with residue —k. 
If 2 € U\ (Sf U Zs) then f(z) 4 0, and f’/f is holomorphic in a 
neighbourhood of zo. 


for z € U \ (Sp U Zs). 


We use this to prove the principle of the argument. 
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Theorem 23.6.2 (The principle of the argument) Suppose that f is a 
meromorphic function on a domain U with zero set Zp and singular set Sr, 
and suppose that T is a cycle in U \ (Zp U Ss) such that n(T,w) = 0 for 
w€éU. Then 


n(f ° lr, 0) = > a(E¢ lec) _ > n(T, s)ke(s), 


CEL seSy 


where l(¢) is the order of the zero of f at ¢ and k¢(s) is the order of the 
pole of f ats. 


Proof By Corollary 22.10.4, 


n(fer.o) == [ £0 dz, 


Qri Jr f(z) 
and 
1 f f'®) 
——= d = T ’ I, , 
alae ao Meee i+ Se mares 140) 
= SP nh Qiy(Q)— SS nL, s)kp(s). 
CEZ;(T) seS;(T) 


Let us apply Proposition 21.1.8. 
Corollary 23.6.3 (Rouché’s theorem) Suppose that g is a meromorphic 
function on U for which Sg [I] = 0 and 
|f(w) — g(w)| < |F(w)| + |g(w)| for w € [L). 
Then 
S> nlP,O)le(Q) -— SS n(P, s)k p(s) = 


¢EZ;(T) seS;(T) 


> nT, C)ig(¢) — > nT, s)kg(s), 


¢eZ,(L) s€S,(T) 
where Ig(¢) is the order of the zero of g at ¢ and k,(s) is the order of the 
pole of g at s. 


Proof The conditions imply that f and g have no zeros and no poles 
in [[]. Applying Proposition 21.1.8 to each of the paths in I’, we see that 
n(f oF,0) =n(g oP, 0). 
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Rouché’s theorem is usually stated (and used) with the stronger condition 
that 0 < |f(w) — g(w)| < |f(w)|, for w € [I]. 

These results can be used to locate the zeros of holomorphic functions. 
We shall give some examples in Section 23.7. 

We use the principle of the argument to consider the behaviour of a 
holomorphic function at a point where the derivative may be 0. 


Theorem 23.6.4 Suppose that f is a non-constant holomorphic function 
on a domain U and that z © U. Let d be the least positive integer such 
that f(zq) # 0. Then there exist p > 0 and r > 0 such that for each 
w € N5(f(zo)) there exist exactly d points in N*(zo) satisfying f(z) = w. 
These points are simple zeros of the function f — w. 


Proof Since the zeros of f — f(zo) and f’ are isolated, there exists r > 0 
such that M,(zo) C U and such that f(z) — f(zo) 4 0 and f’(z) 4 0 for 
z € My (zo). Then f(z) # f(zo) for z € [K,(zo)], and n(«,-(z0), 2) = 1 for 
z € N,(zo). By the principle of the argument, n(f 0 &,(zo), f(zo)) = d. Let 
V be the connected component of C \ f([K,(z0)|) to which f(z9) belongs. 
Since V is open, there exists p > 0 such that N,(f(zo)) GC V. Since the 
winding number n(f o &,(zo),w) is constant on V, n(f o &,-(z0),w) = d, 
for w € N,(f(z0)), and so f — w has d zeros, counted according to mul- 
tiplicity, in Nj (zo). Since f’(z) 4 0 for z € N7(z9), each of these zeros 
is a simple zero, and so there are d distinct solutions to the equation 
f(z) =w in NE), 


We use this to describe the behaviour of a meromorphic function near 
a pole. 


Corollary 23.6.5 Suppose that f is a meromorphic function on a domain 
U, with a pole of order k at z9. Then there exist R > 0 andr > 0 such that 
if |\¢| > R there exist exactly d points in Nz(z) satisfying f(z) = ¢. These 
points are simple zeros of the function f — ¢. 


Proof There exists 5 > 0 such that f(z) = g(z)/(z — z0)* for z € N# (zo), 
where g is a holomorphic function on N 5(zo) with no zeros in N5(zo). Let 
h(z) = (z—29)*"/g(z) for z € N5(zo). Then h has a zero of order k at. zp, and 
so there exist p > 0 and 0 < r <6 such that the conclusions of the theorem 
hold (with h in place of f). Let R = 1/p. If |¢] > R, then 1/¢ € N7(0), and 
there exist exactly d points in N;*(z9) satisfying h(z) = 1/¢, and these points 
are simple zeros of the function h—1/¢. Since h(z) = 1/f(z) for z € N*(z0), 
the result follows. 
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This gives another proof of the open mapping theorem. 


Corollary 23.6.6 (The open mapping theorem) Suppose that f is a non- 
constant holomorphic function on a domain U. If V is an open subset of U 
then f(V) is an open subset of C. 


Proof Suppose that z € V. Let W be the connected component of V 
to which zg belongs, and apply the theorem to the restriction of f to W. 
If w € N,(f(zo)) then the equation f(z) = w has at least one solution in 
N,(z9), so that Np(f(z0)) SC f(Nr(z0)) € f(V). Thus f(V) is open. 


It also provides another proof of the maximum modulus principle. 


Corollary 23.6.7 Suppose that f is a non-constant holomorphic function 
on a domain U. Then |f| has no local maxima on U, and the only local 
minima are the zeros of f. 


Proof If N,(zo) is a neighbourhood of zo contained in U, then f(zo) is an 
interior point of the open set f(N,(z)), and so |f(zo)| is not the supremum 
of |f| on N,(zo), and is the infimum only if f(zo) = 0. 


We now give an improved version of Theorem 20.2.3. 


Theorem 23.6.8 Suppose that f is a univalent function on a domain U. 
Then f(U) is a domain, f is a homeomorphism of U onto f(U), f’(z) 40 
forz €U, f-': f(U) > U is holomorphic and if f(z) = w then (f~')'(w) = 
1/f"(z). 


Proof If f’(zo) = 0 for some z € U then the equation f(z) = w has 
more than one solution in U for values of w close to f(zo), contradicting 
the fact that f is univalent. Thus f’(z) 4 0 for z € U. The derivative f’ 
is holomorphic, and is therefore continuous. The result is therefore follows 
from Theorem 20.2.3. 


Exercises 


23.6.1 Suppose that f is a non-constant continuous complex-valued func- 
tion on D whose restriction to D is holomorphic. Show that if 


f(D) C D then f has exactly one fixed point. 
23.6.2 Suppose that |a| < 1. Show that the function 


nt 2=8 , . 
wa —s 
1—az 


has m+n zeros in D. 
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23.6.3 


23.6.4 


23.6.5 


23.6.6 


23.6.7 


Zeros and singularities 


Suppose that p(z) = ag +--+: + a@,z2” is a non-constant polynomial 
of degree n. Show that there exists R > 0 such that |p(z) — anz"| < 
lanz”| for |z| > R. Use Rouché’s theorem to give another proof of 
the fundamental theorem of algebra. 

How many zeros does the function zsinz — 1 have in the disc 
N (nti yn 60)? Use this to show that all the solutions of the equation 


zsinz = 1 are real. 

(The inverse mapping theorem.) Suppose that f is a non-constant 
holomorphic function on a domain U and that z € U. What is 
the residue of the meromorphic function zf’(z)/(f(z) — f(z0)) at 
zo? Suppose that f is univalent, that 7 is a contour in U and that 
V = in|]. If w € f(V) let 


1p f® 
gw) = Qi [ f(z) ai 


Show that g is the restriction of the inverse mapping f~! to f(V). 

Suppose that f is a meromorphic function on a domain U with the 

property that the residue at every pole is an integer. Suppose that 

zo €U\ Sy. If ze U \ Sy and ¥ is a rectifiable path in U \ Sy from 
zg to z, let F(z) = i f(z) dz. Show that e*@) does not depend 
upon the choice of y. Show that there exists a holomorphic function 

g on U\ Sy such that f = g'/g. Show further that g is meromorphic 

on U. 

This exercise extends the results of Theorem 23.6.4. 

(i) Suppose that U, f, zo and d satisfy the conditions of Theorem 
23.6.4 and that r and p satisfy its conclusions. Suppose that 
zo = Oand that f (zo) = 0. Show that there exists a holomorphic 
function h on U such that f(z) = z“h(z) for z € U, and that 
h(0) £0. 

(ii) Show that there exist 0 < rj <r and a univalent function k on 
N,,(0) such that h(z) = k(z)@ for z € N,, (0). 

(iii) Let I(z) = zk(z) for z € N;,,(0). Observe that f(z) = I(z)*, for 
z € N,,(0). Show that there exists 0 < rg < ry such that / is 
univalent on JN, (0). 

(iv) Let 0 < s < rg. Let y(t) = se” for 0 < t < 2/d. Let do be the 
simple closed path (0, s) V yo V a(se2™*/4,0). Let €9 = 17! 0 dq, 
and let Vo = in[eo]. Show that the restriction of f to Vo is a 
univalent mapping of Vo onto the cut disc N;(0) \ (—s, 0]. 
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(v) Carry out similar constructions for the paths y; and 46;, for 
1 <j <d, where %;(t) = se* for 27j/d < t < 2n(j +.1)/d, and 
6; is the simple closed path o(0, se?"4/4) Vy; Va(se2™U+0/4 9), 
(vi) Draw a sketch to illustrate these constructions. 
(vii) Show that there is no loss of generality in taking zo = 0 and 
f(z0) = 0. 

23.6.8 Let B, = fa = (ag...;0,) © C™ 7 a, A OL. If ow © P,, let 
ria) ={z€ C:agp+aiz+-+++an2z" = 0} be the set of roots of 
the polynomial p,(z) = a9 + 412 +--+ +a,2", counted according to 
multiplicity. Explain why r(a) can be considered as an element of 
the weighted configuration space W,,(C) defined in the exercises of 
Volume IT, Section 15.6. 

Suppose that € > 0. Show that there exists a finite set [’ of disjoint 
circular paths in C \ r(a), each of radius less than ¢€, with centres 
the elements of r(a). 

Let m = inf{|pa(z)| : z € [[]}. Show that m > 0. 

Show that there exists 6 > 0 such that if b € P, and d(a,b) < 6 
then |pa(z) — pp(z)| < m for z € [I]. 

Use Rouché’s theorem to show that the mapping r from P, to 
(W,,(C),dw) is continuous. (The roots of a polynomial depend 
continuously on the coefficients.) 

23.6.9 Let Z(2) = {m+in: m,n € Z} be the set of Gaussian integers. If 
z€C\ Z(i), let 


wEeZ(i 


Prove carefully that the sum converges locally uniformly to a mero- 
morphic function f on C. Show that f(z+w) = f(z) for w € Z(t). 
(f is doubly periodic.) Suppose that zo € C\Z(z) and that f(zo) 4 0. 
Show that f has two zeros (counted according to multiplicity) in the 
square with vertices zp, zo +1, z +1+2 and z +7. 

23.6.10 Suppose that f is a meromorphic function on C for which f(z) = 
f(z +w) for w € Z(z). Show that if f is holomorphic, then f is 
constant. Suppose that f is not constant, and that f does not have 
a pole on the edges of the square with vertices z), zo + 1, zp) + 
1+ and z +7. Show that the sum of the residues of the poles 
within the square is zero. Show that the number of zeros within the 
square (counted according to multiplicity) is equal to the number of 
poles (counted according to multiplicity), and that the number is at 
least 2. 
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23.7 Locating zeros 


We now give examples to show how the principle of the argument and 
Rouché’s theorem can be used to provide information about the location 
of zeros of polynomials and of other holomorphic functions. 


Example 23.7.1 The polynomial p(z) = 24 — 2? — z +5 has four simple 


roots in the annulus Aj (0) = {z: 1 < |z| < 2}, and has one in each of the 
four quadrants of C. 


If |z| = 2 then 
16 = |2*| > 15 = (2)? +|2) 45> le? +2—5), 


so that by Rouché’s theorem all the zeros of p lie in N2(0). If |z| < 1 then 
|z*| + |z3| + |z| < 3, so that |p(z)| > 2. Thus the zeros of p lie in the annulus 
Ai 2(0). Further, p(x) = (2 —2°)+ (5-2) >5 for1 <2 < 2, and p(x) > 5 
for x < 0, and so p has no real roots. Similarly p(iy) = (y4+5)+i(y?—y) 4 0, 
so that there are no purely imaginary roots. 

We show that p has one root in the quadrant {x + iy: a > 0,y > O}. Let 
 : [0,3] + C be the path defined as 


2t for0<t< 1, 
wh S< Be dorl<¢< > 
2i(3 — t) for 2<t <8, 


and let 6: [0,3] — R be a continuous branch of Arg (po) with 6(0) = 0. 
First, since p is real and positive on [0, 2], 0(t) = 0 for t € [0,1]. Next, suppose 
that 1 < ¢ < 2. Then arg ((7(t))*) = 2(¢ — 1). Since |p(y(t)) — (7(t))4| < 
|(y(t))4| it follows that |0(t) — 2(t — 1)| < 7. In particular |0(2) — 27| < 7, 
so that 


0(2) = arg (p(7(2))) + 27 = arg (21 + 6i) + 2m € (27, 257). 


Finally, if 2<t <3 and y(t) = ir then p(t) = (r* +5) +i(r3 —r) lies in the 
right-hand half-plane H = {z = x+iy: x > 0}, so that |0(t) — 0(2)| < a, 
and 7 < 0(3) < 337. But 6(3) is an integer multiple of 27, and so 6(3) = 27. 
By the principle of the argument, there is therefore exactly one zero of p 
inside [7]. 

We can carry out similar calculations for the other three quadrants, but 
in this case it is easier to argue differently. Since p has real coefficients, z 
is a zero of p if and only if Z is, and so there is one zero in the quadrant 
{x+iy:«x>0,y < 0}. There remain two more zeros to account for. For the 
same reason, there must be one root in each of the other quadrants. 
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As a second, harder, example, let us consider the entire function f(z) = 
e* — z. The function e* has no zeros, and f(x) > 1 for « € R. Does f have 
any zeros? 


Example 23.7.2 The function f(z) = e* — z has one simple zero in each 
of the semi-infinite open strips 

An ={z=a2+ty:2>0,2na < y < 2(n+ 1)a}, 
and has no other zeros. 


Proof In this proof, certain details are left for the reader to verify. Draw 
a diagram! 

First we show that if  < 0 then f(a + iy) 4 0. Suppose not. Since 
f(z +iy) = (e* cosy — x) + i(e” siny — y), it follows that 


|sin y| = e*|y| = lyl- 


Thus y = 0. But then 2 = e*, which is not possible. 
Next, if z= 2+ 2nai, with n € Z, then f(z) = (e” — x) — 2nai £0. 
Suppose now that n € Z. Choose x, > 0 such that 


e > 2p + 2(\n| + 1m), 
and consider the closed rectangular path y : [0,4] > C with 
(0) = 2nmi, y(1) =an+ 2nat, y(2) = en +2(n+1)ai, (8) = 2(n +4 1)ai. 
Let @ be a continuous branch of Arg (f oy) on [0,4], with 
6(0) = arg (f(2n7i)) = arg (1 — 2nz7). 


If 0 < ¢ < 1 and y(t) = s+ 2nzi then R(f(y(t))) = eB —s > 0. 
Thus f([70,1)]) is contained in the right-hand half-plane {z = x + iy : 
x > O}, from which it follows that @(t) = arg(f(7(t))); in particular, 
6(1) = arg (f(y(1)) = arg (e™" — tp — 2nzi), and |6(1)| < 7/6. 

If 1 <¢ < 2 we can suppose that y(t) = ry + 2a(n + (t — 1))t. Then 


IF(y(@) — etre] = lary + 2e(n-+ (t- 1))il < Fer = Herren), 


Since |A(1)| < 7/6, it follows that |6(t) — 2m(t — 1)| < 2/3. Consequently 
|0(2) — 2n| < w/3, so that 0(2) = arg f(7(2)) + 27. 

Arguing as for the interval [0,1], f([2,3)]) is contained in the right-hand 
half-plane {z = «+iy: x > O}, and it follows from this that 6(3) = 


arg f(¥(3)) + 27. 
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Finally, since f(iy) = cosy + (siny — y)i, the imaginary part of f(iy) is 
negative when y > 0 and positive when y < 0. From this it follows that 
if 3 <t < 4 then |6(t) — 0(3)| < a and |arg f(y(t)) — arg f(7(3))| < 7, so 
that |0(t) — (arg f(7(t)) + 27)| < 27. Thus 6(t) = arg (f(7(t)) + 27, and in 
particular 6(4) = arg (f(7(4)) + 2a = 0(0) + 27. 

It therefore follows from the principle of the argument that there is one 
simple zero of f inside [y]. Since x, can be chosen to be arbitrarily large, 
there is just one simple zero of f in An. 


Exercises 


23.7.1 Let p(z) = 2°+ikz—1, where 0 < k < 1. Show that the roots of p lie 
in the annulus {z : 4 < z < 2} and lie in different quadrants. Which 
quadrant does not contain a root of p? 

23.7.2 Show that the track [y] of Example 23.7.2 meets (—o0o, 0] in just one 
point. Use this to give another proof of the result. 


24 


The calculus of residues 


24.1 Calculating residues 


In this chapter, we show how the residue theorem (Theorem 23.5.3) can be 
used to calculate certain definite integrals. First, we see how to calculate 
residues. 


Theorem 24.1.1 Suppose that f is a meromorphic function on a domain 
U, with a pole at 2. 


(i) If zo is a simple pole then res (20) = limz_,.,(z — zo) f(z). 

(ii) Suppose that zo is a simple pole and that g and h are holomorphic func- 
tions in a neighbourhood N,(z0), with g(zo) £ 0 and h(zo) = 0, such 
that f(z) = g(z)/h(z) for z € N7 (zo). Then res ¢(z0) = g(z0)/h' (zo). 

(iii) If zo is a pole of order k, with k > 1, then (z — zo)* f(z) extends to 
a holomorphic function g in a neighhbourhood N,(zo), and res ¢(zo) = 
gD (29) /(e— V)! 


Proof 


(i) We can write 


fps) ae, 


a = 20 
where j is holomorphic in a neighbourhood of zg. Thus 
(z — 20) f(z) = res (zo) + (2 — 2) j(z) — res (20) as z > 2. 


(ii) If f(z) = g(z)/h(z) for z € Ne(z) then 


= ie (z= 20)9(z) _ et Ce ak 
res (co) = Jim, SESS = timo) (ita) = Weay 
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(iii) Suppose that 


a_k 


fiZ= Se ae) 


(z — 20) =p 


is the Laurent series for f in a punctured neighbourhood N; (zo) of Zo. 
Let g(z) = (z — 29)* f(z) = yo 27-2 — zo), for z € N*(zo) . Then 
g has a removable singularity at zo. If we set g(zo) = a_, then g is 
analytic on N,(zo), and 


= © OG)» . 
g(z) = S- as_e(2z — 2)? =an+ >> rN, — 29). 
j=0 j=l : 


laaie 


Equating the coefficient of (z — 29 , we obtain the result. 


24.2 Integrals of the form ie f (cost, sin t) dt 


First we consider integrals of the form i f (cos t, sin t) dt. 
Since P i : : 
ey +e" . e* —e" 
cost = ———— and sint = ————,, 
2 21 


we consider the function 


oi =1(5 (<+2).2(<-2)) on T. 


Then g(e’") = f(cost,sint). Suppose that there exists a function g, mero- 
morphic in a domain U containing the closed unit disc Mj) (0), with no poles 
on the unit circle T = {z : |z| = 1}, and for which f(cost,sint) = g(e”). 
We consider the circular path k = K1(0). Then «/(t) = ie, so that 


on Qa 
[®@ a -if g(e"") dt =j f (cost, sin t) dt. 
KR ® 0 . 


Let h(z) = g(z)/z, so that h is meromorphic on U. Let S), be the set of poles 
of h in the open unit disc Nj(0). Then, applying the theorem of residues, 


27 
f (cost, sint) dt = —1 / h(z) dz = 2n S- res h(w). 


0 weSp, 


Example 24.2.1 If 2k is an even integer then 


on Qn(2k)! 2a (2k 
= 2k = = 
y= [ (cos t) dt = Sorc? = am( 4): 
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By the binomial theorem, 


Then h has a pole of order 2k + 1 at 0, and the residue is (2k)!/2?*(k!)?. 
Compare this calculation with the calculation of Ig, in Volume I, Section 
10.3. 


Example 24.2.2 Ifa is real and m € Zt then 


a cos mt 
a ee ee 
go l+a*—2acost 


The integrand is real, and is the real part of e””/(1 + a? — 2acost). We 
therefore consider the function g(z) = 2™/(1 + a? — a(z +1/z)). Then 


ne) = - = (SS -S). 


Zz az*—(l+a?)z+a 1-a —a 2z-Il1/a 


2ra™/(1—a?) — for |a| <1, 


2r/a™(a*—1) for jal > 1. 


If a 4 +1, then h has a pole at a with residue a™/(1—a?) and a pole at 1/a 
with residue 1/a’(a? — 1). If |a| < 1 then the pole at a is inside [y] and the 
pole at 1/a is outside |], giving the first equality. If |a] > 1 then the pole at 
a is outside |] and the pole at 1/a is inside [y], giving the second equality. 


Exercises 


24.2.1 Show that if a > 1 then 


[ dt = 
9 atcost Vo2—1 


24.2.2 Show that if b > 0 then 


| as dt _ T 

o b+sin?t Vb2+0’ 

first by using the calculus of residues, and secondly by making a 
change of variables, and using the result of the previous example. 


24.2.3 What is the value of 
20 
t 
| see m at 
9 il+a*—2acost 


when a = 1 or —1? 
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24.2.4 Show that if a is real and |a| < 1 then 


at sin? t 
— 
9 il+a*—2acost 


What is the value if |a| > 1? Does the integral exist if a = +1? 
24.2.5 Show that if a > 0 then 


[ dt _ an 
9 at+(tant)? a(a+1) 
24.2.6 Suppose that 0 < a < b. Show that 


| ai dt _ on 
9 atcos?t+b2sin?t ab 
by considering if f(z) dz, where f is a suitable meromorphic function 


and ¥ is the contour with track [y] = {z = x+iy: x7/a2+y?/b? = 1}. 
By considering the function e*/z”*!, show that 


on 20 
| e°* cos(nt—sin t) dt = 27/n! and | eS" sin(nt—sin t) dt = 0. 
‘ 0 


24.3 Integrals of the form {°° f(a) dx 


Suppose that f is a meromorphic function on the open upper half-plane 
H, = {a +iy : y > 0} with a finite singular set Sy, and that f has a 
continuous extension (also denoted by f) to the closed upper half-plane 
H.. Suppose that —R < 0 < S. We consider a contour of the form y = 
o(—R, $)V6(S,—R), where 6(.$, —R) is either a semicircular path in H, from 
S to —R, or a rectilinear path from S to —R with vertices S$, 5+i(R+S), 
—R+i(R+S) and —R. For large enough R and S, S¥ is inside [y], so that 
by the residue theorem 


S 
i fede 2a » res f(s) — | f(z) dz. 
-R Pars §(5,—R) 
If Jes.) f(z)dz > 0as R,S > co then 
i f(@)\de= 207 a res f(s). 
=e seSy 


If f is an even function, then [°° f(«) dx = 2 {5° f(x) dx and it is sufficient 
to consider paths 6(R, —R). 
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Example 24.3.1 
/ eo a, 
_»~lta* V2 
Let 1 = e'7/4 = (1 +1)/V2. Then the meromorphic function 
1 1 


~ it24 @—n)e—\(z—- A) —0) 


has simple poles at y, 7°, 7° and 7’, but only the first two of these are in 
AH. Then 


f(z) 


a= 1 7 1 _ a+) 
AYO Pa Pa—n) VAAA+aiVD) 42” 
ae ae ee, eC 
= Ba PP) VV VIE) AV" 
If R > 1 then 1(6(R, —R)) < 6R and |f(z)| < 1/(R*—1) for z € [6(—R, R)], 
so that 


i (jes. and | f(z)dz > 0as R> oo. 
6(R,—R) Re-1 6(R,—R) 


Thus 


Example 24.3.2 Ifk ¢€ Z* then 


[- dx _— @(2k)! a (2k 
oo (1 + a?) R41 — Q2k (k!)2 ~ 92k\ E }* 
The function f(z) = 1/(1 + 22)**! has poles of order k +1 at i and —i, 


but only the former is in H,. Now f(z) = g(z)/(z — i)**!, where g(z) = 
1/(z +4)**1, and 


yyy =< DAE + E+ 2)... (28) (1924)! 
g (z) (z ae 4)2k+1 kl(z r j)2k+1 ’ 


so that (1) (2K) oR)! 
; —1)"(2k)! 2k)! 
res) = TE apt DIET 
Again, it is easy to see that Jace _R) f(z) dz > 0 as Ro. Thus 
ia dx . (2k)! m {2k 
[. (1+ 22)FHI (277) (k))222h71; ae ( a 
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We can also use the calculus of residues to calculate the Fourier transform 
of certain functions. If f is a Riemann integrable function on R for which 
the function e~“* f(x) is Riemann integrable for all t €¢ R then the Fourier 
transform f of f is defined as 


f= f - en" F(a) da 


(This definition can be greatly extended; it is also often defined in a slightly 
different form, including various constants. ) 


Example 24.3.3 If f(x) = eW?'/21\/ On then f(t) — eH #/2. 


The constant 1/./27 is included to ensure that [° f(x)dx = 1. (The 
function f is then the density function of the standard normal probability 
distribution. In this setting, the function t > 7 (—t) is, rather unfortunately, 
called the characteristic function of the probability distribution.) In fact, in 
this case we only need Cauchy’s theorem to calculate the Fourier transform 
of f. The function f(z) = e~*/?/,/2z is an entire function, so that if + is 
the rectangular closed simple path with vertices —R, S, S+it and —R-+ it 
then 1, fiejdze=0. 

Ifz=S+iue [S,S + it] then 


1 —S?/2—iuS+u? /2 eb /? —~S$?/2 
f(z) = ——e so that |f(z)| < — e : 


2a ~ On 


and so jo a f(z)dz > 0 as S > ov. Similarly, Gat dz > 0 as 
R—- oo. Thus 


Ss S+it 

7 fle) de— f f(z) dz > 0as R,S > ow. 
—R —R+it 

Since af 2) dz + 1 as R,S — ov, it follows that sem f(z)dz > 1as 

R,S + oo. But 


S+it (w-+é8)2/2 
f(zj)dz= can ws dx 
1 oa @) V 20 


= - * 28 /2print dx > eA ty) 
V27r J— 
as R,S + oo. Thus f(t) = e~”/2. 
When we consider integrands with a factor e””™, with m > 0, the following 
result helps deal with the integral along 6. 
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Proposition 24.3.4 (Jordan’s lemma) Suppose that f is a meromorphic 
function on the upper half-plane H with a finite singular set Sr, which has a 
continuous extension (also denoted by f) to H.. Suppose that |f(re*)| > 0 
uniformly on [0,7] as r + oo, and suppose that m > 0. If -R<0< S, 
let 6(S,—R) be either the semicircular path from S to —R in H, , or the 
rectilinear path from S to —R with vertices S, S+i(R+S), -R+i(R+S) 
and —R. Then Jas.) e' f(z) dz +0 as R,S > oo. 


Proof | We consider the rectilinear path. Suppose that —R < 0 < S and 
let M(S,—R) = sup{|f(z)| : z € 6(S,-—R)}. Then 


e'™? F(z) dz 


R+S 
| = | ei e—™ FS + it)i dt 
[S,S+7i(R+S)| (0) 


R+S 
< M(S,—R)e"™ dt < M(S,—R)/m, 
0 


and similarly | J-RucR+s) R e'™ f(z) dz| < M(S,—R)/m. Also 


— 


| | ci f(2) de| 
[S+i(R+S), R+i(R+S)| 
Ss 


=|-/ cimte—™R+S) £4 4 (B+ S)) del 
=e 


S 

cenmns) {if +i(R+ 5) dt 
—R 

= MiSs Ry ser, 


All three terms tend to 0 as R,S — co, and so the result follows. 

Provided that Sy is contained inside the contour with the semicircular 
path, the integrals along the rectangular path and the semicircular path are 
the same, by Cauchy’s theorem, and so the result follows for the contours 
with semicircular paths. It is also easy to give a direct proof in this case; see 
Exercise 2. 


Inspection of the proof shows that it is essential that m > 0. If m < 0, 
we should consider paths in the lower half space H_. 


Example 24.3.5 If f(x) =1/a(1 +?) then f(t) =e 4, 


Once again, the numerical factor 1/7 is included so that [°° f(a) dx = 1; 
here f is the density function of the Cauchy distribution. Suppose that t > 0. 
The function e’ f(z) has simple poles at i and —i, but only the former is in 
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H.,. The residue at 7 is e~'/27i. Since f satisfies the condition’s of Jordan’s 


/ el F(a) dx = e*, 


and so f(t) = e~"| for t < 0. Note that if we wish to calculate f(t) for t > 0 
then Jordan’s Lemma does not apply, since the exponential term grows in 
magnitude in the upper half-plane H,. We could consider paths in the lower 
half plane H_, but it is easier simply to consider complex conjugates: if t > 0 
then j hen e—” f(x) dx is the complex conjugate of [eee e” f(x) dx, and so 
is equal to e~*. Thus f(t) = e7!4l for all t € R. 

We can also consider functions f with a finite number of simple poles 


Lemma, 


on R. In this case we need to consider the Cauchy principal value of the 
integral. Thus if f has one simple pole at x9, we calculate 


(pv) f i@ dx = lim (fo terae + “_ fl@)ar), 


with similar conventions if there are several poles on R. In order to do this, 
we indent the contour, and make use of the following proposition. 


Proposition 24.3.6 Suppose that f is holomorphic in the punctured 
neighbourhood N(w) of w, and that f has a simple pole at w. Let y,(t) = 
wtre”, for0<r<s andt€ [a, 6]. Then 


if flz)dz— 1/8 —a)res p(w) as r S, 0. 


r 


Proof We can write f(z) = res s(w)/(z — w) + h(z), where h is a holo- 
morphic function on N,(w). Suppose that 0 < s’ < s. Then h is bounded 
on the closed neighbourhood M,,(w): let M = sup{|h(z)| : z € M,-(w)}. If 


0<r<_-s'’ then 
/ h(z) dz 


and so J, h(z)dz— 0 as r \, 0. On the other hand, 


B ang pit 
Bs fe = i(8-0), 


zZ-w ret 


< Mi(yr) = Mr(6 — a), 


and so 


/ f(z) dz — i(6 — a)res ¢(w) as r \, 0. 
- 
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Example 24.3.7 Let f(x) =sincx = sina /z. 


Then 
0 ift<-l, 
f(t)=sinc(t)=¢ m if —-1<t<1, 
0 ift>1. 


The function sinc z = sin z/z has a removable singularity at 0, and if we 
set sincO = 0 then sinc is an entire function on C. But we cannot apply 
Jordan’s lemma to f(z) = e~”*sinc z, and so we must proceed in a different 


way. First we show that if & > 0 then 


oo etka 
(PV) | dG S10; 


x 


—co 


Suppose that —R < 0 < S and that 0 < r < min(R,S). We consider the 
contour y = o(—R,—r) Ve, Vo(r, S)V6(S, —R), where ¢, is the semicircular 
path in H, from —r to r and 6(S,—R) is the semicircular path in H, from S$ 
to —R. Let g(z) = e’**/z. Then g has no poles inside y, and so s oz) dz=0. 
Since g has a simple pole at 0 with residue 1, it follows from the proposition 
above that f. g(z)dz + —im as r \, 0, and it follows from Jordan’s lemma 
that J; 9(z) dz + 0 as R,S > oo. Thus 


oo evka 
(PV) / ee 


x 


—co 


(Equating imaginary parts, we see that fica sinc x dx = 7; but note that this 
is an improper integral, since lie |sinc | dx = oo.) Considering complex 
conjugates, we see that if k < 0 then 


le) eikz 
(pv) | dz = —in. 


ay, 2 


If we now use the equation 


x i 
we find that 
0 ift<-l, 
sinc(t)= 4 aw if -l<t<1l, 


0 ift>1. 
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Exercises 


24.3.1 Use the calculus of residues to calculate 


a 1 
SS h b. 
I. pepe) where 0 <a < 


Verify your answer by expressing the integrand in terms of partial 
fractions. 
24.3.2 Calculate 


CO Co s 
/ COS TX Fons / sin 72x a 
_~ l+a442? _~ lta4+2? 


24.3.3 Show by making a change of variables that 


20 oo dx 
Qh ay 
/ (cos t) a=2f (4 22) e 


24.3.4 Show that if 0 <t< 7/2 then t < (7/2) sint. 
24.3.5 In the setting of Jordan’s lemma, let U = (S — R)/2, V = (R4+ S)/2, 
and let e(t) = U + Ve" for 0 <t < 1/2. Show that 


m/2 ; ; 
[foe dz = / FE ern ee aye dt. 
€ 0 
Use this, and the preceding exercise, to obtain an upper bound 


for | f. f (ze dz|, and give a direct proof of Jordan’s lemma for 
contours with semicircular paths. 


24.3.6 Calculate sinc (t) for t = +1 as a Cauchy principal value integral. 
24.3.7 Calculate the Fourier transforms of the functions g and h defined by 


g(x) = 1 and A(x) = 1-|z| if |x| < 1, and g(x) = h(x) = 0 otherwise. 


24.4 Integrals of the form {5° x° f(x) dx 


Suppose that @ is a real number which is not an integer. The function 2° 
has a branch point at 0; we can only define z* as a holomorphic function on 
a cut plane. As we shall see, this works to our advantage. We consider the 
cut plane C; = C \ [0,co), and the holomorphic function z > Zn) on it. We 
cannot extend 2(,) continuously to C since if « > 0 then (a+ iY) Cn) > 2% 
as y \, 0, while (a + iy) Cn) ern as yo 0, 

Suppose that f is a meromorphic function on C with finite singular set 
Sy» disjoint from [0, oo). Let g(z) = 2m) dF (2), for z € C,. ForO<r<R<0o 
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Figure 24.4. 


and 0 < 6 < 7 we consider the contour 


where ks.5(t) = se” for t € [6, 2m — 6]. 
If r and 6 are small enough and R is large enough, then Sy = Sf C in[y]. 
By the residue theorem, 


As 6\,_ 0, 


R 
| g(z) dz > ai dry neleen 
a(re®>, Re?) r 
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Consequently 
; R 
(1 — ria) f x” f (x) dx + / g(z) dz — / g(z) dz = 2ni s. reS,(5). 
ae KR(0) (0) seSy 

Thus if Shen (0) 2m)d (2) dz + 0 as r — 0 and Sen (0) Zm)d (2) dz > 0 as 

R—- o then 
(l- eriay | a fla) = 254 S- res,(5). 
0 seSy 


If s is a simple pole of f, then res g(s) = s“res p(s). Thus if all the poles of 
f are simple then 


(1- oe)! as) a= Dat S- s“res f (5). 
seSy 


Example 24.4.1 Ifp,ve¢Rand0<yw+1<yv then 


i? a d 7 
——<—_ 22 FO. 
9 lta’ ysin((p + 1)2/v) 


As always, it is a good idea to see if the problem can be simplified by a 
change of variables. Let u = x”. Then 


io) mn 1 co ,,A-1 1 
[ — j= ~ | . du, where \ = po 
9 l+2” yjJo itu V 


Thus 0 < A < 1. It is therefore enough to show that if 0 < A < 1 then 


oo yrp-t 1 
y d= -— : 
9 l+u sin At 
The meromorphic function f(z) = 1/(1+ z) has a simple pole at —1, with 
residue 1, and (—1)*7! = e"™@-1)t = —e™, Let g(z) = 24! f(z). Since 
% Ae A, Sien(0) g(z)dz > 0 as r > 0 and Sien(0) g(z)dz > 0 as R> ow. 
us 


diane ee) yr! om(A—1)i love) yr! 
= TAL = i T = a 
( e€ \(/ du) ( e€ \(/ tu) 


so that 


e2™™% —]  sinAr 
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Exercises 


We can also evaluate integrals of the form te t°—! f(t) dt by making the 
substitution t = e*. 


24.4.1 Show that under suitable conditions 


I io (Ode = i. e* f (e") dex. 


=O 


24.4.2 Where are the singularities of the function f(z) = e**/(1 + e”)? 

24.4.3 Show that there is exactly one singularity of f within the rectangular 
contour with vertices —S, R, R+27i and —S + 27. 

24.4.4 Show that it is a simple pole, and calculate its residue. 

24.4.5 Use this to show that if 0 << A <1 then 


ioe) wrt T 
[ aoa 
9 lt+u sin Aw 
24.4.6 By using a contour which includes part of the real axis and part of 
the line {z € C: arg z = 277/}, evaluate 


(oe) 
d 
| =e for uw > 1. 
0 1+ ax 


By making a change of variables, verify that your answer agrees with 
the result of the previous question. 


24.5 Integrals of the form [5° f(a) dx 


If f is an even function, then i flzjde = $f f(x) dx, and we can 
try to apply the techniques of Section 21.2. Sometimes an astute change of 
variables or choice of contour can be used. 


Example 24.5.1 Ifa >-—1 then 


CO 
i 
i OE gH 
9 1+2axr+ 2x? 


Set u = 1/az. Then 


a log x log u 
ay dt = — — 
9 L1+2ax+2 9 L+2au+u 


so that f>° log x/(1 + 2ax + x?) dx = 0. 
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Otherwise, we can use the idea of the previous section by introducing a 
logarithmic factor. The function log z has a branch point at 0; we define 
log z on the cut plane C, = C \ [0,00) by setting log(re’’) = logr + it for 
0 <t < 2z. If f is a meromorphic function on C with finitely many poles, 
none of which is in [0, 00), and if g(z) = f(z) log z on C;, then by considering 
the contour y defined in the previous section, and letting 6 tend to 0, we 
see that 


a f(x) log x dx + = g(z) 


4 [ f(x) (log x + 2mi) dx + = g(z) dz 
= 25 ~~ res,(s), 


ses 


for small enough r and large enough R. Thus if Siee(0) f(z) logzdz > 0 as 
r — 0 and Sicn(0) f(z) logzdz > 0 as R > ~, then 


[ f(x) dx = — S- es) (8), 


ses 


and if all the poles of f are simple then 


I f(x) dx = —- > log s.res f(s). 


seSp 


Example 24.5.2 Ifa>0and0<t<7 then 


f- dx _.# 
9 @2+2axcost+a?2 ~~ asint’ 


The rational function 


tle) : ; 


~ 224 Qazcost+a2 (z + ae’’)(z + ae~**) 


it t i(m+t) 


has simple poles at —ae~* = ae("—®) and —ae"* = ae , and the residues 


of f(z) log z are 


loga + i(a —t) afte loga+i(a +t) 


2ai sin t 2ai sin t : 


respectively. Since Sien(0) f(z)logzdz + 0 as r > O and Sien(0) f(z) log z 
dz + 0as R—- o, the result follows. 
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We can also use this idea when the integrand has a logarithmic factor. 


/ © /loga \? qn 
dz = —. 
0 ot+ 1 3 
Consider the meromorphic function h(z) = (log z)?/(z + 1)? on C;,. This 


has a pole of order 2 at —1, with residue 3(log(—1))?/(—1) = 377. Since 
Shen (0) h(z)dz +0 as r— 0 and deat h(z) dz +0 as R—- oo, 


& (log a)? i (log x + 27)? oe 3. 
/ @+12 x : g +1 dg = 27i(3a") = 62°74 


Example 24.5.3 


Expanding the integrand, and equating imaginary parts, we see that 


[ ntalieiar onere Ape 
0 (x + 1) 


Since [)° dx/(a + 1)? = 1, it follows that 


- logx \? ‘id 
dz = —. 
0 g+1 3 


Equating real parts, we see again that iy log «/(x +1)? dz = 0. 


Exercises 


24.5.1 Suppose that a > 0. Use Example 24.5.2 to calculate 


» dx 
90 «2 —2axcost + a?- 


Verify your result by calculating 


[- dz 
_oo 22 + 2ax cost + a?’ 


using the methods of the previous section. 


24.5.2 Show that 
°° log x 
ee aA. 
| aeapee 
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[ dx [ dx 
——, and — 
9 ltat+a2? 9 1l-2+4+2? 


by the calculus of residues, and check your answers by calculating 


[- dx 
9 lt+a4+2? 


24.5.3 Calculate 


25 


Conformal transformations 


25.1 Introduction 


Recall that a univalent function f on a domain U is a holomorphic function 
which takes each value at most once, and that if f is univalent on U then 
f(U) is a domain, f~! is a univalent mapping of f(U) onto U, and f(z) 40 
for all z € U (Theorem 23.6.8). In this chapter, we consider two related 
problems. First, if U and V are domains, is there a univalent function f 
mapping U onto V? If so, f is called a conformal transformation of U onto 
V, and U and V are said to be conformally equivalent. Secondly, what are 
the univalent functions mapping U onto itself? Such functions are called 
conformal automorphisms of U. Since the composition of two holomorphic 
functions is holomorphic, it follows that the set of conformal automorphisms 
of a domain U forms a group, under composition. 

Why are these mappings called ‘conformal’? Suppose that f is a confor- 
mal transformation of U onto V, and that zo € U. Then f’(zo) 4 0; let 
f'(z) =rel®. Since U is open, there exists 6 > 0 such that N5(zo) C U. Let 
Ig(t) =z + et for t € (—6,6), for —m < 6 < 7 so that If(t) =e. Then 
(f o lg) (0) = f' (zoe =re*@+?), Thus 


f(z + et) = f(zo) + ret + off), 


and the line Ag(t) = f(z) + ret is tangent to f olg at f(zq). If 
01,02 € T then 6; — @ is the oriented angle between lg, and lg,. But 
6, — 02 = (0, + ¢) — (82 + ¢) is also the oriented angle between g, and 
Ag,- Thus conformal transformations preserve oriented angles; locally, f pro- 
vides a rotation through an angle ¢ = arg f’(zq) and a scaling by a factor 


r =f" (20)|. 
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25.2 Univalent functions on C 


If A, € C and A £0, let ay,,,(z) = Az + wp. The mapping a),,, is certainly a 
conformal automorphism of C, with inverse a1/,,,/,. Are there any more 
conformal automorphisms of C? 


Theorem 25.2.1 Jf f is a univalent function on C then f = ay, for some 
A, EC with X #0. 


Proof ‘The function f is an entire function, and is therefore analytic: we 
can write f(z) = S77°.9 anz”, for all z € C. First we show that only finitely 
many coefficients are non-zero. Suppose not. By the open mapping theorem 
f(D) is an open subset of C. By Corollary 23.3.4, there exists z with |z| > 1 
such that f(z) € f(D); this contradicts the univalence of f. 

Thus f is a polynomial, and so therefore is f’. But f’(z) 4 0 for all z, so 
that f’ is a non-zero constant function. Thus f = a), where A = a; and 


[LL = ao. 


Corollary 25.2.2 IfU is a domain which is a proper subset of C then U 
is not conformally equivalent to C. 


This is a remarkable result: there are very few univalent functions on C, 
and if f is a univalent function on a domain U which is a proper subset of 
C then there exists w such that the equation f(z) = w has no solutions. 


Exercises 


25.2.1 Show that the group of conformal automorphisms of C is isomorphic 
to the group of two-by-two matrices 


{| ¢ H aweciagol. 


25.3 Univalent functions on the punctured plane C* 


Let J(z) = 1/2 for z € C*. J, the inversion mapping, is a conformal auto- 
morphism of the punctured plane C* = C \ {0}, and has a simple pole at 0 
with residue 1. 


Theorem 25.3.1 If \ € C* then ayo and AJ are conformal automor- 
phisms of C*. 
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Conversely, if f is a univalent function on C* then either f = AJ + pu 
or f =a), for some A, € C with AX #0. In either case, f is a conformal 
transformation of C* onto C\ {yw}. If f is a conformal automorphism of C* 
then pp = 0. 


Proof The first statement is obvious. Suppose conversely that f is a 
univalent function on C*. Then f has an isolated singularity at 0. 

Suppose first that f has a removable singularity at 0. Then there exists 
vy such that f(z) + v as z — 0. We shall show that v ¢ f(C*). Suppose 
not, and suppose that f(zo) = v for some z € C*. Let € = |zo|/2. By the 
open mapping theorem, f(N<-(zo)) is an open subset of C containing v. But 
f(z) — v as z — 0, and so there exists w € N*(0) with f(w) € f(N-(Z0)). 
Since N*(0) N N-(zo) = 0, this contradicts the univalence of f on C*. Thus 
if we set f(0) =v then f is an entire univalent function on C. By Theorem 
25.2.1, f =a), for some A, up € C with A #0. 

Secondly we show that f cannot have an isolated essential singularity 
at 0. For if it did, by Weierstrass’ theorem there would be w € Ny, (0) with 
f(w) in the open set f(Nj/2(1)), contradicting the univalence of f. 

Finally we consider the case where f has a pole at 0. By Corollary 
23.6.5, this must be a simple pole. Thus f has a Laurent series expansion 
yo Anz”. By Corollary 23.3.4, there are only finitely many non-zero 
coefficients a,. Thus f(z) = p(z)/z, where p is a polynomial with non- 
zero constant term a_,. Since C* is not conformally equivalent to C, 
there exists 4 € C which is not in f(C*). Let g(z) = p(z) — wz. Then 
qi) = pO) =oe4 - WU, and gi) = (2) —pie F 0 tor 2 ~ U0: ‘This 
the polynomial qg has no zeros, and so must be the non-zero constant func- 


tion a_y. Thus f(z) = a_;/z + py. The final two statements now follow 


immediately. 


Exercises 


25.3.1 Suppose that S$ is a discrete closed subset of C and that f is a univa- 
lent function on C \ S which has a non-removable singularity at each 
point of S. Show that S has at most one element, and that if f has 
a singularity then it must be a simple pole. 


25.4 The Mobius group 


We next consider univalent meromorphic functions on the unit sphere Cy. 
Recall that a function f : C,, + C. is meromorphic if the restrictions of f 
and f oJ to C are meromorphic functions on C. 


752 Conformal transformations 


Theorem 25.4.1 If f is a univalent meromorphic function on Co then 
either f(z) = ay,,(z) = Az+yp or f(z) = A/(z— 20) +p for some X, p and z 
in C, with X £0. In either case, f is a homeomorphism of Cx onto itself. 


Proof If the restriction of f to C is holomorphic, then it is a univalent 
function on C, and so f = a), by Theorem 25.2.1. Otherwise, it has one 
simple pole, at zo say. Let g(z) = f(z+20), for z € C*. Then g is a univalent 
function on C* with a pole at 0, so that g = AJ +, by Theorem 25.3.1, and 
f(z) = A/(z — 20) + pw. In either case, f is a homeomorphism of C. onto 
itself. 


A univalent meromorphism of C,, onto itself is called a Mébius transfor- 
mation of Cy. If f is a Mobius transformation, we can write 


az+b- 


1 earner 


in the former case 


a=A, b=p, c=Oandd=1, 


and in the latter case 
a=p, b=A— pz, c=1 andd= —z. 


Note that in either case ad — bc = \ £0. 
Conversely, suppose that ad — bc # 0, and consider the meromorphic 
function f(z) = (az + b)/(cz +d). If c= 0 then d 4 0 and f(z) = Az +p, 
where \ = a/d # 0 and pw = b/d. If c £ 0, let 2 = —d/c. Then f has a 

simple pole at zo, and 
ad — be 


peared where \ = — 2 


#0 and p=". 
G 


Thus f is a Mobius transformation. 


Theorem 25.4.2 The set M of Mobius transformations is a group under 
composition. If 
A= . : | € GL2(C), the group of invertible two-by-two matrices, 
Cc 


let m(A)(z) = (az+b)/cz+d). Then m is a homomorphism of GL2(C) onto 
M, with kernel {al : a #0}. (m(A))~+ = m(B), where 


B=| % a |: 
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Proof Since A € GL(C) is invertible if and only if det A = ad — bc £ 0. 
m maps G'L2(C) onto M, and m(I)(z) = z. Suppose that 


are in GL2(C). Then 


m(A1)m(Ag)(z) = mA1) (28) 


ay (a92z4b2) + b1(c224d2) 
C1 (a224b2) + dy(c22z4d2) 
— (ayaq + by e2)z + aybg + bide 
(cya2 + dyc2)z + c1b2 + did 
= m(A,Ap2)(z). 


a a (Seb) bah 2) 4 dy 
) 


Consequently m(A;)m(A2) € M. Since 
m(A—1)m(A) = m(A)m(A7!) = m(J) 


and m(Z) is the identity mapping on C4, it follows that M is a group under 
composition, and that m is a homomorphism of GL2(C) onto M. Clearly 
m(A)(z) = z for all z € Cy if and only ifa =d #40 and b=c=0. Since 
AB = BA = (ad — bc)I, m(B) is the inverse of m(A). This last statement 
can also be verified directly; if w = (az + b)/(cz + d), we can consider this 
as an equation in z, and solve it to find that z = (dw — b)/(—cw + a). 


A Mobius transformation is determined by its action on three distinct 
points. 
Proposition 25.4.3 Suppose that {21, 22, z3} and {w1, we, w3} are sets of 


distinct points of C... Then there exists a unique Mobius transformation m 
for which m(z1) = wi, m(z2) = we and m(z3) = w3. 


Proof First we show that if w,, wg and w3 are distinct points of Cy 
then there exists a unique Mobius transformation m = My, .w.,w; for which 
m(wy1) = 0, m(w2) = 1 and m(w3) = oo. If wi, we, w3 € C we can take 


ee Gan) 
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and otherwise we can take 


W2 — W3 . 
m(z) = —— if w, = ov, 
a — W3 
2—WUW1. 
= —— if wo =o, 
Zz — W3 
2—W1. 
= —— if w3=oo. 
W2 — WI 


Suppose that n € M is another Mobius transformation for which n(w ,) = 0, 
n(w2) = 1 and n(w3) = oo. Let k = mon!. Then k(0) = 0, k(1) = 1 and 
k(co) = oo. Suppose that k(z) = (az + b)/(cz + d). Since k(0) = 0, b = 0. 
If c £ 0 then k(—d/c) = oo, giving a contradiction. Thus c = 0. Finally 
k(1) = a/d = 1, so that a = d and k(z) = z. k is the identity mapping, and 
son =m; mM is unique. 

The Mobius transformation a 
properties. It is unique, for if n is another Mobius transformation for which 
m(z1) = wi, M(z2) = we and m(z3) = wz, then no Mz, 25,25 = Mw, ,w2,ws, SO 
that = May dierig OT 


© Mw,,w2,w3; then has the required 


21,22,23° 


The following Mobius transformations are called elementary Mobius 
transformations: 


e T,(z) = z +6 (translation); 

e D,(z) =rz for r real and positive (dilation); 
e Ro(z) = ez for 0 € R (rotation); 

e J(z) = 1/z (inversion) 


If \= re’ with r > 0 then 


Az + p=T,,° Reo D, and 


+ = (Ty ° Roo Dy o Jo T_z))(2), 
z— 20 

so that these elementary transformations generate M. This is very useful 
in establishing properties of general Mobius transformations, as Theorem 
25.4.5 will show. Our next aim is to show that a Mobius transformation 
‘maps circles and straight lines into circles or straight lines’. 

First we must describe straight lines and circles in C and Cx in terms of 
the complex structure. A straight line L in C can be written as 


L={z=ar+iye€C:ar+by+c=0}, 


where a, 6 and ¢ are real, and a and 6 are not both zero. Substituting 
x =(z+2Z)/2 and y = (z — Z)/2t, we find that 


L={zEC:rz2z+dAzZ+p=0}, 
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where X= a+7b £0 and pu = 2c is real. L is a closed unbounded subset of 
C. In Cy, we define a straight line L., to be LU {co}, where L is a straight 
line in C. Thus L., is the closure of LZ in Cg, and so is closed in Cy. 

A circle C in C can be written as 


G={zeC:|z—e =r} ={z€C: (e-—(e—0) =r}, 


where c€ C andr > 0. Then C = {z € C: 22 —-@ — cz = r* — cé}, where 
c€ Candr > 0. C is a bounded closed subset of C, and so is closed in Cg. 

It is clear that translation, dilation and rotation map straight lines to 
straight lines and circles to circles. What about inversion? 


Proposition 25.4.4 Suppose that Lo is a straight line in Cx and that 
C is a circle in Ca. 


(i) If0 € Loo then J(Leo) is a straight line in Cx and 0 € J(Leo). 
(it) If 0 € Loo then J(Loo) is a circle in Cog and 0 € J(Loo). 
(iit) If0 EC then J(C) is a straight line in Cx and0¢ J(C). 

(iv) If0 €C then J(C) is a circle in Cy and0 ¢ J(C). 


Proof This is a matter of straightforward verification. 
(i) If 0 € Loo, then 
Dog = {2 € C: Az +AZ= 0} U {oo}, 


so that 


I(Leo) = J! (Leo) = {oo} U{z € C\ {0} : a A _ 


= {z€C:dAz+ dz = OF U {oo}, 


0} U {0} 


which shows that J(L..) is a straight line in C, and that 0 € J(L.). 
(ii) If 0 ¢ Loo, then 


Doo = {2 € C2 Az + AZ + wp = 0} U {ool, 


with w #0. Arguing as above, 


I(Eoe) = JM Eoo) = {0} U2 € C\ 0}: 244 4 p= 0} 
eeu ay 
wo op 


={z€C:22-a@—a=r'—c} 
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where c = —\/ and r? = cé. This shows that J(Lo) is a circle in Co 
and that 0 € J(Loo). 
(iii) If 0 € C, then 
C={zEC: 2%-Cz—cz=0}, 


so that 


HC) = INC) = {2 € C\ {0}: S- 5-5 =o} U foo} 


z z 


= {z€C:cz+2=1}U {oo}, 


which shows that J(C) is a straight line in C,, and that 0 ¢ J(C). 
(iv) If 0 ¢ C, then 
C={zeEC: 2%-tz-—cz = d}, 


with d= r? — c@ £0, and so 


HO) = IC) = {2 C\ {9}: = -£- fag 
2, . C2 . Cz 1 
={2eCi2zit— +7 =a}, 


which shows that J(C) is a circle in C, and that 0 ¢ J(C). 


Theorem 25.4.5 Suppose that m is a Mobius transformation, that Loo is 
a straight line in Cg and that C is a circle in Cy. 


(i) If co € M(Leo) then m(Loo) is a straight line in Coo. 
(tt) If co € M(Loo) then M(Loo) is a circle in Coo. 
(itt) If co € M(C) then m(C) is a straight line in Cy. 
(iv) If co € m(C) then m(C) is a circle in Coo. 


Proof ‘Translations, dilations and rotations map straight lines to straight 
lines and circles to circles. Since m is a product of elementary transforma- 
tions, it follows from Proposition 25.4.4 that m(L..) is either a straight line 
or a circle. m(Loo) is a straight line if 00 € m(L..) and is a circle if not, and 
m(C) is a straight line if co € m(C) and is a circle if not. 


This result suggests that we may think of a straight line in Cy as an 
unbounded circle, or as a circle of infinite radius. 

The complement of a straight line in C, has two connected components, 
as does the complement of a circle (the inside, and the union of the outside 
and {oo}). Since a Mobius transformation m is a homeomorphism of C4, if 
S is a circle or straight line and U and V are the connected components of 
C \S then m(U) and m(V) are the connected components of C \m(S). 
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my 


Figure 25.4. 


As an example, the Mébius transformation m(z) = (—z+1)/(z+1) maps 
the extended y-axis Y, = {z = iy: y € R} U {oo} onto the unit circle T. 
Although this can be verified directly, it is more informative to construct 
the mapping in several steps. First, the mapping m(z) = z +1 maps Yo 
onto the extended line Ly = {z =1+iy:y € R}U {oo}. Secondly, since 
0 ¢ Lo, J maps La onto a circle C passing through 0 and 1. J maps 
the extended x-axis onto itself. Since DL. is orthogonal to the z-axis, and 
since Mobius transformations are conformal, the tangent to J(L..) at 1 is 
orthogonal to the z-axis. Thus C is the circle with centre 1/2 and radius 
1/2. The mapping m2(z) = 2z — 1 then maps C to a circle passing through 
1 and —1, with centre 0, so that ma(C) = T. Then m = mg 0 J omy. Since 
m(1) = 0, m maps the right-hand half-plane onto the unit disc D and the 
left-hand half-plane onto {z : |z| > 1} U {oo}. 


Exercises 


25.4.1 Show that the mapping m(z) = (z — 7)/(z +7) defines a conformal 
transformation of the upper half-plane H, onto the open unit disc 
D, and maps 7 to 0. 
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25.5 The conformal automorphisms of D 


What are the conformal automorphisms of D? To answer this, we need 
Schwarz’ lemma. 


Proposition 25.5.1 (Schwarz’ lemma) Jf f is a holomorphic mapping of 
D into D and f(0) =0 then |f(z)| < |z| for z € D. 


Proof We can write f(z) = zg(z), where g is holomorphic on D. Suppose 
that z € D and suppose that |z| < r < 1. If |w| =r then |g(w)| = |f(w)|/r < 
1/r, so that 

lg(z)| < sup{|g(w)| = Jw] =r} < 1/r, 
by the maximum modulus principle. Since this holds for all r with |z| <r < 
1, |g(z)| <1 and so |f(z)| < zl. 


Proposition 25.5.2 If f is a conformal automorphism of D and f(0) = 0 
then there exists e € T such that f(z) = ez for z €D. 


Proof If z € D then |f(z)| < |z|, by Schwarz’ lemma. But |z| = 
|f-tf(z)| < |f(z)| as well, so that |f(z)| = |z|. Thus if f(z) = zg(z), as 
in Schwarz’ lemma, then |g(z)| = 1 for z € D. It therefore follows from the 
maximum modulus principle that g is constant; there exists e’? € T such 
that g(z) = e” for z € D. Hence f(z) = ez for z € D. 


Theorem 25.5.3 If |a| <1 the Mobius transformation 


_ £+ra 
B= gah 
is a conformal automorphism of D with ma(0) = a and mg(—a) = 0, and 
with inverse m_.. The transformation mg is a homeomorphism of D onto 
itself. 

If m is a conformal automorphism of D with m(0) = a then there exists 
e8 € T such that m(z) = ma(e®z) for z € D. 


Proof Clearly ma(0) = a and m,(—a) = 0. It follows from Theorem 
25.4.2, or by direct calculation, that (m_)~! = m_a. If |z| = 1 then 


praca = (245) (245) 


az+1 az+1 
_ lt+az+az+aa 


aa+az+azZ+1 
It therefore follows from the maximum modulus principle that |ma(z)| < 1 
for z € D. Since mz is univalent on C \ {—1/a} it follows that m, maps D 
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conformally onto m_(D) and is a homeomorphism of D onto m,(D), and 
Ma(D) C D. By the same token mz1(D) = m_(D) C D, and so mg is a 
homeomorphism of D onto itself, and mg is a conformal mapping of D onto 
itself. 

The mapping m;,!om is a conformal automorphism of D, and mz!m(0) = 
0, so that by Proposition 25.5.2, there exists e” € T such that mz!m(w) = 
e’’w for w € D. Thus if z € D then 


ae®z +1 
and that ‘hone 
Mal2) = Gre 
In particular, the quantities 
1 —|al? 1 


m(0) = 1—|al?, ma (a) = 


a 5 and m/,(—a) 


(1 + lal?) 


~ T= Jap? 


are all real and positive. 


Exercises 


25.5.1 Use Schwarz’ lemma to give another proof of Liouville’s theorem. 
25.5.2 Show that if m is a conformal automorphism of the upper half-plane 
H, for which m(z) =i then there exists 0 < 0 < 27 such that 

cos # z + sind 
=M, = 
me) a(2) —sin@ z+ cosé 
25.5.3 Show that the group of conformal automorphisms of H+ is gener- 
ated by the automorphisms of the previous exercise, together with 
translations T, (with a € R) and dilations D,. 


25.6 Some more conformal transformations 


We can consider other conformal transformations than Mobius transforma- 
tions. First, the function exp is univalent on the strip S = {z = a+iy: 
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Figure 25.6a. 


—m < y < 7}, and defines a conformal transformation of S onto the cut 
plane Cp = C \ (—o0,0]; its inverse is the principal logarithm. The lines 
hy ={2 = 2:2 6 R} and v= {2— oy: —9 = y < a} are 
orthogonal; they are transformed to the rays rg = {z = re” : r > 0} and 
the punctured circles c, = {z = re” : —1 < 0 < rh. 

Secondly, a related conformal transformation is obtained by considering 
the map z > z®, where a is real and positive. If 0 < 6 < 7, let Pg denote 
the sector {z = re’? : r > 0,-6 < 6 < B}. If 0 < a8 < = then the map 
z — z° is a conformal transformation of the sector Pz onto Pyg. Rays are 
mapped to rays and circular arcs to circular arcs. 

A third interesting example is provided by the function f(z) = $(z+ 1/z), 
for z € C \ {0}. This is not univalent, since f(z) = f(1/z). On the other 
hand, if z = re’’, with r > 0, then 


1 1 1 
f(z) =a, cos 6 4+ ib, sin@, where a, = ={r+-—] andb.==[r—-}]. 
2 f 2 r 
Thus f is a one-one mapping of the circle {z : |z| = r} onto the ellipse 


P) 2 

B,={wautw: B+ =r}, 
from which it follows that f is univalent on the punctured disc D \ {0}, and 
is also univalent on the domain {z € C: |z| > 1}, and that f maps each 
conformally onto the domain C \ [—1,1]. Note also that f(re’”) + cos@ € 
[-l,l] asr Alandasr\, 1. 

If z= re € C\ {0}, then f(z) € H, if and only if b, sin@ > 0, and so f 
defines a conformal transformation of D, = DM AH onto A_. 
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Figure 25.6b. 


Many conformal transformations can be obtained by composing these 
transformations with other Mobius transformations. For example, let S be 
the semi-infinite strip {z = «+ iy:0< a < 1,y > 0}. We shall show that 
the mapping z —> sin7z is a conformal transformation of S' onto the right- 
hand half-plane H, = {z =a +iy: a > O}. First, let mi(z) = imz. m, isa 
conformal transformation of S onto the semi-infinite strip {z = x+iy:a< 
0,0 < y < a}. The function exp is a conformal transformation of m1(S) 
onto D,, and the function f, defined above, is a conformal transformation 
of D, onto H,. If mg(z) = iz then mg is a conformal transformation of H+ 
onto H,.. Thus mgo0 f oexpomy is a conformal transformation of S onto H,. 
It is a straightforward matter to verify that 1cos7z = (mgo f oexpom))(z), 
for z€ S. 


Exercises 
25.6.1 Let f(z) = $(z+1/z), for z € D\ {0}. Calculate the inverse mapping 
f7*:C\ [-1,1] > D \ {0}. 


25.6.2 Find a conformal mapping of the domain 
U={z:|z-2| <2 < |2z—-2|} 


onto D. 

25.6.3 Show that the function tanh z defines a conformal mapping of the 
strip {z = x+iy:0 < y < m/2} onto the upper half-plane H_. What 
is the inverse mapping? 
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exp 


Figure 25.6c. 


25.6.4 Show that the function cos z defines a conformal mapping of the strip 
{z=az+iy:0< 2 < 7} onto C \ ((—oo, —1] U [1, 00)). What is the 
inverse mapping? 

25.6.5 Show that the function g(z) = 4z/(14+ 2)? is univalent on D. What is 
g(D)? [Hint: Express g as the composition of Mébius transformations 
and other mappings.| 

25.6.6 Find conformal mappings of the following domains onto D. (The 
mappings may be expressed as compositions of holomorphic func- 
tions.) 

a) = Dn. 

(ii) Vz = D \ (-1,0] 
(iii) U3 = {z: |z—2| <2 < |2z — 2|} 
(iv) Ug =D {z: |z +1] > V2} 

25.6.1 Suppose that f is a holomorphic function on D, taking values in D, 
and that f(0) = c. Show that if 0 < |z| =r <1 then 


1—|f@I 


aT UMA SS ; 
l-r ~1+4re| 


25.6.2 Suppose that f is a holomorphic function on D whose real part is 
positive. Show that 


1—|z| 1+ |2| 
1— |z| 


2 
and that |Sf(z)| < oan 
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25.6.3 Verify that cos mz = (m2o0 f oexpom,)(z), for z € S, where m1, ma, 
f and S are defined above. 


25.7 The space H(U) of holomorphic functions on a domain U 


We now establish further properties of the space H(U) of holomorphic func- 
tions on a domain U. Recall (Theorem 22.6.10) that H(U) is a closed linear 
subspace of the space (C(U),d) where d is a complete metric defining the 
topology of local uniform convergence. 


Theorem 25.7.1 The mapping f — f' : (H(U),d) > (AH(U),d) is 
continuous. 


Proof It is enough to show that if f, — f in (H(U),d) then f/ > f’ in 
(H(U),d), and so it is enough to show that if M,(zo) is a closed neighbour- 
hood of an element 29 of U then f/, > f’ uniformly on M,(zo). There exists 
s >r such that M,(z) CU. If w € M,(zo) then 


' (wy) — 7 frlz) ~ F(z) 
fiw) — fi(w) / ea a 


Ori 
But if z € [Ks(z0)] and w € M,(zo) then |z — w| > s—T, so that 


fn(2) — F(2)]. 


= (s—r)? |}? 


hence 


|fr(w) — f'(w)| < sup |fn(2) — f(2)I, 


(S—T)? selefee)] 


and f, > f uniformly on M,(z9) as n > oo. 


Recall that a subset A of C(U) is locally uniformly bounded if 
sup{|f(z)|: f € A, 2 € K} <0, 


for each compact subset K of U. 


Theorem 25.7.2 (Montel’s theorem) A subset A of H(U) is compact if 
and only if it is closed and locally uniformly bounded. 


Proof In one direction it is easy. If A is compact, then it is certainly closed. 
If K is a compact subset of U, the restriction map mx : C(U) > C(K) is 
continuous, and so 7(A) is a compact subset, and therefore a bounded subset, 
of C(K). 
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Suppose conversely that A is closed and locally uniformly bounded. We 
use the local Arzela—Ascoli theorem (Volume II, Theorem 15.8.4). It is suf- 
ficient to show that A is equicontinuous. Suppose that zo € U and that 
0 <e< 1. There exists s > 0 such that M,(z0) C U. Since A is locally 
uniformly bounded, 


L=sup{|f(z)|: f € A,2z © Ms(z0)} < 00. 


Let r = se/(2L +2). Then 0 <r < s/2, so that s—r > s/2.If f ¢ A and 
w € N,(zo), then, using Cauchy’s integral formula, 


10) — F= a I. are sg 
a (w= 20)f@) 4, 
On I (z — w)(z — 20) 
-_ts 

~ (s—r)s 


Thus A is equicontinuous at zo. 


2Lr 
ome ee 
8 


The set Uni(U) of univalent functions on U also has remarkable properties. 


Theorem 25.7.3 Let Uni(U) be the set of univalent functions on a domain 
U, and let Con(U) be the set of constant functions on U. Then Uni(U) U 
Con(U) is closed in H(U). 


Proof We must show that if (f,)?21 is a sequence of univalent functions 
which converges in H(U) to f, and if f is not a constant, then f is univalent. 
Suppose not, so that there exist distinct 21, z2 € U such that f(z1) = f(z2) = 
ug. Then z; and z2 are zeros of the non-constant holomorphic function f—vo. 
Since the zeros of f — vo are isolated, there exist disjoint closed discs M,., (21) 
and M,,(z2) in U such that f(z) — vo 4 0 for z € My (z1) U Mx (z2). We use 
Rouché’s theorem to show that for sufficiently large n the function f, — v9 
has a zero in each of N,,(z1) and N,.(z2), contradicting the fact that fy, 
is univalent. Let m = inf{|f(z)| : z © T,,(21) U T,,(z2)}; then m > 0. 
Since f, — f in H(U), there exists no such that |f,(z) — f(z)| < m for 
z € T,, (21) UT,, (22), for n > no. Thus 


I(fn(z) — v0) — (F(z) — v0)| < m < | f(z) — v0 


) 
for z € T,, (21) UT,.,(z2). By Rouché’s theorem, if n > no then fp — vo has 
( 


a zero in each of N,,(z1) and N,,(z2). 
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Exercises 


25.7.1 Suppose that f is a non-constant holomorphic function on a domain 
U which has & zeros, counted according to multiplicity. Show that 
there is a neighbourhood N of f in H(U) such that if g € N then g 
has at least k zeros, counted according to multiplicity. 

25.7.2 Give an example of a univalent function f on the half-space H, = 
{z © C: larg z| < 1/2} which is the limit in H(H,) of a sequence of 
non-univalent holomorphic functions. 


25.8 The Riemann mapping theorem 


We end by proving a truly remarkable theorem. 


Theorem 25.8.1 (The Riemann mapping theorem) Suppose that U is a 
simply connected domain which is a proper subset of C, and that zo € U. 
Then there exists a unique conformal transformation f of U onto D with 
the properties that f(z) =0 and is real and positive. 


Proof First, let us prove uniqueness. If f; and f2 are conformal transfor- 
mations of U onto D which satisfy the requirements of the theorem, then 
@= faof, ! is a conformal automorphism of D, ¢(0) = 0, and ¢’(0) is real 
and positive, so that ¢ is the identity mapping, by Theorem 25.5.3. Thus 
fi = fe. 

It is existence that is the real problem. To prove this, we use the fact that 
if g is a holomorphic function on U which has no zeros in U, then g has a 
holomorphic square root h on U: (h(z))? = g(z) for all z € U (Corollary 
22.7.2). If we set s(z) = 27 for z € C then soh = g. Note that if g is 
univalent, then / is univalent, and s is univalent on h(U). 

Let us describe structure of the proof. We consider the set G of univalent 
functions g on U taking values in D, for which g(zo) = 0 and g/(z0) is 
real and positive. First we show that G is non-empty. Next we show that 
{g'(z0) : g © G} is bounded. We then use a compactness argument to show 
that there exists f € G such that 


f'(z) =sup{g'(zo) : g € Gh. 


Finally we show that f(U) = D, so that f satisfies the conclusions of the 
theorem. 

First we show that G is non-empty. There exists z1 € C\U. The univalent 
function a(z) = z — z does not have a zero in U, and so it has a univalent 
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square root: there exists a univalent function h on U such that (h(z))? = 


z— 2%, for z € U. Let zg = h(z). By the open mapping theorem, h(U) is 
open in C, and so there exists r > 0 such that N,(z2) C h(U). We show 
that —N,(z2) = N,(—z2) is disjoint from h(U). If w = h(z) € A(U), then 


s(—w) = (-w)* = w? = s(w) =z — 24; 


since s is univalent on h(U) and w € A(U), —w ¢ h(U). Thus hA(U) is 
contained in the outside of T,(—z2). The Mébius transformation m(z) = 
r/(z+ 22) maps the outside of T,.(—z2) conformally onto D \ {0}, mapping 
z2 to r/2z2, and the Mobius transformation m_,./2,, is a conformal automor- 
phism of D, mapping r/2z2 to 0. Thus j = M_y/2z, 0m h is a conformal 
transformation of U onto a subset of D, and j(zo) = 0. Since 7 is univalent, 
j'(zo) £0. Let go = e~*°7, where 6 = arg (j’(zq)). Then go € G. 

Let us set 1 = gj(zo), and let us set G; = {g € G: g’(z) > 1}. Thus G; is 
a non-empty subset of G; we shall show that it is a compact subset of H(U). 
By Montel’s theorem, the set 


F={g¢ H(U):9U) CD} 
= {g € H(U) : sup |g(z)| < 1 for K compact, kK C U} 
zek 


is a compact subset of H(U). By Theorem 25.7.1, the mapping g > g’(zo) 
is continuous on H(U), and so the set 


Fi ={g € F: g'(z) is real, and g'(z) > 1} 


is closed, and is therefore compact. If g € Fj, then g is not constant and so, 
by the open mapping theorem, 


Fy = {9 € H(U) : g(U) CD, g'(z0) is real, and g/(z) >} 


Finally, 
G, = Fi, N {g € H(U) : g is univalent or constant} 


is a closed subset of Fj, and is therefore compact. Since the mapping g > 
g' (20) is continuous on H(U), there therefore exists f € G; for which f’(zo) = 
sup{g'(zo) : g € Gi}. We shall show that f(U) = D, so that f satisfies the 
requirements of the theorem. 

Suppose not, so that there exists b € D\ f(U). The Mobius transformation 
m_y moves b to 0 and f(z) to —b. Thus 0 ¢ m_,f(U). Since m_y,f(U) is 
simply connected, there exists a holomorphic square root function fA on it; 
(h(z))? = z for z € m_yf(U). Let c = h(—b), so that c € D, c* = —b and 
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h(m_pf(z0)) = ¢. The Mobius transformation m_,. then moves c to 0. Let 
¢@ = argc and let g = e’?m_.ohom_yo f. Then g is a univalent mapping 
of U into D and g(zo) = 0. 

Since h(z)? = z, h'(z) = 1/2h(z), so that h’(—b) = 1/2c. Further, 


m!_,(0) = 1— bb and m’_.(c) = 1/(1 — ce). 


Applying the chain rule, 


“(eg (@) 
= (s5) (—) f'(z0) = = f'(z). 


But 2\c| < 1+ |c]? = 1+ |b]. Thus g € G, and g’(0) > f'(0), giving a 
contradiction. 


Corollary 25.8.2 The group of conformal automorphisms of U is isomor- 
phic to the group of conformal automorphisms of D. 


Proof The mapping m — f~'omo f is an isomorphism of group of 
conformal automorphisms of D onto the group of conformal automorphisms 
of U. 


Corollary 25.8.3 If U, and U2 are simply connected domains which are 
proper subsets of C then there is a conformal transformation @ of U; onto U2. 


Proof Take ¢ = fy, 6 f,, where f; is a conformal transformation of U; 


onto D and f2 is a conformal transformation of Uz onto D. 


Inspection of the proof of the Riemann mapping theorem shows that 
it depends on the fact that if g is a holomorphic function on the simply 
connected domain U, and if g has no zeros in U then g has a square root; 
no other consequences of simple connectivity are used. Thus we have the 
following result. 


Proposition 25.8.4 A domain U is simply connected if and only if when- 
ever g is a holomorphic function on U which has no zeros in U then g has 
a square root. 


Proof The condition is necessary, by Corollary 22.7.2. If it is satisfied, 
then either U = C or U is homeomorphic to the simply connected domain 
D. 


26 
Applications 


We now apply the theory that we have developed to obtain further results. 
These are interesting in themselves (although they are only the first of many 
such important results), but they are principally intended to illustrate how 
the theory is used in practice. 


26.1 Jensen’s formula 


Our aim is to show that the growth of an entire function f is related to the 
location of the zeros of f. For this, we need Jensen’s formula. 


Theorem 26.1.1 Suppose that r > 1 and that f is a meromorphic func- 
tion on D, = {z : |z| < r} which has no zeros or poles in the set 
D,\ D={271< |e] <r} or at 0. Then 


log |f(0)| = — > ky(s) logs] + Y> ty(G)log|c| + == [tos f(e")| at 


seSy CEZs 


where kr(s) is the order of the pole at s and lf(¢) is the order of the zero 
at ¢. 


Proof Suppose first that SpUZy is empty. There then exists a holomorphic 
branch of log z on f(D,-), so that log f is a holomorphic function on D,. Thus 
log f(0) = 5% 7 log f (ei) dt, by Cauchy’s integral formula, and the result 
follows by taking the real part of this equation. 

Secondly, suppose that SU Z; is not empty. We use Mobius functions to 
remove the zeros and poles, so that we can again appeal to Cauchy’s integral 
formula. Recall that if w € D then the Mobius function 


ew 


m—w(z) = 1—Wz 
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is an automorphism of D, with a simple zero at w and a simple pole at 1/W, 
and that if z = e € T then 


Let p = sup{|z|: 2 € Sp U Z¢} and let + = min(r,1/p). Let 


oz) = F(2). | [TI ma |. ( T] mc 


seSy CEL 


Then g has removable singularities at the points of Sf U Zs. We remove 
them; the resulting function, again called g, is then a holomorphic function 
= with no zeros. aes | f (e’*)| = |g(e**)| for e*@ € T. Thus log |g(0)| = 


az J”, log |g(e)| dt = x J” log |f(e)| dt, by the first case. Since 
log |g(0)| = log | f(0) — ) log |rms(0)| — 7 U(C) log me (0) 
seSy ceEZs 
= log | f(0)| + 7 kr(s) log |s|— D7 %p(¢) log |¢I, 
seSy CEZs 


the result follows. 


Corollary 26.1.2 Suppose that r > u> 0 and that f is a meromorphic 
function on D, = {z : |z| < r} which has no zeros or poles in the set 
D,\ Dy= {eu < |2| <r} or at 0. Then 


u Lg i 
log|f(0)| = S> ky(s s) log |=| — $7 Up(¢)log |=] + s— | log | f(ue")| dt, 
¢ 20 
seSy CEL =e 


where ky(s) is the order of the pole at s and lf(¢) is the order of the zero 
at ¢. 


Proof Apply the theorem to the function f(z/w). 


Suppose that f is an entire function. We set n f(t) to be the number 
of zeros, counted according to multiplicity, in D;. Thus n(t) is a piecewise 
constant increasing function on [0, 00). 


Theorem 26.1.3 Suppose that f is an entire function and that f(0)= 
If f has no zeros on Ty, then 


ec) re ae it 
| Oat = = | tog|F(ue)| ae 


= 
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Proof Since 


[pa= Sf a= LY yroeis 


¢eZ;nD, “|S! CEZ;D. 


this follows from Corollary 26.1.2. 


26.2 The function 7 cot 7z 


Note that the function 7 cot 7z is a periodic meromorphic function of period 
1, with singular set Z, and with residue 1 at each pole. 


Proposition 26.2.1 Let Ry = C \U%_.,Na(n), for 0 <a < 4. Then 


n=—coO a 
the function m cot rz is bounded on Rg. 


Proof By periodicity, it is enough to show that the function 7 cot 7z is 
bounded on the set Sg = Ra N {x +iy:0< 2x < 1}. It is continuous on the 
compact set Ky = SaN{x+iy: |y| < 1}, and is therefore bounded on it. It 
is therefore sufficient to show that the function 7 cot 7z is bounded on the 
set LD={x+iy:0<2<1,|y| > 1}. Ifz=a2+iye€ L, then 
ere i + er ew 
mT cotmzZ = Ul nag ty — onary’ 


so that, since 3e72" < 1, 


ely! ++ en lyl 1 + e72n 
| cot 72| < 7 ———— a a < 27. 
eTlyl — ely! 1-—-e-* 


Theorem 26.2.2 Ifz¢C\Z then 


k 


it ae il 
t; = 2 = li 3 
rooms = 742) pe | daa 
— j= 


the sum and limit converging locally uniformly on C \ Z. 


Proof Note that neither of the series }07°, 1/(z — j) and )772, 1/(z + J) 
converges. 


The sum 
CoO 
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converges locally uniformly on C \ Z to a meromorphic function g, periodic 
with period 1, and with simple poles on Z, with residue 1 at each point. 
Thus the function 7 cot 7z—g(z) has removable singularities at the integers: 
removing the singularities, we obtain an entire function f. We show that g 
is bounded on Ry; by periodicity, it is enough to show that it is bounded on 
Sq. Since it is continuous, it is bounded on Kg, and it is therefore enough to 
show that it is bounded on L. If z € L then the real part of z? is negative, 
so that |z? — n?| > max(|z|?,n). Let k be the integral part of |z|. Then 


eS Zz k|z| 1 
2_,2|—)2 > 
ra aa |z| 
and 
= Zz : 1 |z| 
ys ——— | < [2 ee 
2. 42 = 7 eo o) 
j=k+l = haath 1) k 


which gives the result. 
Consequently, the function f is a bounded entire function, and is therefore 
constant, by Liouville’s theorem. Finally, 7 cot 7/2 = 0 and 


k 
il 
1/2) = li = ii 
o(1/2) = Jim | ) 7] = img 


=0, 


so that f = 0. 


We can use this theorem, together with the residue theorem, to calculate 
certain infinite sums. 


Corollary 26.2.3 Suppose that f is a meromorphic function with a finite 
singular set disjoint from Z, for which 


Nr = sup{|zf(z)| :|z] = R} 30 as R- oo. 


Let g(z) = nf (z) cot mz. Then 


oe) 


SC res g(s) = —f(0) — SF) +f (9): 


seSy 9=1 


Proof The function g has simple poles on Z, and the residue at j is f(/). 
Suppose that k € N and that k > sup{|z| : z € Sy}. By the residue theorem, 


k 
/ af (z) cot mzdz = 2ni S| res 9(s) + S- fGV) 
Kik+1/2 


seSy j=—k 


772 Applications 


By Proposition 26.2.1, M = supzen (suppress | cot 2) < oo, and so 


/ wf (z) cot rz dz 
K+1/2(0) 


as k + oo, from which the result follows. 


< 2rM Nz+1/2 > 0 


Example 26.2.4 If0<a<1 then 


oe) 


D Gai = (sea) 


j=—00 


Let f(z) =1/(z —a)?. Then cot rz/(z — a)” has a pole of order 2 at a, 
with residue —(7/sin 7a), so that ae 1/(j — a)? = (x/sin xa). 
In particular, putting a = 1/2, it follows that 


aa 1 Lig 1 L 1 
2 
Ss z=4>, T\2 2 3 my 778 
(2n+1)° Ae (n+5)? 82% (n+ 3) 
Since 
Co [o-e) Co Co Co 
il 1 1 1 ik 1 
A-Data eth 
2 2 2 2 2 
ere = (2n + 1) = (2n) = (2n + 1) 4 tu 


it follows that S>°°., 1/n? = 77/6. We can also obtain this result directly. 
The function (7 cot 7z)/z? has a pole of order 3 at 0, and straightfor- 
ward calculations show that the residue is —7?/3. Thus we again find that 


yor Sr 


26.3 The functions 7cosec 7z 


The function g(z) = sin7z is an entire function. It is periodic, with period 
2. Its zero set is Z and g'(z) = mcos72z, so that g/(n) = (—1)"7, for n € Z. 
Thus the function mcosecaz = 7/sin7z is a meromorphic function on C, 
with singular set Z; the residue at n is (—1)”. 


Proposition 26.3.1 Let z =a+iy. Ifk € Zandx =k+ 5; then 
|ncosec 1z| < 2re77!¥| and if |y| > 1 then |rcosec 1z| < 4re77¥! 


Proof If |z| =k+4 then 


|tcosec z| = / cosh y < 2ne—™!. 


26.38 The functions mcosec rz 773 
If |y| > 1 then 


20 
7 
emlyl —e€e —Ty| 


217 


eee eee < dre Yl, 
eina—Ty _ e-ima+ry 


|7cosec 1z| = 


Theorem 26.3.2 I[fz¢€C\Z then 


ae 
_1)J 
reoseenz = S> OY 


and the double series converges locally uniformly on C \ Z. 


Proof First observe that 


2k k 
iy — - 
Bee rar wp) 7d (27 —1))’ 
and 
2k k 
1 
pS ee ae acy), 


k 
hi (z + 27) Ey 
so that each of the series )07° ,(—1)/(z — j) and 02, (-1)//(z + j) con- 
verges locally uniformly on C \ Z, and so the double series converges locally 
uniformly on C \ Z. 
Now cosecu = cot u/2 — cot u. It therefore follows from Theorem 26.2.2 
that 


2 a iL z 
=]-+2 yy —}-+2 S 
TCOSeC TZ = Fi + Gaze r + a7 
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We can require weaker conditions on the decay of f when we consider 
infinite sums, using the function mcosec 7z instead of 7 cot 7z. 


Proposition 26.3.3 Suppose that f is a meromorphic function with a 
finite singular set disjoint from Z, for which 


Mr = sup{|f(z)| :|z| > R} +0 as Ro. 


Let h(z) = mf (z)cosecaz. Then 


d resa(s) = —F(0) — D(-1P FG) + F(A). 


ses J 


Me 


a 


Proof The function h has simple poles on Z, the residue at j being 
(—1)’ f(j). Here it is convenient to consider square contours 7%41/2, with 
vertices at (+1 + i)(k + 4). Let Veti/2 = sup{|f(z)| : 2 © Yet12}; then 
Ve41/2 — 0 as k + oo. By the residue theorem, 


k 


/ wf (z)cosec rz dz = 2ni > Tes g(s) + SS (—1)) f(y) 
Yet+1/2 


seSp j=—k 


Using Proposition 26.3.1, it follows that 


1 
k+5 
/ h(z) dz) < ve41/2 if * Ame-™ dt + Are—™+1/2) (Ak + 2) 
Yr+1/2 0 


< 32V,41/2 > 0 


as k — oo, and so the result follows. 


Example 26.3.4 IfaeRanda#0, then 
T 1 S. (-1)/ 
= 19 : 
sinhta a = a), y2 +a? 


Take f(z) = 1/(z — ia). The residue of h(z) = af(z)cosecmz at ia is 
m/isinh(za), so that 


7 1 si 1)3 be 
isinhna = —ia a j-ia —j—ia)” 


Multiply by 7, and simplify the summands. 
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Recall that the beta function B on (0,00) x (0, co) is defined as B(x, y) = 
feta oe! de. 


Corollary 26.3.5 If0<a2<1 then B(x,1-—2x) = mcosecre. 


Proof For each is equal to S>°° i. (See Volume I, Section 10.3.) 


j=-00 Ej 


Exercises 


26.3.1 Show that if 0 < a < 1 then 


oe) 


1 2(-1)5a 
TCOSEC TA = ai = yy poe 
Show that when a = $ then this formula reduces to the familiar 
formula 
ud —a 1 +—-——+ 
4 3.5 #7 


26.3.3 Calculate the sum 


1 1 1 1 
D3 gat a gg 


26.4 Infinite products 


Suppose that F’ is a meromorphic function on C, with nonzero poles 
{s1, S2,...} and zeros {¢,, ¢2,...} listed in order of increasing modulus. Sup- 
pose that k; is the order of the pole s; and that 1; be the order of the zero ¢;. 
Then, as in Section 23.5, the function f(z) = F’(z)/F(z) is a meromorphic 
function on C, with simple poles on Sp U Zp, the residue at s; being —k; 
and the residue at ¢; being J;. Again, let (r,) be an increasing unbounded 
sequence of positive numbers for which T,,, (Sr U Zp) is empty, and let 
M, = sup{|f(z)| : z € T,,,}. Then there are finitely many poles and zeros 
of f inside T,,,: let them be {31, 80,...,3;,}U{G1, Go,.-.5G, }- 
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Theorem 26.4.1 Suppose that F is a meromorphic function on C with the 
properties described above, that M, + 0 as n — co, and that 0 ¢ SpU Zp. 
Suppose that w € C\ (SpU Zp). Then 


The limit exists locally uniformly on C \ (Sr U Zp). 


Proof Applying Theorem 23.5.6, we see that 


Fw). . (Sk OS 
Ay Drege Bers , 


j=l i=1 
the limit existing locally uniformly. Suppose that zo € C \ (Sr U Zp), that 


K = M5(z20) C C\(SrUZp) and that w € K. Integrating along a rectifiable 
path in C \ (Sp U Zp) from 0 to zo, and in K from zp to w we see that 


log F(w) = log F'(0) 0)— lim Sh lorx (1-2) - Steen (1) ; 


where log, is appropriately defined for w € K, and that the convergence is 
uniform on K. Applying the exponential function, the result follows. 


If the sequence (M,,)°° 


n=] 


appeal to Theorem 23.5.7. 


is bounded, but not a null sequence, we must 


Theorem 26.4.2 Suppose that F is a meromorphic function on C with 


the properties described above, that (M,)°°, is a bounded sequence, and that 


0¢ SrUZp. Suppose that w € C\ (SpUZp). Then 


tn l; Jn —k; 
F(w) = F(0). lim II ((: = *) eo . II ((: _ =) nein) 


j=l 


The limit exists locally uniformly on C \ (Sr U Zp). 
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Proof Using Theorem 23.5.7, and arguing as above, 


log F(w) — log F'(0) 


Jn tn 
w w w w 
=— lim k; (lo 1—-—)+— 1; | log (1-2) +2) : 
nF y i( wv :) 7 d ( GG 


and exponentiation again gives the result. 


Corollary 26.4.3 If, in addition, F is an even function, with zeros 
{¢1,¢4,---} and poles {s},s5,...} in the half space H, = {z =x+iy: az > 0} 
(listed in order of increasing modulus) then 


be a 4 Derk 2 —k; 
F(w) = F(0). tim {TJ (1 = =) TI [: - =n) 


i=l j=l 


Proof Pair the zeros ¢; and —¢/, and the poles Gi and =. 


Example 26.4.4 (Euler’s product formula) 


sin tz= “ll (1 7 =) — Tz I (1 7 =) e*/m) 
I(G+3)<"")}. 


and each of the products converges locally absolutely uniformly on C \ Z. 


Proof Let F(z) = (sinmz)/mz. Then F"(z)/F(z) = cot mz —1/z, and so, 
taking r, = n+ 5; the sequence (M,,)°°_, is bounded. We can apply Theorem 
26.4.2, and Corollary 26.4.3. Corollary 26.4.3 gives the first equation. Since 
0<1-—(1—w)e” < w? for 0 < w <1, it follows from Proposition 20.5.2 
that each of the products 

7 Zz te Zz 

1—Z) er) and T] (1+ 5) 2) 
II (( = € an Il ae . € 


j=l 
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converges locally absolutely uniformly on C \ Z. Thus 


ae (TO-De") (MCs) 


= (TT 0-2) ). (am TT (+ 2) ew), 


so that the second equation follows from Theorem 26.4.1. 


26.5 *Euler’s product formula* 


(This section can be omitted on a first reading.) 


In Example 26.4.4, we established Euler’s product formula for sin 7z. The 


proof depended in an essential way on the residue theorem. Euler established 


his formula long before Cauchy established the residue theorem, and it is 


of interest to prove Euler’s theorem in a more elementary way. In Euler’s 
time, rigorous analysis had not been developed, but we shall proceed accu- 
rately, making use of Weierstrass’ uniform M test for products (Volume II, 


Corollary 14.2.10). 


Let us set wp, = e?7/", for n € N. Then w” = 1 and the roots of the 


polynomial X” — 1 are 1,wp,w7,...,w"1, so that 
n-1 
X"™—-1=(X-1)][(X -o4). 
j=l 


Note that w”! is the complex conjugate of wi, so that 


(X —wi)(X — wh) = X? — 2cos(2nj/n)X +1. 


Thus if n = 2k + 1 is odd then the homogeneous polynomial X” — 


be factorized as a product of real polynomials 
k 
AM = YR = wile 2 _ 2cos(2mj/n)XY + Y?), 


while if n = 2k is even then we have the factorization 


k-1 


Y” can 


X™—Y" =(X —Y)(X +Y) || (X? - 2cos(2xj/n)XY +Y”). 


j=l 
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These factorizations are very useful, and we use them to establish Euler’s 
product formula. 


Theorem 26.5.1 Jf z€C then 
sinatz = nz] (1 _ =) ; 
j=l 
and the product converges locally uniformly. 


Proof Suppose that z € C and that n = 2k +1 is an odd natural number 
greater than |z|. If log is the principal value of Log in the right half-plane, 
then 


2 
Inlog (1+ 2) - 2) < EE 14 la lz at a __ iP 
nS on nn an — TaD 


and (1+ z/n)" > e? as n > oo. Thus if we set 


m3( (8) -(-8)) 


it follows that sin, (z) > sin z as n — oo. 
Since (1 + iw)? + (1 — iw)? = 2(1 — w?) and (1+ iw)(1 —iw) =1+4 w?, 
applying the formula above we find that 


(1+ iw)" — (1 — iw)” 


k 
= iw T] (2(1 — w?) — 2c0s(2nj/n)(1 + w?)) 


k 
2iw II ((2 — 2cos(2mj/n)) — (2 + 2cos(27j/n))w) 


k : 
1+cos(27j/n) 5 
= n LS 
ue Ul ( 1- cos(2nj/n) 


k F 

Tj 

= 2iwA I] ae" wot? 
aw I Ww CO re 
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where A, is a constant. Comparing the coefficients of w on the two sides of 
the equation, we see that A, =n. 
Setting w = 1z/n = 17z/(2k + 1) we see that 


a 2 2 . 
. _ Wz g TW 
eee mel 0- ep" a) 


We now appeal to Weierstrass’ uniform M test for products. (Volume II, 
Corollary 14.2.10). Let N = N U {oo} be the one-point compactification of 
N. If k EN let 


fj (k) = 0 fork < j, 


2,2 
Saree cot? a i for 7 <k < +o, 
= 5 for k = +00. 


Since @cot@ + 1 as @ — 0, it follows that each f; is continuous on N. 
Further, @cot @ is a decreasing function on (0,7/2) (verify this!), so that 
IlFilloo < [27|/9? and yt I Fillo < 00: Thus the conditions of Weierstrass’ 


uniform M-test for products are satisfied, and so the product Tx (l=7,(k)) 
converges uniformly to a continuous function g, on N as J — oo. But 


mzgz(k) = nz] ] (1 — f(b) = singx (2) 


for k € N, and 
T29z(00) = 7z I ae =). 


so that, since g,(k) > gz(oo) as k > on, 
sintz = lim sinan41(72) eI =) 


Finally, the product converges locally uniformly, since if |z| < R then 
2? /P?| < BP /e?. 


We can use this to give a proof of Theorem 26.2.2 which does not depend 
upon the residue theorem. 
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Corollary 26.5.2 If z¢C\Z then 


1 a La 1 1 
t, = 2 = —_— 5 
ae ras rr th (ss =) 


and the convergence is uniform on the compact subsets of C \ Z. 


Proof First consider the case where x € (0,1), so that 0 < sinaa < 1. 
Since the function log is continuous on (0, lL], 


o° 2 
log sinaa = log rmx + ) log (1 — =| : 

: J 

j=l 


d 1 1 x Qu 

—- 16 —~—\)-—*_ 

ae Re a) 
and a 2x /(x? — j*) converges uniformly on compact subsets of (0,1). We 
now appeal to Corollary 12.1.7 of Volume II. This implies that 


Now 


co 


t © epi as as = Ss : : 
Tv Ce = — sInTZ = — 77 rs = ’ 
ree — aie x a ar — j2 xv ra %-j “£4+ 5 


and that the convergence is uniform on the compact subsets of (0, 1). 

The series on the right also converges locally uniformly on C \ Z to a 
holomorphic function f on C \ Z. Since f(x) = mcot aa for x € (0,1), it 
follows that f(z) = mcot mz for z € C\ Z. 


Exercises 


26.5.1 Suppose that n = 2k. Show that 


k 
X"4Y" = || (X? — 2cos((2j — 1)4/2k)X¥ +Y°). 
j=l 
Argue as in Theorem 26.5.1 to show that 


oe) 


csme=T] (1-55). 


j=l 
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26.5.2 Obtain the same result, by using the formula sin2x = 2sinxcosz, 
and carefully using Euler’s product formula for sin x. 

26.5.3 We define sec z = 1/cosz for z 4 (2n — 1)7/2. Show that if z 4 w 
and w # 0 then (1 — z/w)-! = 1+ 2/(w — z). Use this to establish 
the following identities: 


Las 2 
TCosec TZ = alt (1+5 —) for z € \ Z; 


[oe 
Az? 1 
nsoens =] (1+ ama) for 2—5°€ C\ Z; 


4 (4j — 1)2? 1 
tne = ae] (14+ apa for z—~ 5 € C\ Z; 


lp 4j —1)z? 
cotnZ = — (- Soa) for z€ C\Z; 


eee 
a 2j —1)°(9 
sin 1 za we — 2? 
=— ae 5) forweC\Z. 
sinmw ws p-w 


Show that the products for 7 cosec 7z and cot 7z converge uniformly 
on the compact subsets of C\Z and that the products for 7 sec 7z and 
tan mz converge uniformly on the compact subsets of C \ (Z + 1/2). 

26.5.4 Show that (d/dx)logtanz = 2/sin2z, for « ¢ 7Z. Establish the 
following identities: 


_ 82? 
t = 
an mz 2 Oa 

- 1 1 

aie 2° et gaged 
= zg 

cosec TZ = —+ 2S °(-1)) (= = =) 

j=l 


= 1 


1 1 
=-+) —1)/ + f €C\Z. 
z 2 ) (— —) ae \ 
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26.6 Weierstrass products 


Suppose that G,...,¢y are distinct non-zero complex numbers, and that 
l1,...,/y are natural numbers. Then the polynomial function 
st z 
l 
pz) =[[a- >) 
j=l ) 


has zeros at ¢1,...,¢n, with multiplicities 1,,...,ly. If, further, lo € N then 
z'°p(z) also has a zero at 0, with multiplicity Jp. (The fact that we have to 
consider 0 separately is a rather trivial nuisance, but is one that will recur.) 

Suppose that U is a domain and that Z is an infinite discrete subspace 
of U \ {0}. We can write Z = {¢1,¢2,...} where the terms are distinct, 
and are arranged in order of increasing modulus. Suppose that (15) Fey isa 
sequence in N. Can we find a holomorphic function f on U with zero set 
Zr equal to Z, and with the multiplicity of the zero at each ¢; equal to 
L;? A first attempt might be to try f(z) = jen (1 — 2)"; but as Euler’s 
product formula shows, the product need not converge. On the other hand, 
the inclusion of an exponential term in each factor of Euler’s product formula 
produced a product which converges locally uniformly. Weierstrass showed 
that if suitable exponential terms are included in each factor, then a locally 
uniformly convergent product results. 

First, let us describe the exponential terms that we shall need. We 
introduce several entire functions. Suppose that n € Zt and that w € C. Let 


Ao(w) = 0, 

An(w) = w+w?/2+---+w"/n, for n> 0, 
da) = ern (w) 

E,(w) = (1— w)dn(w), 

n(w) =1— E,(w) 


Note that if |w| < 1 then A,(w) > —log(1—w) as n > oo, so that d,(w) > 
1/(1—w), E,(w) > 1 and g,(w) > 0 as n > oo. 

The entire functions FE, are called elementary factors. Suppose that U 
is a domain and that m is a Mobius function on U which does not have a 
singularity in U. The holomorphic function FE, 0m on U is called a Weier- 
strass factor, and a product of Weierstrass factors which converges locally 
uniformly on a domain is called a Weierstrass product, as is the holomorphic 
function which it defines. We shall answer the question above by constructing 
functions which are Weierstrass products. 


784 Applications 
We need to know how quickly g,(w) converges to 0 as n — oo. 
Proposition 26.6.1 Ifn<¢N and |w| <1 then |gn(w)| < |w|"*!. 


Proof Each of the functions described above is an entire function. Since 
dy,(0) = 1, dy, has a Taylor series expansion d;,(w) = 1+ 772) a;w /j!. Since 
all the coefficients of the Taylor expansion of e” and all the coefficients in 
the definition of \,,(w) are positive, it follows that a; > 0 for 7 € N. Since 
E,,(0) = 1, Ey has a Taylor series expansion E,(w) = 1+ 77°) bw /j!. Let 
us consider the derivative of E,,: 


We draw two conclusions from this. First, b; = 0 for 1 < 7 < n. Secondly, 
b; <0 for 7 >n+1. Thus 


O= En(1)=1+ a 4 =1- 3 [esl 


so that )7j41 |bj|/j! = 1. Consequently, if |w| < 1 then 


Be . 
b, ws (+1) 
lgn(w)| = [1 — En(w)| = |w|"** | 5° 35 
g=nt+1 
[by 
n+l J n+l 
< wit SEF = Iw 


We begin with the simplest case, when U = C. 


Theorem 26.6.2 Suppose that Z is an infinite closed discrete subspace 
of C \ {0} and that (1;)72, is a sequence of natural numbers. Let Z = 
{G1, Go,...}, where the terms are listed in order of increasing modulus. Write 
Z ={m,12,.--}, where each ¢; is repeated 1; times, and the terms are listed 
in order of increasing modulus. If (py)?21 is a sequence in N for which 


oo r Pntl 
(4) < oo for all r > 0, 


n=l 
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then the product 


= w = w 
][@. (=) = lm ||, (=) 
n=1 "Mn ami n=1 "Mn 


converges locally uniformly to an entire function f on C, for which Zp = Z 
and the zero at ¢; has multiplicity 1;, for j EN. 


Proof We begin with two remarks. First, |jj;| + oo as j —> oo, and so the 
condition holds if we take p, = n for n € N. But it is desirable to take p, 
small; for example, if Z = Z \ {0}, the we can take p, = 1 for all n, as in 
Euler’s product formula. Secondly, the infinite product does not converge in 
the strict sense of infinite products, since there are terms which are zero at 
points of Z. 

We show that the product converges locally uniformly. Suppose that K is 
a compact subset of C. Let r = sup{|z|: z € kK}. There exists ng such that 
\7m| > r for n > no. If w € K and n > no then 


‘i p \Petl 
tra(=)| < (4) for w € K, 
Pen "in| 


so that the sum }7°° 9p. (;~) converges uniformly on K. It therefore 
follows from Proposition 20.5.2 that the infinite product 


II (\-» (F))= 1 


n=nNno n=Nno 


converges uniformly on K to a continuous function, not taking the value 0. 
[oe) 


Consequently [[7-_, Epn(w/m) tends locally uniformly to an entire f on C, 
Zr = Z, and each zero ¢; has multiplicity 1;, for 7 ¢ N. 


We can easily deal with the case where 0 € Z: let h(z) = 2'° f(z). Then h 
also has a zero, with multiplicity lp, at 0. 


Example 26.6.3 The product 


wie) = T=] ((-2)e*”). 
n=1 1 


The product converges, since )>°°_,(1/n?) < oo, and so Wy is an entire 
function with zero set N. Each of these zeros is a simple zero. Euler’s product 
formula can then be written as sina7z = 7zW (z)W,(—z). We shall consider 
this function further in the next section. 
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Next we consider the case where U is a proper subset of C and Z is 
bounded. The idea of the proof is the same, but the details are rather more 
complicated. 


Theorem 26.6.4 Suppose that U is a domain which is a proper subset of 
C, that Z is an infinite bounded closed discrete subspace of U and that (1j)7-1 
is a sequence of natural numbers. Let Z = {¢1,¢2,...}, where the terms are 
distinct. Then d(¢;,0U) > 0 as j + co. Write Z = {m,n2,...}, where each 
¢; is repeated |; times, and the terms are listed so that (d(1m,0U))°°, is 
a decreasing sequence. The sequence (d(1m,0U))°2, is a null sequence. For 
each n, there exists Jn, € OU such that |nn — bn| = d(m™m, OU). If (pn)PL, is a 
sequence in N for which 


foe) d m pntl 
» (“") < oo for all r > 0, 


r 


then the product 


~ Mn — On 
I. (B=) 


converges locally uniformly to a holomorphic function f on U, for which 
Zs =Z and the zero at ¢; has multiplicity lj, for 7 € N. 


Proof If r > 0 then the set {¢ € Z : d(¢,OU) > r} is a bounded closed 
subset of U, and is therefore finite. Thus d(m,,0U) — 0 as n — oo. If 
™m € Z then {6 € OU : |m — 6| < 2d(m,0U)} is a compact set, so that 
there exists 6, € OU for which |n, — 6,| = d(m,O0U). Suppose that K is a 
compact subset of U. Let r = inf{d(w,0U) : w © Kk}. Then r > 0, and so 
\(n — On) /(w — 6n)| < d(Mn,0U)/r, for w € K. Thus 


=. Mn — On <. d(1n, OU) an 
am Ne pad etl 2 
Ds fom (Baz) s (SB) < on 


n=1 
so that the product 


fe (S24) 
Pn 
a w— on 
converges locally uniformly to a holomorphic function f(w) on U, for which 
Zr = Z and the zero at ¢; has multiplicity 1;, for 7 € N. 


Example 26.6.5 Blaschke products. 


Theorem 26.6.4 applies when U is a bounded domain, and in particular, 
it applies when U = D. For example, suppose that (¢,)?2, is a sequence of 
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distinct non-zero elements in D and (I,,)°2, is a sequence in N for which 
Yor n(1 — IGnl) < 00. Then, writing ¢, = rne, the function f(w) = 
[1 ((w — Gr) /(w — e%”))' is a holomorphic function f on D for which 
Zr = Z and the zero at ¢; has multiplicity 1;, for 7 ¢ N. This function has 
some unfortunate features, since |(w — ¢,)/(w — e!")| > oo as w > e”, 
Let us replace each bn by yn = 1/Gn. Then 37°24 In|Gn — Yn| < 00, and so 


the product 
= Cn —%7n : = Cn — Ww in 
jo = ca 
II ( W— Yn II Yn — W 


n=1 


also converges locally uniformly to a holomorphic function f(w) on D for 
which Z; = Z and the zero at ¢; has multiplicity 1;, for 7 © N. But 
[1 /lén|)’" also converges, and so the product 


In 
n=l Cn 1— Gnw 
converges to a function B(w), with the same properties. This function is 
called a Blaschke product. Each function (¢, — w)/(1 — ¢nw) is a Mobius 
function which is an automorphism of D and which is a homeomorphism of 
D. Consequently |B(w)| < 1 for w € D. As we shall see in Part Six, B(w) 
also behaves well as w approaches the boundary T of D. 
We now return to our original problem, and consider the general case. 


Theorem 26.6.6 Suppose that U is a domain which is a proper subset of 
C, that Z is an infinite closed discrete subspace of U and that (1;)721 ts a 
sequence of natural numbers. Let Z = {C1,¢2,...}, where the terms are dis- 
tinct, and let Z = {m,2,-..}, where each ¢; is repeated |; times. Then there 
exists a sequence (Mn)°, of Mdbius functions such that [][P°, En(mn(w)) 
converges locally uniformly to a holomorphic function f on U, for which 
Zs = Z and the zero at ¢; has multiplicity 1;, for j ¢ N. 


Proof Note that if Z is bounded, then the result follows from Theorem 
26.6.4. For then, with the notation of Theorem 26.6.4, |p, —6n| > 0, so that 


- Tin — On = Tn — On es . 
Slow (Bt) S| (RS) saat. 


consequently, the product converges locally uniformly. 
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Suppose first that Z is bounded, and that U is unbounded. We retain 
the notation - Theorem 26.6.4. We show that f(w) > 1 as w —> oo. Let 
R= Sup{|¢|| :¢ € Z}. Then |z| < R for all z € Z, and so there exists z € OU 
with |z| & R. Consequently |, — dn| < 2R for all n € N. Suppose that 
0 << 4. There exists S > 0 such that if |w| > S then 2R/(|w| — R) <e. 
For such w, | — 6n|/|w — On| < € for all n, so that 


Consequently, f(w) < 2e, by Proposition 20.5.2. 

Now return to the general case. Let wo be an element of U. There exists 
r > Osuch that M,(wo) C U. Let T(w) = r/(w—wo), for w € U\ {wo}. Then 
T maps U \ {wo} conformally onto V = T(U \ {wo}) and T(Z) C D. Thus 
there exists a Weierstrass product which converges locally uniformly on V 
to a holomorphic function f, for which Z, = T(Z), and the zeros have the 
appropriate multiplicity. Let f(z) = h(T(z)) for z € U \ {wo}. Then f has 
a removable singularity at wo; setting f(wo) = 1, we obtain a holomorphic 


function on U with the required properties. 


Theorem 26.6.7 (The Weierstrass factorization theorem) Suppose that f 
is a non-constant holomorphic function on a simply connected domain U. 
There exist a holomorphic function h and a Weierstrass product w on U 
such that f = e”w. 


Proof Let Z; be the zero set of f. There exists a Weierstrass product w 
on U with zero set Z;, and with zeros with the same multiplicity as the 
zeros of f. Thus the function f/w has removable singularities at the points 
of Zr. Let g be the function obtained by removing the singularities. Then 
g is a holomorphic function on U with no zeros. By Theorem 22.7.1, there 
exists a continuous branch of log g on U. Let h = log g. Then f = e”w. 


In the case where f is an entire function for which f(0) ¢ 0, with zero 
set {C1,¢2,...}, we can take w to be [°° (Ep, (z/Gn)), where In is the 
multiplicity of the zero ¢,, and the sequence (p,,)°°., is chosen in such a way 
that the Weierstrass ay converges locally cailerly If f(0) = 0, we 
must include a factor z'°, where Ip is the multiplicity of the zero at 0. 

We can use these eels to construct meromorphic functions with given 
zeros and poles. If S is a closed discrete subspace of a domain U and k is 
a mapping from S' to N, we can construct a holomorphic function h on U 
with zero set S, where the zero at s € S has multiplicity k(s): then 1/h is a 
meromorphic function on U with no zeros, and with singular set S, the pole 
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at s € S having order k(s). If Z is a closed discrete subspace of U disjoint 
from S and / is a mapping from Z to N, we can construct a holomorphic 
function g on U with zero set Z, where the zero at ¢ € Z has multiplicity 
I(¢): then f = g/h is a meromorphic function on U with given zeros and 
poles. 

In fact, meromorphic functions can be constructed with more strongly 
prescribed properties at the poles. 


Theorem 26.6.8 (The Mittag—Leffler theorem) Suppose that S' is a closed 
discrete subspace of a domain U and that p is a mapping from S into 
the space of complex polynomials of positive degree. Then there exists a 
meromorphic function f on U such that the principal part of f at s is 


ps(1/(z — 8). 


Proof We shall only prove this in the case where U = C or D: the proof 
in the general case requires results about the approximation of holomor- 
phic functions by rational functions. The proof involves sums, rather than 
products. 

First we consider the case where 0 ¢ S. Let (rp,)°2, be a strictly increasing 
sequence such that inf,eg|s| > ri, and such that r, — oo (if U = C) or 
Mm 7 1 (Gf U =D) asn- ow. Let Dy = {z: |2| < rn}, let An = Dn \ Dn 
and let S, = SM An, for n € N. The function f(s) = di .eg, Ps(1/(z — s)) 
has poles in A, with the correct principal parts, and is holomorphic in a 
neighbourhood of D,,. Thus the Taylor series expansion of f,, about 0 has 
radius of convergence greater than r,,. It follows, by taking sufficiently many 
terms, that there is a polynomial g, such that sup,ep, | fn(z)—gn(z)| < 1/2”. 
But then the function hy, = fn—gn has the correct principal parts in A,, and 
the series }°°°_, hy, converges locally uniformly on U \ S' to a meromorphic 
function with the required properties. 

If 0 € S, we simply add po(1/z) to the function obtained for the set 


S\ {0}. 


Corollary 26.6.9 Suppose that f is a meromorphic function on a domain 
U, and that Sy is the disjoint union of A and B. Then there exist 
meromorphic functions g and h such that f=g+h, Sg=A and S,=B. 


Proof By the theorem, there exists g with S,=A such that f—g has 
removable singularities at the points of A. Remove them, and set h= f — g. 
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Corollary 26.6.10 Suppose that f and g are holomorphic functions on a 
domain U, and that Zp Z, =. Then there exist holomorphic functions h 
and k on U such that hf +kg = 1. 


Proof The function 1/fg is meromorphic on U, with singular set ZU Zz. 
By the preceding corollary, we can write 1/fg = a+, with Sg = Zy and 
Sp = Zy. Let kk =af. If ¢ € Zy, then 1/g and af are both holomorphic in a 
neighbourhood of ¢, and so k = 1/g—af is holomorphic in a neighbourhood 
of ¢. Since it is holomorphic elsewhere, & is a holomorphic function on U. 
Similarly, h = bg is a holomorphic function on U. Finally, 1 = fgb+ fga= 
hf + kg. 


Exercises 


26.6.1 Suppose that U is a domain other than C. Show that there is a 
closed discrete subspace Z of U such that Z = ZU OU. Construct a 
holomorphic function f on U with the property that if V is a domain 
which contains U as a proper subset, then f cannot be extended to 
a holomorphic function on V. 

26.6.2 Construct a holomorphic function B on D with the property that for 
each z € T there exist sequences (Zp,)°2., and (w,)?2, in D such that 
Zn > Z, Wn > 2, B(zn) 20 and B(wn) 4 1 as n> ov. 


26.7 The gamma function revisited 


In Volume I, Section 10.5, we established properties of the gamma function, 
considered as a function of a real variable. Here we consider it as a function 
of a complex variable. 

If z =a +iy and t > 0, then |t?~te~*| = t?-'e*, so that the integral 


converges locally uniformly on the right half-plane H, = {z = x+iy: x > 0} 
to a holomorphic function [ on H;. We can however extend I’ further. We 
split the defining integral into two. Let 


1 
To(z) = lim (/ fe it) 


R 
and [;(z) = lim fle de |. 
R-co i 
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The integral for I; converges locally uniformly on C, and so I; is an entire 
function. 
Suppose that z = «+ iy, with x > 1. Since 


co 


e* = S$ °(-1)"4"/nl, 


n=0 


and since the series converges uniformly on {0, 1], 


Po(z) = lim (Soar (fee «)) 


= doom (f Se#) = Late 


n=0 


Now this series converges locally uniformly on C \ {0,—1,—2,...}, and so 
it defines a holomorphic function on C \ {0,—1, —2,...}; we again denote 
this function by ['9. Further, omitting the term (—1)"/n!(z + n), we see 
that [9 has a simple pole at —n, with residue (—1)"/n!. Thus, if we set 
T(z) =To(z) +Ti(z) for z € C \ {0, —1, —2,...}, we obtain a meromorphic 
function on C. 


Proposition 26.7.1 Jf z¢C\ {0,—1,—2,...} then T(z4+1) = 2I(z). 


Proof Let f(z) =T(z+1) - 2I(z) for z € C \ {0,-1, -2,...}. Then f 
is a holomorphic function. By Proposition 10.5.1 of Volume I, f(x) = 0 for 
x € (0,00), and so the zeros of f are not isolated. Thus f = 0. 


Proposition 26.7.2 Ifz¢€C\Z thenT(z)[(1 — z) = mcosec rz. 


Proof Proposition 10.5.4 of Volume I stated that if x and y are real and 
positive then ['(x)C'(y) = B(a, y)I'(x + y); in particular, if x € (0,1) then 


I(2)C(1 — x) = B(z,1 -— x) = xcosec aa, 


by Corollary 26.3.5. Thus I'(z)C(1— z) —cosec 7z is a holomorphic function 
on C \ Z which vanishes on (0,1), and is therefore zero. 


Corollary 26.7.3 The function T(z) has no zeros in C \ {0,—1, —2,...}. 


Proof Ifz¢€C\Z and I(z) = 0 then mcosec mz = 0; but mcosec 7z has 
no zeros. If z € N, then ['(z) = (2-1)! £0. 


Corollary 26.7.4 I'($) = V7. 
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Proof For mcosec 7/2 = 7. 


We can see this another way. Setting t = s?/2, 


TQ) = / tV2e-t dt = vi f e ©)? ds = Jr. 


We can also extend the beta function. Let B,(z) = [(z)F(w)/T(z + w) 
for w ¢ {0,—1, —2,...} and z ¢ {0, -1, -2,...}U{-—w, -l-—w, -2-—w,...}. 
Then B,, is a meromorphic function of z. Ifn € Zt then B, has a simple pole 
at —n, with residue (—1)"T'(w)/n!I'(w—n). On the other hand, the function 
T(z) =T(¢+w) has a simple pole at —n — w, and so B,, has a removable 


singularity at —n — w. Thus By can be extended to be a meromorphic 
function on C\{0, —1, —2,...} and B, then has zero set {-n-—w:n€ Zt}. 
We therefore define B(z,w) to be B,(z) for z,w € C \ {0,-1, -2,...}; if z 
and w are real and positive, this agrees with the previous definition of the 
beta function. 

The function 1/T is an entire function, with simple zeros at 0,—1,—2,..., 
and we can apply the Weierstrass factorization theorem to it. What is the 
result? 


Theorem 26.7.5 (i) Let 


L(z) =e /2Wi(-z) =e? /z T] (1 + z/n)e“*””), 


n=l 


where y is Euler’s constant. Then L=T. 
(ti) Let Ly(z) = (n— 1)!n*/z(z24+1)...(2+n—-1). Then Ly(z) > T(z) 
locally uniformly on the domain U = C \ {0,—1, —2,...}. 


Proof First we show that L,,(z) — L(z) locally uniformly on U. Now 


i 
Zz ev (logn—(14+5 4-25) 


n—-1 


“Ale eae) ee). B=) 


n—-1 n—1 


1 
: (log (1 5 --+-4 —)) > YZ 
he 


and Ey(—z)E, (=) Ey (--44) + Wi(-z) 


since 


locally uniformly on U as n — ov, the result follows. 
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Now L,(1) = 1 and L,(z+ 1) = nzLp(z)/(z +n), so that L(1) = 1 and 
D(z +1) = zL(z), for z € U. Let T; be the strip {z =x+iy:1<a< 2} 
Ifz = a+iy € Tj, then |1 + 2/n| > |1 + 2/n| and |n?| = n*, so that 


|En(z)| < Lp(a) and |L(z)| < L(x). Since L is bounded on [1,2], it follows 
that L is bounded on 7). Similarly 


| a ae at < | Pe are, 
0 


0 


IT) = 


so that I is also bounded on T}. 

Now let F(z) = L(z) — T(z). The function F' is a meromorphic function 
on U which satisfies F(z +1) = zF(z) for z € U and is bounded on 7}. 
Since D(1) = [(1) = 1, F(1) = 0. Using the equation F(z +1) = zF(z), it 
follows that F(z) + F’(1) as z + 0, so that F has a removable singularity 
at 0. Using the equation F(z +1) = zF(z) repeatedly, it then follows that 
F(z) > (-1)"F(0)/n! as z + —n, so that all the singularities are removable; 
removing them, F’ becomes an entire function. We must show that F = 0. 
Let To be the strip {z = x+iy:0< a < 1}. Since F is continuous, F' is 
bounded on the set {2 = x+iy € Tp: |y| < 1}. If z = 2+ ty € To and 
ly| > 1, then |F'(z)| = |F'(z+1)/2| < |F(<+1)|, and so F is bounded on To. 

Let us now set G(z) = F(z)F(1-— z). Then G is an entire function which 
is bounded on To, and G(z) = G(1 — z). Further, 


G(z4+1) =F(¢+)F(-2) = zF(z)F(-z) = —F(z)F(1 - z) = -G(z) 


so that G(z + 2) = G(z) and G(-z) = —G(1 -— z) = —G(—z). Thus G is 
periodic, with period 2, and is bounded on Jp UT}. It is therefore a bounded 
entire function, and so is constant, by Liouville’s theorem. Since F'(1) = 0, 
G = 0, and so F(z)F(1 — z) = 0 for all z. This implies that F = 0; for if 
not, then Zg = Zr U (1 — Zr) would be countable. 


We shall see in Part Six (Exercise 29.1.3) that this theorem can be proved 
more directly, once the Lebesgue integral has been introduced. 


Exercises 
26.7.1 Show that if z € C \ (—oo, 0] then 


co 


log T(z) = log z — yz — S- (log (1 + = - =) : 


n=1 


26.7.2 Let U(z) =I’(z)/T(z), for z € U =C \ {0,-1, -2,...}. 
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(i) Show that 


co 


W(2)=-7-24+ 


a n(z+n)’ 


and that the sum converges locally uniformly in U. 
(ii) What is the singular set of Y? What is the order of each pole? 
What is the residue there? 
(iii) Evaluate (1). 
(iv) Show that U(z+1) = U(z)+1/z. What is lim,_,..(U(n)—log n)? 
(v) Show that if ze C\ Z then U(z) — U(1 — z) = —acot az. 


26.8 Bernoulli numbers, and the evaluation of ¢(2k) 


Euler not only showed that ¢(2) = a j-? = 1*/6, but also evaluated 
(2k) = per eee for k € N, in terms of the Bernoulli numbers. We begin 
by considering the function B(z) = z/(e* —1). The entire function (e* —1)/z 
has a removable singularity at 0 and zeros at 27iZ \ {0}. Consequently B(z) 
is a meromorphic function on C, with simple poles at 27iZ \ {0}. We denote 
its power series expansion about 0 as 


[oe] 
B; 
B(z) = zs =e a? for |z|< 1; 


j=l 


the series has radius of convergence 27. The coefficients (B;)92, are the 
Bernoulli numbers. Note that By = —1/2. Now consider 


z 2e* +1) z e/*+e*/2 gz z 
Boje 2a OS ih 
2) +9 = de 1) ~ Deena — 2 DS 


This is an even function, and so Box,, = 0 for k € N. If z #0 then 


(945) (FF) 


so that 


i reed oe ee ——7 | Hal 2t ay 
r= j! = (jg +1)! 2 4! 
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Multiplying the two series, and equating the coefficient of z?*, we obtain the 
equation 


1 


By By 
(2k)! = (2j)'"(2k —27 +1)! 2(2k)! (2k +1)! 
Consequently, 
(2k + 1)Byy, = » ee ‘) Boj +h 5. 
Thus 
By = 7, Ba= a5, Bo =, B= a, Bu= =, —— 


Note that it follows from the recurrence relation that the Bernoulli numbers 
are rational numbers. The form of By suggests that there is no obvious 
pattern for them. A formula for B; is given in Exercise 2. 

Putting z = 27w in the formula above, we see that if |w| < a then 


0° . ger 
wcot w= 4 2k ORI 


Theorem 26.8.1 Jfk EN then 


2k—-1,2k 2k—1,_2k 
12 TT Bor _ 2 TT | Box | 


+ SCI oa > By 


: 1 
C(2k) =1+ oF + ope 


Proof If |w| < 7 then 
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It therefore follows from Theorem 26.2.2 that 


w 


(oe) 


EEG) 


j=l 


=r” tI 
a2) oe DL PE 
k=1 j=l 
oS 2k 
=1-2)° 2 ¢(2k 
do aes ) 


the change of order of summation being justified, since 
ioe) lo) k 
> (3:| ta] ) <= 


j=l \k=1 
The result now follows by equating the coefficients of w?* in the two power 


qn 


series for w cot w. 


Note that this implies that the Bernoulli numbers Bo; alternate in sign. 

What about the values of ¢(2k + 1)? They remain a mystery. It was not 
until 1979 that the French mathematician Roger Apéry showed, to great 
acclaim, that ¢(3) is irrational. 


Exercises 


26.8.1 Use Stirling’s formula to show that 


(en)**|Bax| 


iS A/m as k > 00. 


26.8.2 Show that 
“(2 i(j\ 
B, = —1 — 
2 (Seo) sa): 


for k € N. (I don’t know how difficult this is!) 
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26.9 The Riemann zeta function revisited 
Since |n~?| = n~* for z = x + iy, the series 
[oe] 
1 
(2) =) oe 


n=1 


converges locally uniformly to a holomorphic function ¢ on the open half- 
space H; = {x +iy: a > 1}. Can we extend ¢ to a meromorphic function 
on C? If so, what are its properties? 

In order to answer this, we need to establish relations between ¢ and the 
gamma function I. 


Proposition 26.9.1 If z¢€ Hy, then 


lo) t2—-1 


dt. 


roel = | 


0 ef —1 


Proof Making the change of variables t = nu, 


[o.e) Co 
(2) = | fe aS vf u®le-™ du, 
0 0 


so that if z € Hy then 


T(2)¢(z) = ere) 7 3 ( | w prlemnt ir) 


oO lee) 
-| Cee dt 
0 n=1 
[oe] #1 
= 
0 e’ —1 


(Justify the interchange of addition and integration!) 


The function 1/(e” — 1) is a meromorphic function on C, with simple 
poles on the set {27ij : 7 € Z}. Recall that if z = re’ with 0 < 6 < 27 then 
Win” = r7-le2-?, The function f,(w) = wea /(e” — 1) is meromorphic 
on the cut plane C, = C \ [0,co). If 7 € N then the residue at 2777 is 
(207)? 1e#@-I)7/2, and the residue at —27ij is (20j)?~be#(@-Dt EHD 7/2, Tf 
O<r< 27 < R, let us set 


z—-1 z—-1 


i t?— R 
1 - ae a . dt. 
R(Z) i= aui% +f fant f a t 


798 Applications 


Then J, is an entire function on C, which converges locally uniformly as 
R—- oo to the entire function 


r : t2-1 lee) t2-1 
Leis i -(w) d dt. 
(z) / € eat fe few w+ f aa t 


ioe) _ 


Further, it follows from Cauchy’s theorem that J, does not depend on r. We 
therefore denote J, by I. 


Theorem 26.9.2 Let ((z) = ie~*"*I(z)T'(1 — z)/2a for z€C\N. Then 
C has removable singularities at 2, 3,... and a simple pole at 1, with residue 
1. Ifz € H,\N, then C(z) = ((2), sO tial ¢ extends C to. meromorphic 
function on C. 


Proof If z= a+iy € Hy and 0 < rlw| < § then le” — 1| > |w| - 
DV j22 wl’ /9! = |w|/2, so that |f.(w)| < 2r7~*, and 


il f.(w) dw 
Kr (0) 


Thus if z € Hy; then 


< 4rr™! 5 0asr—50. 


- dt = (1— P*)P(z)6(2). 


In particular, I(n) = 0 for n € {2,3,4,...} Recall that [(z)['(1 -— z) = 
meosec 7z. Thus if z € H; \ N then 


_ sin(mz)I(z)P(l—z) + 


(2) = ay =o): 

Since [’ has poles at 0,—1,—2,..., the function ¢ appears to have singu- 
larities at 1,2,3,.... Since ¢(z) = C(z) for z € H, \N, the singularities 
at 2,3,... are all removable, and there is a single simple pole at 1, with 


residue 1. 


The next step is to evaluate J, and to obtain a functional equation for ¢. 


Theorem 26.9.3 If z41 then 


C(z) = 2?n*! sin($mz)P(1 — z)¢(1 — 2). 


Proof As usual it is only necessary to establish this identity for all real z 
in an interval in R. We consider z = s € (—1,0). Let 5; be the sum of the 
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residues of f,(w) in the annulus A, = {z: 7 < |z| < (2k + 1)r}. It then 
follows from the residue theorem that 


Tr (an4t\a (8) + | fs(w) dw = 27iS;, 


K(2k+1)7(0) 


k 
= 2i(1 — e’”*) S-( (2j71)> 
j=l 


k 
= (2ri)*( eit) or = 1 


Suppose that w = u+ iv and that e” = z=2+ iy. If |w| = (2k +1)a then 
either (2k + $)m < |v| < (2k + 3)z, in which case x < 0 and |e” — 1] > 1, 
or |u| > 7/2, in which case either > e7/2 > 4 ora < e 7/2 < 7 Thus 
lew —1| > 5, so that 


/ fs(w) dw 
K(2k+1)7(0) 


Consequently 


< 4n[(2k + 1)]*-' 4 0 as k > 0. 


T(s) = (2mé)*(1 — e'*) $7 9°? = (2ni)°(1 — e'**)¢(1 — 5). 


Combining this with the equation ¢(s) = ie~’™*I(s)I'(1 — s)/2z, the result 
follows. 


What can we say about ¢(z) for z € C \ Hy? 
Proposition 26.9.4 Ifk¢N then ¢(—k) = (—1)* Bpyi/(k +1). 
Proof 


= -{ wk? 11 ++ SS 75 yi dw 
k(0) 7 j: 
woh? —k-2 
Loe 7 Ce ray 


(Again, justify the interchange of addition and integration!) 
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All the terms vanish, except for the term where j = k+1, so that [(—k) = 
—27iBysi/(k+1)!. Thus, applying the formula of Theorem 26.9.2, 


¢(—k) = ie™*T(—k) E(k + 1) = (—)*Brsa/(k + 1). 


Note that this implies that ¢(—2k) = 0 for k € N. These zeros are the 
trivial zeros of ¢. If ¢ € Hy then 


c@)=T 


P 


where the product is taken over all primes, and so there are no zeros in 
F,. In fact, it can be shown that all the other zeros lie in the critical strip 
{x +iy:0< a <1}. In 1857, Riemann conjectured that all the zeros lie on 
the critical line {x + iy : x = 1/2}. This is still the great unsolved problem 
of mathematics, and here is a good place to stop.! 


Exercises 


26.9.1 Let pi, p2,... be the sequence of primes, and suppose that z € A. 
(i) Show that 1/(1 — p77) = zo Pn’. 
(ii) Suppose that []7,_, 1/(1 — pp?) = 14+ ea When is 
al” = 0? 
(iii) Show that the product [[~_,1/(1 — p77) converges locally 
uniformly on Hy to ¢(z). 
26.9.1 Show that if z € Hy then ¢(z)? = S°°°., r(n)/n7, where r(n) is the 
number of divisors of n. 
26.9.2 Show that if z © H, then ¢(z)¢(z +1) = 0%, a(n)/n**!, where 
a(n) is the sum of the divisors of n. 
26.9.3 Show that if z € Hy then ¢(z) = ¢(z + 1) 0°, d(n)/n**!, where 
@(n) is the number of positive integers less than n which are coprime 


ton. 


1 There are many accounts of the analytic properties of the Riemann zeta function: see, for 
example, G.Tenenbaum, Introduction to analytic and probabilistic number theory, Cambridge 
University Press, 1995. 


Part Six 


Measure and Integration 


27 


Lebesgue measure on R 


27.1 Introduction 


In Volume I, we developed properties of the Riemann integral. This is very 
satisfactory when we wish to integrate continuous or monotonic functions, 
and is a useful precursor for the complex path integrals that we considered 
in Part Five, but it has serious shortcomings. It can only be applied to a 
rather small class of functions, and it is not good for taking limits. Let us 
give two examples to illustrate this; they also indicate how the shortcomings 
will be overcome. 

First, let us recall the definition of a fat Cantor set. Suppose that « = 
(€j)721 is a sequence of positive numbers, for which )7¥°,¢; = 0 < 1. We 
set ci! = [0,1], and define a decreasing sequence (Cc), of closed subsets 
of [0,1] recursively. The set Cc is the union of 2” closed intervals, each of 
length (1 — o,)/2”; the set oO, is obtained by removing an open interval 
of length €,41/2” from the middle of each of these intervals. Then the fat 
Cantor set C is the intersection nee, c; it is a perfect subset of [1,0] with 
empty interior. Let U = [0,1]\C© and let UM) = (0, 1] \co). (UP)x, is 
an increasing sequence of open subsets of [0,1] with union U (©) The indicator 
function of C\ is not Riemann integrable (Volume I, Example 8.3.11). That 
is, CO is a perfect compact set which is not Jordan measurable (Volume 
II, Section 18.3), and consequently U (2) is a bounded open set which is not 
Jordan measurable. On the other hand, each of the sets us? is a finite union 
of open intervals, and is therefore Jordan measurable: vu( {e)) = y= ei 
This suggests that the size of U“ should be ty ej, the sum of the lengths 
of the disjoint intervals whose union is U. 

The second example is rather simpler. The set Q 1 [0,1] is a countable 
dense subset of [0,1], and its indicator function f is not Riemann integrable. 
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Let (rj)72, be an enumeration of QM [0,1], and let f, be the indicator 
function of the set {r1,...,rn}. Then f, is Riemann integrable, and its 
Riemann integral is 0. The sequence (f,,)°°, increases pointwise to f. This 
suggests that the integral of f should be 0, and that the size of Q/N [1,0] 
should be 0. 

How do we resolve these difficulties? The trouble with the Riemann inte- 
gral, and with Jordan content, is that very simple functions (step functions) 
and very simple sets (finite unions of cells) are used to provide approxima- 
tions. Lebesgue’s fundamental insight was to see that it is easy to define 
the size of a bounded open subset O of R as the sum of the lengths of 
the disjoint intervals whose union is O. The size of a compact set is then 
defined by taking complements. Open sets are then used to measure the size 
of a bounded subset A of R from the outside, and compact sets to measure 
the size from the inside. If the two values coincide and this is not always 
the case — A is Lebesgue measurable, and the common value is the Lebesgue 
measure \(A) of A. In this chapter, we develop these ideas in some detail. 
This reveals one of the unfortunate features of measure theory; much of it 
develops by taking many small steps, rather than one big one. 


27.2 The size of open sets, and of closed sets 


We begin by considering a non-empty open subset U of R. Recall (Volume I, 
Theorem 5.3.3) that U is the union of a finite or infinite sequence of disjoint 
open intervals I;. We define the size (U) of U to be the sum }),/(J;), 
where /(J;) is the length of J; (here summation is over a finite set {1,...,n} 
or over N). Since the summands are all positive, the sum does not depend 
upon the order in which the terms are listed. Then 0 < 1(U) < 00. We define 
(0) = 0. The size of U can be infinite, even if U does not contain an infinite 
or semi-infinite interval; for example if U = U%,(n,n + 4), (U) = o. 
This can cause some inconvenience; the next result shows how this can be 
avoided. 


Proposition 27.2.1 If U is a bounded open subset of R and U C (a,b), 
then (U) < b—a. 


Proof Suppose first that U = Uf_,J; is a finite union of disjoint open 
intervals, and that I; = (a;,b;). We order the intervals from left to right, 
so that 


a<ay <b) < ag < bg <...< an < by <b. 
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Then 
n n-1 
i) = S (bj ay) = ay + S "(0 = @741) + Oy SO, — a7 S b— 
j=l j=l 


IfUu= UF; then 
n 


(U) = sup SUG) = sup I(Uj_11;j) < b-a. 
neEN j=l neN 


Thus if an open set is bounded, it has finite size. The converse is not true; 
for example, if U = US,(n+ =4y7,n + 4) then 1(U) = 1. 

We now establish some fundamental properties of the size of open sets. 
The results of this theorem lie at the heart of the theory of Lebesgue mea- 
sure and the Lebesgue integral: you should take note of this as the theory 
develops. Most of the proofs only involve simple manipulation; the exception 


is the proof of (ii), which involves topological properties of R. 


Theorem 27.2.2 Suppose that U, (U;)°°, and V are open subsets of R, 
and that U = UF Uy: 


(i) IfU CV then WU) < UV). 

(ii) If (Un)724 is an increasing sequence, then I(U) = limn-yoo (Un). 
(iii) (WU) +1V) =U UV) + UU NV). 

(iv) UU) S Yona On). 

(u) UG =0 for tf 7 then (WU) = yy UU): 


n=1 
Proof (i) If l(V) = o, there is nothing to prove. Otherwise, suppose 
that U = Uj;l; and V = UJ, are representations as unions of disjoint 
intervals. Since each J; is connected, it is contained in some J;. Then, using 
Proposition 27.2.1, 


UW) = SO UG) =O (SUG) GS Jub) < SOU) = UV), 
j k k 


(ii) Since U, C U for alln € N, l(U,) < WU), for each n € N, by (i), 
and so sup, [(U,) < l(U). It is the converse inequality that is important. We 
consider the case where 1(U) < oo and U = UjJ;, where (Jj) = ((a;, };)) is 
a finite or infinite sequence of disjoint open intervals. Suppose that € > 0. 
There exists J € N such that aa l(L;) => (U) —€/2. Choose n > 0 so that 
n<e€/4J and 7 < (b; — a;)/2 forl <j < J. Let 


L; = (a; +1, b; —n) and let kK; = la; + 7, bj — Hl 
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and let L = Uy_L;, k= UKs Then Kk is a compact subset of R. Since 
(U;,) is an increasing sequence of open sets which covers K, there exists 
N EN such that LC K C Un. Thus ifn > N then 


Thus 1(U,) > (U) as n > co. 

When /(U) = oo it is necessary to make some straightforward modifica- 
tions to the proof; the details are left to the reader. 

(iii) The result holds when U and V are open intervals, and a straight- 
forward inductive argument shows that the result holds when U and V are 
finite unions of open intervals. In general, U = UP@,U, and V = UP2 Vn, 
where (U;,)°°, and (V,,)°°, are increasing sequences of open sets, oth of 
which is a finite union of open intervals. Since U UV = UP2, (Un UV,,) and 
Un j=Us (Ua Va); 


(WU) + UV) = lim (I(Un) + U(Vn)) 
= lim no (Un UV,z) +n AVn)) =WUU UV) +UU NV). 


(iv) Let W,, = Uf_,U;. Then [(Wr+4i) < (Wn) + U(Un41), by (iii), and so 
UWa) ya! (U. ve Si , 1(U;). Since (W,,)°°, is an increasing sequence 
of open sets whose union is U, 


(U) = lim (Wn) < So 1U;), 
j=l 
by (ii). 

(v) In this case, 1(Wn4i1) = (Wr) + W(Un4i), by (iii), so that 1(W,) = 
yt l(U;) and 1(U) = Do atl). 
Corollary 27.2.3 Suppose that K is a compact subset of R, and that U, 
and U2 are bounded open subsets of R, each containing K. Then 


1(U,) + (U2 \ K) = U2) +0 \ K). 
Proof Since 
U, U (U2 \ K) = U; UU» and U1, (U2 \ K) = (U1, NU) \ K 


1(U1) + (U2 \ K) = (U1 UU 2) + 1((U1 9 U2) \ Kx). 
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Exchanging U; and U2, 


l(U2) +01 \ K) =U, UU 2) + (U1 NU 2) \ K), 


which gives the result. 


If K is a compact subset of R we define the size s(K) of K to be l(U) — 
l(U\K), where U is a bounded open set containing K’; Corollary 27.2.3 shows 
that s(A’) does not depend upon the choice of U. Note that s(A’) < I(U). 

Here are some easy examples: you should verify the details. 


1. s([a,b]) =b-a. 
2. If F is a finite set, then s(F') = 0 
3. If C is Cantor’s ternary set, then s(C) = 0. 
4. If C is the fat Cantor set described in the previous section, then 
s(C©) =1-0. 
The following theorem follows from Theorem 27.2.2 by taking comple- 
ments. 


Theorem 27.2.4 Suppose that K, (K,)°°, and L are compact subsets 
of R. 


(i) If K CL then s(K) < s(L). 
(ii) If (Kn)°2, ts a decreasing sequence, and K = °°, K,, then s(K) = 
lit 3698 Ag) 
(iti) si) + 8(L) = s(K UL) + s(K NZ). 


The size of open and closed sets behaves well under translation, scaling 
and reversal: 


ia+U)=1(U) =I(-U), and I(cU) = cl(U) for c > 0, 


and corresponding results hold for the size of compact sets. On the other 
hand, there are no good results concerning addition. For example, the Cantor 
ternary set has size 0, while C + C = (0, 2], so that s(C+C) = 2. Similarly, 
ifU =U (n+ Tn + + then \(U) = 1, while A(U + V) = 00, for any 
non-empty open set V. 


Exercises 


27.2.1 Suppose that U and V are bounded open subsets of R, each of which 
is the finite union of disjoint open intervals. Use Riemann integration 
to show that 1(U) +1(V) ="(U UV) + (UNV). 
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27.2.2 Suppose that U and V are non-empty open subsets of R. Show that 
(U)+1(V) <W’u+V). 

27.2.3 Let U be the set of non-empty open subsets of (0, 1). Show that there 
does not exist K € R* such that ((U +V) < K(l(U) + 1(V)) for all 
U,V ind. 

27.2.4 Let U = US, (n+ =y,n+ +). Show that 1(U) = 1, and that (U + 
V) = oo, for any non-empty open set V. 

27.2.5 Suppose that U is an open subset of R, that K is a compact subset 
of U and that V is an open subset of U. Show that s(k) < s(K \ 


V)+U(V). 


27.3 Inner and outer measure 


We now use open sets to measure the size of a bounded subset of R from 
the outside, and use compact sets to measure the size from the inside. We 
restrict attention to bounded subsets of R, to avoid problems with infinite 
values; we shall come to these later. 

Suppose that A is a bounded subset of R. We set 


A*(A) = inf{l(U) : U open and bounded, A C U}, 

Ax(A) = sup{s(k) : K compact, K C A}. 
The quantity \*(A) is the outer measure of A, and X,(A) is the inner measure 
of A. 
Proposition 27.3.1 Jf A is a bounded subset of R then X,(A) < A*(A). 


Proof Ifk CA CU,where K is compact and U is bounded and open then 
s(K) =1(U) —l(U \ K) < l(U). Letting K vary, we see that A,(A) < U(U). 
Letting U vary, (A) < A*(A). 


If A is a bounded subset of R for which \,(A) = A*(A), we say that A is 
Lebesgue measurable, and set A(A) = .(A) = A*(A). The quantity (A) is 
the Lebesgue measure of A. 


Theorem 27.3.2 (i) A bounded open subset U of R is Lebesgue measur- 
able, and A(U) = l(U). 

(it) A compact subset K of R is Lebesgue measurable, and \(K) = s(K). 

Proof (i) If V is a bounded open subset of R which contains U, then 

(U) < (V); hence A*(U) = l(U). If U = 0 then I(U) = 0, so that A*(U) = 

A*(U) = 0. Next, suppose that U = U?_1J; is a finite disjoint union of non- 

empty open intervals J; = (a;,b;), and that «€ > 0. Choose 7 > 0 so that 
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n <€/2n and n < min{(b;—a;)/2:1<j <n}. Let K =U, [a; +7, bj —7]. 
Then K is a compact subset of U, and 


Since ¢€ is arbitrary, A,(U) = 1(U) = A*(U). 

Finally suppose that U = Ure J; is an finite disjoint union of non-empty 
open intervals J; = (a;,b;), and that ¢ > 0. There exists no € N such that 
dejan UT; oS ye 145) — €/2 = WU) — €/2. Let Un, = UF2,;. By the 
previous case, there exists a compact subset Kk of U,,, such that s(K) > 
Ung) — €/2 = Yii*, W(Tj) — €/2. Hence s(K) > I(U) —«. Since € is arbitrary, 
AIH) =A). 

(ii) As in (i), Ax(4¢) = s(K). There is a bounded open set U such that 
K CU. Suppose that € > 0. There exists a compact subset L of U \ K such 
that s(L) > l(U \ kK) —e. Let V =U \ L. Then 


(V) =1(U) — s(L) <1(U) -l(U\ K) +e = 5(K) +. 


Ths 0 Se) = Ags). 
We now establish results which correspond to Theorems 27.2.2 and 27.2.4. 


Theorem 27.3.3 Suppose that A, (A,)?@, and B are bounded subsets of 
R, and that A = UP, An. 


(i) If AC B then .(A) < »x(B) and X*(A) < A*(B). 
(ii) (A) < 2, Ay). 
(iti) If A;N A; = i fori #j then ,(A) > S372, Ax (An). 
(iv) (AUB) + X*(AN B) < A*(A) + A*(B). 

(v) Ax(AU B) + Ax(A NB) > Ax(A) + Ax (B). 


Proof (i) follows immediately from the definitions. 

(ii) Suppose that ¢« > 0. For each n € N there exists a bounded open set 
U,, such that A, C U, and I(U;,) < »*(An) + €/2”. Let U = UPU,. Then 
A CU, and, using Theorem 27.2.2, 


A*(A sD WG, ix ey (A 
Since € is arbitrary, the result follows. 


(iii) Suppose that « > 0. For each n € N there exists a compact set 
K, such that K, C Ap and s(K,) > As(An) — €/2”. Let Ly, = UL, Kj. 
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Then L, C A and s(Ln) = 77, 8(Ki) > Oy, Ax (Ai) — €. Thus 2,(A) > 
oye Ax(Az) — €. Since this holds for all n € N, A,(A) > S792) A«(Aa) - €. 
Since this holds for all € > 0, the result follows. 


(iv) Suppose that € > 0. There exist bounded open sets U and V such 
that ACU, BCV, 1(U) < A*(A) + €/2 and I(V) < A*(B) + €/2. Then 


(A) + ¥(B) > UU) 4 UV) — 
=(UUV enV) eS MAU BIS YB) =e 


Since this holds for all « > 0, the result follows. 
(v) The proof of this is similar to the proof of (iv), and is left as an exercise 


for the reader. 


As with length, if A is a bounded subset of R, then 
A*(a + A) = A*(A) = A*(—A), and A*(cA) = cA*(A) for c > 0, 


and similar results hold for inner measure. 


Exercises 


27.3.1 Suppose that A is a subset of a bounded open subset U of R. Show 
that A,(A) = 1(U) — A*(U \ A). 
27.3.2 Suppose that A and B are bounded disjoint subsets of R. Show that 


de(AU B) < \4(A) + A*(B) < A*(AU B). 


27.4 Lebesgue measurable sets 


Here are the fundamental properties of Lebesgue measurable sets, and 
Lebesgue measure. 


Theorem 27.4.1 Suppose that A, (A,)°, and B are Lebesgue measurable 
subsets of a bounded interval I. Let C = U2, An and let D= N°, An. 


(i) The sets AUB and AN B are Lebesgue measurable and 
A(AU B) + A(AN B) = (A) + A(B). 


(i) A\ B is Lebesgue measurable, and \(A) = (A \ B)+A(AN B). 

(iii) If BCA then X(B) = \(A) — (A \ B) < AA). 

(iv) (Countable additivity) If A;N A; = 0 fori # j, then C is measurable, 
and A(C) = )o-~_, A(An)- 
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(v) (Upwards continuity) If (A,)°2, is an increasing sequence then C is 
measurable, and (C1) = supyen A(An).- 
(vi) The set C is measurable, and supypen (An) < A(C) < SOP2, A(An). 
(vit) (Downwards continuity) If (An)°, is a decreasing sequence, then D 
is measurable, and then \(D) = infnen (An). 
(viii) The set D is measurable, and X(D) < infnen. 


Proof 
(i) It follows from Theorem 27.3.3 (iv) and (v) that 


A (AU B)+ A*(AN B) =A, (AU B) + 4.(AN B). 
Thus 
0< A*(AU B) — 4, (AU B) =), (AN B) — AX (ANB) <0. 


Consequently A*(A U B) = »,(AU B) and A*(AN B) = 2.(AN B), 

(ii) Suppose that « > 0. There exist bounded open sets U and V and 
compact sets K and L such that K C ACU and LC B CY, and 
such that A(AK’) > A\(U) —€ and X(L) > A(V) —e. Then, using Exercise 
26:2.0 


M(A\ B) < AU \ L) = AU) — A(L) < A(A) — A(B) 4 2e, 
and\*(A \ B) > \(K \ V) > A(K) — A(V) > A(A) — A(B) — 2. 


since € is arbitrary, \*(A \ B) = \*(A \ B) = X(A) — A(B). 
(iii) is an immediate consequence. 
(iv) By Theorem 27.3.3 (ii) and (iii), 


M(C) s(n) = 2 MAn) =o AeA) < (C) SO), 
n=1 n=1 n=1 


so that all the terms are equal. Thus C' is measurable, and \(C) = 
00). 

(v) Let By = Ay and let Fn41 = Anii\An for n € N. Each E,, is Lebesgue 
measurable, by (ii), and C is the disjoint union of the sequence 
(E,,)°2,. Hence C is Lebesgue measurable, and A(C’) = )7°°., A(En). 
Since A(A,) = er A(E;), by (i), the result follows. 

(vi) Let G, = U?_,A;, for n € N. Then G,, is Lebesgue measurable, and 
MGn) = DIL ME;) < EP, MAj), by (i) and (ii). Since (Gn) is 
an increasing sequence and C' = U?°_,G,, C is Lebesgue measurable 
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(vii) 


(viii) 


27.4.1 


27.4.2 


27.4.3 


So far 


Lebesgue measure on R 


and A(C) = supyen A(Gn) < S02, A(An), by (v). Since An C C for 
all n EN, supnen A(An) < A(C). 

This is a matter of taking relative complements. Let F,, = Aj \ An, for 
n €N. Then (F;,)°°, is an increasing sequence of Lebesgue measur- 
able sets, with union the bounded set A, \D. Thus A, \ D is Lebesgue 
measurable, and 


MA1 \ D) = eu A(A1 \ An) = A(A1) — inf A(An), 


by (iii) and (v). Using (iii) again, 


MD) = Ar) = Ar \ D) = inf X(An), 


Let Hy, = Nj_,A;, for n € N. Then H,, is Lebesgue measurable, 
and A\(Hn) < A(An), by (i) and (ii). Since(H,)°°, is a decreasing 


sequence and D = M?°,H,, D is Lebesgue measurable, and \(D) = 
infnen A(An) < infnen A(An), by (vii). 


Exercises 


Suppose that A and B are bounded subsets of R, and that A is 
Lebesgue measurable. Show that \*(B) = A*(AN B) + A*(B \ A). 
Suppose that A is a bounded Lebesgue measurable subset of R, that 
\(A) > 0, and that 0 < r < 1. Show that there is a non-empty open 
interval I such that A(AN J) > rl(Z). [Hint: Consider an open subset 
U of R such that A C U and I(U) < (1/r)A(A).] 

Suppose that A is a bounded Lebesgue measurable subset of R, and 
that A(A) > 0. Let A — A = {ay — ae : ay,a2 € A}. Choose r in 
(1/2, 1); by the previous question, there is a non-empty open interval 
I such that (AMI) > rl(1). Suppose that |x| < (2r — 1)l(1). What 
is the length of [U (J + x)? What is A(AN J) +2)? Can ANT and 
(AN I) +2 be disjoint? Deduce that 0 is in the interior of A — A. 


27.5 Lebesgue measure on R 


we have only defined Lebesgue measure on the bounded subsets of R. 


We now use the fact that R is a countable union of disjoint bounded inter- 


vals, or that R is the union of an increasing sequence of bounded intervals, 
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to extend the definition to unbounded sets. Let us count the unit intervals 
in R: we set 


af Ge ifk =2+1, 
PY) (-l,-l4+1] if k = 21, 


We also set Jy = (—k,k] = ed : (Je)? is an increasing sequence of 
bounded intervals whose union is R. We say that a subset A of R is Lebesgue 
measurable if AM I, is Lebesgue measurable, (or, equivalently, if AM J, 
is Lebesgue measurable) for all k € N, and denote the set of Lebesgue 
measurable subsets of R by £(R). If A € L(R), we define the Lebesgue 
measure (A) to be 


(oe) 
=S°X( (AN I,) = sup A(AN Jz). 
kel keN 
Thus 0 < A(A) < oo. This definition clearly extends the definitions of 
Lebesgue measurability, and of the Lebesgue measure, of a bounded set. 
Most, but not all, of Theorem 27.4.1 extends to this case. 


Theorem 27.5.1 Suppose that A, (An)°°, and B are Lebesgue measurable 
subsets of R. Let GC = UP 7A, and let D = 4 Ag. 


(i) The sets AUB and ANB are Lebesgue measurable and 
A(AU B) + A(AN B) = X(A) + A(B). 


(ii) A\ B is Lebesgue measurable, and \(A) = \(A\ B) + A(AN B). 
(iii) If BCA then \(B) < A(A). 
(iv) (Countable additivity) If Asn A; =0 fori #4 j, then C is measurable, 
and A(C) = 0°, A(An)- 
(v) (Upwards continuity) If (An,)°2, is an increasing sequence then C is 
measurable, and (C’) = supyen A(An).- 
(vi) The set C is measurable, and sup,en A(An) < A(C) < S072, A(An).- 
(vii) (Downwards continuity) If (An)?2, is a decreasing sequence, and if 
(Ai) < 00, then D is measurable, and then A(D) = infnen (An). 
(viii) The set D is measurable, and (D) < infnen A(An). 


Proof We prove (iv) and (vii), and leave the other parts as easy exercises 
for the reader. 
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(iv) Since CN Ip = UP1(An N Ip) for each k € N, C is Lebesgue 
measurable. If A; A; =@ for i # j then 
7 MAn) = >> (>: 1A 1) = (>: MAn A n) 
n=1 n=l \k=1 k=1 \n=1 


the change of order of summation being justified, as all the summands are 
non-negative. 

(vii) Since DO Ip = NL, (An Np) for each k € N, D is Lebesgue measur- 
able. Suppose that (A,,)°2, is a decreasing sequence, and that A(A1) < oo. 
Certainly, A(D) < infnen \(An), since D C A, for n € N. Suppose that 
€ > 0. There exists k such that A(A1\J,) < «. Ifm € N then A,\ Jy C Ar\Jp, 


so that A(Ay \ Je) < € and A(A;, M Je) > A(An) — €. Thus 


> — ae > i —€. 
A(D) > (DN Jx) inf MAn 1 JE) > inf A(An) € 


Since this holds for all « > 0, A(D) > infnen A(An). 


Note carefully that downwards continuity requires that \(A1) < oo. If 


An = (n,oo) then (A,)°2, is a decreasing sequence, and N°,A, = 9; 
A(An) = co and A(Ap,) = oo does not tend to A(NP2,An) = 0. This phe- 
nomenon will recur. If A(A) = co then A must be unbounded, but the 


converse does not hold. For example, 


Thus infinite values can cause problems: these problems will continue to 
recur. 


27.6 A non-measurable set 


Is every bounded subset of R measurable? It depends! If we assume that 
the axiom of choice holds, we can give an example of a subset C' of the 
interval J = [0,1) which is not Lebesgue measurable. On the other hand, 
Solovay has shown that, starting from the axiom system ZF’, but denying 
the axiom of choice, it is possible to construct a model of the real numbers 
for which every subset of the real line is Lebesgue measurable. In general, 
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mathematicians are reluctant to give up the axiom of choice, and prefer to 
accept that not all subsets of R are Lebesgue measurable. 

Let q@ be an irrational number in J. We define a bijection y : I > I by 
setting y(x) = x +a (mod 1). Thus 7 translates the interval [0,1 — a) by 
an amount a onto the interval [a, 1) and translates the interval [1 — a,1) by 
a negative amount a — 1 onto the interval {0,a). The bijection 7 generates 
a group [ = {y": n € Z} of bijections of I onto itself. Since a is irrational, 
if x € I then y"(x) 4 y"(x) for m # n, and the orbit O, = {y"(x) :n € Z} 
of x is a countably infinite set. It is an easy exercise to show that O, is a 
dense subset of [0, 1). 

Using the axiom of choice, we pick one element out of each orbit. That is 
to say, there exists a subset C of IJ such that C'M O, is a singleton set, for 
each x € [0,1). We claim that C is not Lebesgue measurable. 

Suppose, if possible, that C is Lebesgue measurable, with measure \(C). 
Then A(C) = A(C'N [0,1 — a)) +A(C'N [1 — a, 1)). Since 


WC) = 7(C'N [0,1 —a)) UCN [1 —a,1)), 


7(C) is Lebesgue measurable, and \(7(C)) = A(C). Similarly, y~!(C) is 
Lebesgue measurable, and \(y~!(C)) = A(C). Iterating, y"(C) is Lebesgue 
measurable, for all n € Z, and A(y"(C)) = A(C). 

Now the sets y"(C) are disjoint, and Uneny"(C) = [0, 1), by the construc- 
tion. Thus 


1 = X((0,1)) =} A(7"(C)). 


If A(C)=0, then SOM A(Y"(C))=0, and if A(C)>0, then OMA 
(y"(C)) = 00; in either case we obtain a contradiction. 

In fact, we can say more. Let A= {72"(0) : n € Z} and let B= {72"*1(0) : 
n € Z}. Then A and B are dense in (0,1). Let P = C+ A (mod 1) and 
let Q = C+ B (mod 1). Then [0.1) is the disjoint union of P and Q, and 
Q =7(P). Suppose that K is a compact subset of P. Since (K —K)NB=0 
(why?), and since B is dense in [0,1), it follows from Exercise 27.4.3 that 
s(K) = 0. Thus 4,(P) = 0 and Ax(Q) = Ax (7(P)) = 0. Consequently if E 
is any Lebesgue measurable subset of I of positive measure, Ax(PM E) = 0 
and A*(PN E) = (F) — d.(BN E) = X(£). Thus AN EF is not Lebesgue 
measurable. Now let D = Unez(P +7). Then D is a subset of R with the 
property that if EF is any Lebesgue measurable subset / or R with positive 
measure, then DM FE is not Lebesgue measurable. 
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Lebesgue measure on R 


Exercises 


27.6.1 We recall the construction of the Cantor—Lebesgue function, 


described in Volume I (Exercise 6.3.9). At the jth stage in the con- 
struction of Cantor’s ternary set C’, 2/~ intervals, each of length 1/31, 
are removed. List these intervals from left to right as ;,..., [g;-1,;: 
that is, sup(Ji,;) < inf(Ii41,;) for 1 < i < 2/71. Define a function f on 
[0, 1] \C by setting f(x) = (2i—1)/2! for x € I;,;. Set f(1) = 1, and if 
x€Candaz Fl, set f(x) = inf{f(y):y >2,y € [0,1]\C}. Then f is 
a continuous increasing function on [0,1]. This is the Cantor—Lebesque 
function. 

Now let g(x) = f(x) + x. Show that g is a uniformly continuous 
homeomorphism of [0,1] onto [0,2]. Show that A(g(C)) = 1. There 
exists a subset D of g(C) which is not Lebesgue measurable. Let 
F =g"1\(D). Show that F is Lebesgue measurable. Thus D is the 
uniformly continuous image of a Lebesgue measurable set F’ which is 
not Lebesgue measurable. 


28 


Measurable spaces and measurable functions 


28.1 Some collections of sets 


Since we have seen that, if we assume that the axiom of choice holds, then 
not every subset of R is Lebesgue measurable, it is sensible to consider 
the properties that the collection of Lebesgue measurable sets possesses. 
We use the ideas that result from this to provide a setting for more general 
measures than Lebesgue measures. We make several definitions. Throughout 
this section, X is a non-empty set. 

A set R of subsets of X is called a ring if 


(i) the empty set belongs to R, 
(ii) if A,B € R then AUBeE R, and 
(iii) if A,Be Rthen A\ BER. 


Proposition 28.1.1 Jf R is a ring and A,B € R then ANB € R and 
AAB € R. 


Proof For ANB=B8B\(B\ A) and AAB=(A\B)U(B\ A). 


Example 28.1.2 Three examples of rings. 


The collection of finite subsets of X is a ring. 

The collection of subsets of R. of the form A = Ural; where each I; = 
(a;, bj] is a bounded half-open half-closed interval in R, is a ring. 

The collection of bounded subsets of R¢ which are Jordan measurable is 
a ring. 

A set F’ of subsets of X is called a field, or algebra, if it is a ring, and if, 
in addition, X € F. 
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Example 28.1.3 Two examples of a field. 


Suppose that (a, 6] is a bounded half-open half-closed interval in R. The 
collection of sets of the form A = Uj_,J;, where each I; = (a;,0;| is a 
half-open half-closed interval contained in (a, }], is a field. 

The collection of subsets of a compact cell C in R% which are Jordan 
measurable is a field. 

A set S' of subsets of X is called a o-ring if it is a ring, and if, in addition, 

(iv) if (Aj)F21 is a sequence of sets in S then Nf2, A; € S. 

Example 28.1.4 Four examples of o-rings. 


(i) The collection of countable subsets of X is a o-ring. 
(ii) The collection of bounded Lebesgue measurable subsets of R is a o-ring. 
(iii) The collection of Lebesgue measurable subsets of R of finite measure 
is a o-ring. 
(iv) The collection of Lebesgue measurable subsets of R of measure 0 is a 
o-ring. 


The first result is an immediate consequence of the definition. The others 
are consequences of Theorems 27.4.1 and 27.5.1. Other characterizations of 
o-rings are given in Exercise 2. 

A set S of subsets of X is called a o-field, or o-algebra, if it is a o-ring, 
and if, in addition, X € R. 


Example 28.1.5 The collection £ of Lebesgue measurable subsets of R 
is a o-field. 


This is a consequence of Theorem 27.5.1. 


Proposition 28.1.6 Suppose that % is a non-empty collection of subsets 
of a set X. The following are equivalent. 


(i) & is a o-field. 
(ti) (a) iff AEX then X\ AEX, and 
(b) if (An)O@, ts a sequence of disjoint elements of i then 
Le Ae © 2 
(iti) (a) if AED then X\ AEX, and 
(b) if (An)&@, is an increasing sequence in © then UP2) An € E. 


Proof An easy exercise for the reader. 


A measurable space is a pair (X,%), where X is a set and © is a o-field 
of subsets of X. o-fields and measurable spaces are the natural setting for 
measure theory. Here are some basic facts concerning them. 
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Proposition 28.1.7 Suppose that F is a set of subsets of a set S. Then 
there is a smallest o-field o(F) of subsets of S which contains F. 


Proof Let s be the collection of those o-fields of subsets of S which contain 
F. It is non-empty, since P(S) € s. Let 


o(F) = {A:AE}®, for all Ye s}. 


Then it is easy to verify that o(F) is a o-field, and that it belongs to s. It 
is then clearly the smallest element of s. 


The o-field o(F) is called the o-field generated by F. An important feature 
of this proposition is that its proof is indirect, and gives no indication of the 
structure of sets in o(F). This fact gives a particular flavour to much of 
measure theory. 


Proposition 28.1.8 Suppose that (X,¥) is a measurable space, that Y is 
a set and that f : X > Y is a mapping. Then {A CY : f-1(A) € ¥} is a 
o-field. 


Proof Suppose that f~!(A) € ©, and that (A;,)°2, is a sequence of subsets 


of Y such that f-1(Ap,) € © forn € N. Then f-'(Y) =X €%, f-'(Y\A) = 
X\ f-'(A) € D and fo'(UnenAn) = Unenf!(An) € B. 


A mapping f : (%1,%1) — (Xe, X2) from a measurable space (Xj, ©) 
to a measurable space (X2, U2) is said to be measurable if f~!(A) € 1 for 
each A € No. 


Corollary 28.1.9 Suppose that F is a set of subsets of Y, and that 
f(A) € d for A € F. Then f-1(A) € & for A € o(F); the mapping 
f : (X,%) > (Y,o(F)) is measurable. 


Proof For {A C Y : f~!(A) € 3} is a o-field containing F, and so 
ao(F) C{ACY: f-}(A) € =}. Thus f-1(A) € ¥ for A € o(F). 


Exercises 


28.1.1 Suppose that (X,7) is a topological space and that « € X. Show that 
the collection of sets R= {A: 2 ¢ A} is a ring of subsets of X. 
28.1.2 Show that the intersection of a collection of o-fields is a o-field. Show 
that the union of two o-fields need not be a o-field. 
28.1.3 Suppose that R is a ring of subsets of a set X. Show that the following 
are equivalent: 
(i) R is a o-ring; 
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(ii) if (A;)52, is a decreasing sequence of sets in R then N72, A; € R. 
(iii) if (Aj)72, is a sequence of sets in R and if there exists B € R 
such that US2,A; C B then Uf2, A; € R. 
28.1.4 Prove Proposition 28.1.6. 


28.2 Borel sets 


Suppose that (X,7) is a topological space. The o-field 6 generated by the 
collection of open sets is called the Borel o-field, and its elements are called 
Borel sets. Since the Lebesgue measurable subsets of R form a o-algebra 
which contains the open subsets of R, the Borel o-field 6 is contained in the 
o-field £ of Lebesgue measurable sets. The restriction of Lebesgue measure 
to the bounded Borel sets of R is called Borel measure. The collection of 
open subsets of R is closed under countable unions, but not under countable 
intersections. Recall that a G5 is a countable intersection of open sets. The 
collection of open subsets is contained in the collection of Gs sets, which is 
closed under countable intersections. This, in turn, is not closed under count- 
able unions. We can therefore consider the collection of Gs, sets (countable 
unions of G5 sets), G55 sets, and so on. But it happens that this is a strictly 
increasing sequence, and that if we consider countable unions and countable 
intersections of all such sets, the resulting collection is not closed under 
countable unions or countable intersections. Thus there is no simple way to 
describe what a typical Borel set looks like: it is often necessary to proceed 
indirectly. 


Proposition 28.2.1 Consider the following collections of subsets of R. 


Fi ={(r,00):r€Q}, Fo ={(-co,r]:r € Qh, 
F3 ={[r,co):reQ}h, Fy={(-o0,r): re Q}, 
Fs = {(c,00) : c € R}, Fe ={(- sce R}, 


Cane)! 
Fr ={[c,co):cER}, Fg ={(-oo,c): cE R}, 
Fg ={U sU open}. Fig = {Kk : K compact}, 
Fiy ={AL A eG; set), Fig ={B iP on FF, set}. 


Then B= oF;) for 1<1< 12. 


Proof Since B = o(Fg), it is enough to show that F; C o(F;) for i Fj. 
Taking complements, Fi = Fa, F3 _ Fa, F5 = Fe; Fr = Fs, Fo 2 Fi0 
and Fy, = Fig. Since an open set is the countable union of compact sets, 
Fg 2) Fo. Since 


(r, 00) = UP, [r + 1/n, 00) and [r, co) = NPL, (r — 1/n, co), 
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F, = F3, and similarly #5 = F7. Since 
(c, co) = U{(r, 00) :r € Q,r > ch}, 
and since this is a countable union, 7, = F7. If c < d then 
(c,d) = (c,00) N (—co, d) € Fy. 


Since an open set is the countable union of open intervals, it follows that 
Fy, = Fo. Finally it is clear that Fy = Fy1. 


Proposition 28.2.2 Suppose that (X1,71) and (X2,72) are topological 
spaces, equipped with their Borel o-fields By and Bg. If f : X, > Xo is 
a continuous mapping, then f is measurable. 


Proof This is an immediate consequence of Corollary 28.1.9. 


Lebesgue asserted, mistakenly, that the continuous image of a Borel set is 
a Borel set. The Russian mathematician Suslin showed that this was not so; 
indeed, there exists a Borel set B in R? such that 71(B) = {2 € R: (2, y) € 
B for some y € R} is not a Borel set. In fact, Suslin’s results opened up a 
large new theory, descriptive set theory, which is far too difficult to describe 
here.! 


Exercises 


28.2.1 Let F be the subset of the Cantor set C' defined in Exercise 27.6.1. 
Show that F is not a Borel set. Deduce that the Borel o-field in R is 
a proper sub-o-field of the Lebesgue o-field L. 
(This result can also be proved by showing that the Borel o-field 
B has the same cardinality as R: there is a bijection of B onto R. On 
the other hand, since every subset of the Cantor set C’ is Lebesgue 
measurable, £ has cardinality at least as big as the cardinality of 
P(C). But there is a bijection of C onto R, and so there is a bijection 
of £ onto P(R). By Cantor’s theorem (Volume I, Theorem 1.6.3), the 
inclusion mapping B — £ cannot be surjective.) 


28.3 Measurable real-valued functions 


Throughout this section, we shall consider a measurable space (X,¥) and 
real-valued functions defined on X. 


1 See A. Kechris, Classical Descriptive Set Theory, Springer, 1995. 
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Let us describe some notation that we shall use. We shall, for example, 
consider sets of the form {x : |f(x) — g(x)| < 1/k}. When the context is 
clear, we shall denote this by (|f — g| < 1/k), and use similar notation for 
other such sets. Thus 


(f € A) = f-*(A) and (f =c) = f-*({c}). 


Similarly, if a set such as (f € A) is a measurable subset of X, and ¢ is a 
function on %, we write ¢(f € A) for o((f € A)). 

We say that a real-valued function f on X is S-measurable (or simply 
measurable, if it is clear what © is) if it is a measurable mapping of (X,X) 
into (R, B); that is, f~'(A) € ¥ for every Borel set A in R. If X is an interval 
I (finite or infinite) in R and © is the o-field of Lebesgue measurable sets, 
then we say that f is Lebesgue measurable; if % is the o-field of Borel sets, 
then we say that f is Borel measurable. 

It follows from Corollary 28.1.9 that a real-valued function f on X is 
y-measurable if and only if (f € A) € & for all A in some F;, where F; is 
one of the collections of subsets of R defined in Proposition 28.2.1. In many 
cases, as in the next two corollaries, it is convenient to use the collection 
Fs = {(c,co) :c € R}. Thus f is measurable if and only if (f > c) € } for 
each cE R. 


Corollary 28.3.1 (i) If AC X, then the indicator function I, of A is 
u-measurable if and only if A € &. 

(ti) A simple function f = $0, ajLa, (where a; < aj and A;O.Aj = 0 for 
i<j) is U-measurable if and only if Aj € & forl<j<n. 


Proof 


(i) For 
X ifc<0, 
d4>q=4 A f0<e<1, 
0 ifce>1. 


(ii) We can suppose that X = UL, Aj. 
If c< a, then (f > c) = X =U) Aj, 
if aj <c < aj4i then (f > c) = UiLj 41 Ai, 
and if c > a, then (f >c) = 9. 


Recall (Volume II, Exercise 13.1.6) that a real-valued function f on a 
topological space (X,7T) is upper semi-continuous if for each x € X and 
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each € > 0, there is a neighbourhood N(x) of x such that f(y) < f(x) +e 
for y € N(x), or equivalently, if (f < c) is open, for each c € R. Lower 
semi-continuity is defined similarly. 


Corollary 28.3.2 If (X,7) is a topological space and & is the o-field 
of Borel measurable sets, then upper semi-continuous and lower semi- 
continuous functions on X are measurable functions. 


Proposition 28.3.3 If f 1s a measurable function on X and ¢ is a Borel 
measurable function on R, then oo f is a measurable function on X. 


Proof If A is a Borel subset of R. then ¢~!(A) is a Borel subset of R, and 
so ($0 f)-*(A) = f(g" *(A)) €%. 


Theorem 28.3.4 Suppose that f and g are real-valued %-measurable 
functions on X. Then each of the functions 


=J, ie ia fl, i +9, fg, 7 9; and f \g 
is S-measurable. The sets (f < g), (f <g) and (f = g) are in™. 


Proof | We consider some continuous real-valued functions on R. Let 
gi() =a, go(x) =a7, $3(x) = a7, da(x) = |x| and ¢5(x) = 2”. 


Then ¢; 0 f is ©-measurable, for 1 < i < 5: the functions —f, f*, f-, |f| 
and f? are D-measurable. 
Addition and multiplication are a little bit more complicated. Since 


(tore =U Snn@>c—r).reg) 


and since Q is countable, f + g is =-measurable. 

Since fg = +((f +g)? —(f —g)*), fg is =-measurable. 

Next, fVg=3(f +9+|f-—gl) and fAg=3(f+9-lf —g]), and so 
they are both -measurable. 

Finally, f(z) < g(a) if and only if there exists r € Q such that 
f(z) < r < g(x), so that (fF < g) = UL < r)N@ > +r): r € Qt, 
which is in ©, since Q is countable. Similarly, (f < g) = X \(g < f) € ¥, 
and (f =g)=(f <9)\(f<g)€™. 


Thus the set L° = £°(X,%, u) of real-valued measurable functions on X 
is a real vector space, when addition and scalar multiplication are defined 


pointwise. 
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We now consider sequences of measurable functions, suprema, infima and 
limits. These may be infinite, and so we need to consider extended real- 
valued functions, functions taking values in R = {—oco} UR.U {oo}. We say 
that such a function f is U-measurable if (f € A) € © for each Borel set A 
in R and if both (f = —oo) and (f = 00) are in B. 


Theorem 28.3.5 Suppose that (fn)?Q, is a sequence of extended real- 
valued Si-measurable functions on X. Then each of the extended real-valued 
functions 

sup fn, inf fr, lim sup fn, and lim inf f, 

neN neN n—+00 n—00 
is 4i-measurable. 


Proof Since 


(sup Tn > c) = Unen (fn > e), 
neEeN 


(sup fn = 00) = NkeN(Unen(fn > *)), 
neN 


(sup fn = 60) = nen (fn = 00); 
nEeN 
the function sup,cn fn is U-measurable. The proof for infnen fn is exactly 
similar. 
Since 


lim sup f, = inf (sup fx), 
n—0o NCO k>n 


the function limsup,cyj fn is “%-measurable, and so, similarly is 


lim infnen fin- 


Corollary 28.3.6 The set 


C* ={x: fn(x) converges in R as n > oo} 


winds, bet f(e) = littig.s f(a) ee C*, and let f(a) =] 0 otherme. 
Then f is S-measurable. 


Proof For 


C* = (lim sup f, = lim inf fn) and f = (lim sup fp)Ic.. 


Noo n—-> Co 


Corollary 28.3.7 If each fy is real-valued, then the set 


C={x: fn(x) converges in R as n + co} 
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is in X. Let f(x) = limn+4o0 fn(x) if x € C, and let f(x) = 0 otherwise. 
Then f is S-measurable. 


Proof For C = C* \ ((iminfpso0 fn = +00) U (lim supy_,o6 fn = —00)). 


28.4 Measure spaces 


Many of the results about Lebesgue measure extend to a more general set- 
ting. A finite measure space is a triple (X, 4, w), where (X,X) is a measurable 
space and yp is a countably additive, or o-additive mapping of © into R?: if 
(A,) is a sequence of disjoint elements of © then (US) An) = 07°, w(An)- 
(Note that, since all the summands are non-negative, the sum does not 
depend upon the order of summation.) The function yp is called a measure. 
(The adjective ‘finite’ is included, because ju(X) is a real number, and so is 
finite.) Thus if J is a bounded interval in R then (J, £(), A), where L(J) is 
the o-field of Lebesgue measurable subsets of J and \ is Lebesgue measure, is 
an example of a finite measure space. Similarly, if B(/) is the o-field of Borel 
measurable subsets of J and X is the restriction of A to B, then (J, B(L), X) 
is a finite measure space; in this case, is called Borel measure on I. 

The construction of Lebesgue measure was quite complicated, and the 
same is true of other measure spaces. We shall defer the construction of 
other measure spaces until Chapter 30. 


Theorem 28.4.1 Suppose that (X,%, 1) is a finite measure space. Suppose 
that A,B € &%, and that (An)°, is a@ sequence in X. 


(i) WAU B) + WAN B) = pA) + p(B). 
(ii) If BCA then p(B) < pA). 
(iit) (Upwards continuity) If (A,)°2, is an increasing sequence then 


M(Un21An) = sup U(An). 
nEeN 


(iv) (Downwards continuity) If (An)°, 1s a decreasing sequence then 


L(y An) = ue U(An). 


(v) ey Weare wR An) < O72 w(An)- 
(vi) WNL An) < infren H(An)- 


Proof The proof is left as an exercise for the reader. 
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Corollary 28.4.2 Jf f is a measurable real-valued function on X, then 
w(|f| > 2) 30 asn—- oo. 


Proof For the sequence (|f| > )°2., decreases to the empty set. 


Suppose that (X,%,j) is a finite measure space and that (A,)°°, is a 
sequence in ©. We define 


lim sup Ap = M72, (U 


noo 


fy Aj) and lim int Ag =U 4 (NFenAy) ; 
Thus x € limsup,,_,,, An if and only if x is frequently in A,,: for each n € N 
there exists m > n such that x € A», or, equivalently, x € A, for infinitely 
many n. Similarly, x € liminf,.., Ay if and only if x is eventually in A,: 
there exists n € N such that x € A,, for m>n. 


Corollary 28.4.3 (The first Borel-Cantelli lemma) Jf S>?°., u(An) < co 
then p(lim sup,_,9) An) = 0. 


Proof Suppose that «€ > 0. There exists N ©€ N_ such that 
ater (An) < e. Then 


j(lim sup An) < u(Upin41An) S S- U(An) <€. 


Since € is arbitrary, the result follows. 


Measure spaces provide the natural setting for probability theory. A prob- 
ability space is a finite measure space (Q,4,P) for which P(Q) = 1. The 
elements of © are called events, P is called a probability measure, and P(A) 
is called the probability of A. The development of probability theory has 
contributed greatly to measure theory, but it would take us too far afield to 
investigate this’. 

When we constructed Lebesgue measure on R, we began by restricting 
attention to bounded sets, and then extending the results to more general 
sets. We can do the same in the present setting. For example, we could 
consider an arbitrary set X, consider the o-field of all subsets of X and define 
yt to be counting measure on A: ju(A) is the number of elements in A, if A is 
finite, and (A) = oo if A is infinite. We shall however restrict our attention 
to o-finite measure spaces. A o-finite measure space is a measurable space 
(X,%), together with a sequence (J,)7°., of disjoint elements of © whose 


2 There are many excellent texts on probability theory; my favourite is Probability Theory and 
Examples by Rick Durrett (CUP, 2010). 
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union is X, and a function 4 on © (a o-finite measure), taking values in 
(0, co], with the properties that 


(i) wis countably additive; if (A,)°2, is a sequence of disjoint elements of 


% then p(UnenAn) = pal U(An), and 
(ii) (T,) < co fork EN. 


Thus A € © if and only if AN, € & for k € N, and then p(A) = 
Sop (AO I,). The results of Theorem 27.5.1 extend easily to o-finite 
measure spaces. 

We can also define o-finite measures in terms of increasing sequences. Let 
(J, )P2, be an increasing sequence in © whose union is X. Then A € » if 
and only if AN J, in © for each k € N. Then yp is a o-finite measure on 
% if it is countably additive and if ~u(J,) is finite, for each k € N. Then 
H(A) = limp+o0 M(AN Jy). This definition is clearly equivalent to the one 
above. 

In future we shall use the term ‘measure’ to mean either a finite measure 
or a o-finite measure. 

Suppose that (X,, yw) is a finite or o-finite measure space. An element 
N of X is a null set if p(N) = 0. If M € © and M CN, where N isa 
null set, then M is a null set. If (N,)°2, is a sequence of null sets, then 
pe Nn) S > Nn) = 0, 60 that U9, N, is a null-set. Thus the 
collection of null sets is a o-ring contained in \. 

A measure space (X,%,j) is complete if every subset of a null set is 
measurable, and is therefore a null set. Lebesgue measure is complete, since 
if M C N, where N is a null set, then 


0 <d.(M) < A*(M) < A(N) =0, 


so that A.(M) = A*(M) = 0. 
It is quite easy to complete a measure space. 


Theorem 28.4.4 Suppose that (X,%,w) is a finite or o-finite measure 
space. Let 


N={M CX: there exists a null set N such that M C N}. 


Let ={AUN:A€ED,N EN}. Then S is a o-field containing d. If 
B=AUM €», let fi(B) = p(A). Then fi is well defined, and (X,%, fi) is 
a complete measure space. If B € X there exists A,C ind with AC BCC 
and (A) = f(B) = u(C). 
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Proof If B= AUM = A'UM' €», there exists a null set N such that 

MUM’ CN. Since AAA’ C MUM’ CN, (A) = p(A’), and so fi is 

well defined. If (Bn)9&, = (An U Mn)2%4 is a disjoint sequence in 4, then 
US, Ba = (U8, An) U (0% M,). Since LM, EN, 


B(Un=1 Bn) = B(Up=1 An) = do L(A = \- (Bn) 
n=1 


so that / is a measure which extends pu. 
If B = AUM é€ &, there exists a null set N such that M C N. Let 
C=AUN. ThenC ed, AC BCC and p(A) = a(B) = w(C). 


Exercises 


28.4.1 Suppose that ¥ is a o-field of subsets of a set X, and that yp: 3 Rt 

is a function. Show that the following are equivalent. 

(i) w is a measure. 

(ii) (Upwards continuity) If (An)°<, is an increasing sequence in © 
and A = U%, An, then u(A) = suppen (An): 

(iii) (Downwards continuity) If (A,)?@, is a decreasing sequence and 
A=M?2,An, then (A) = infnen p(An). 

(iv) (Downwards continuity at 0) If (An)? is a decreasing sequence 
and N°2, A, = 0, then p(A,) > 0 as n > co. 

28.4.2 Suppose that (X,7) is a compact Hausdorff space. Show that the 
collection R of subsets of X which are both open and closed is a 
field. Suppose that @: R > R* is finitely additive. Show that it is 
countably additive. 

28.4.3 Suppose that (X,%) is a measurable space and that (J,),ver is an 
uncountable family of disjoint elements of ’ whose union is X, and 
a function ys on %, taking values in [0, co], with the properties that 

(i) w is countably additive; if (A,)°2, is a sequence of disjoint 
elements of © then u(UnenAn) = 172, w(An), and 
Gi) 0 < pU,) < co forye’. 
Show that if A € © and p(A) < oo then {y : u(ANL,) < oo} is 
countable. 
28.4.4 Does Corollary 28.4.2 hold for o-finite measure spaces? 
28.4.5 Does the first Borel—Cantelli lemma hold for o-finite measure spaces? 


28.5 Null sets and Borel sets 
Let us now consider the null sets of (R, £, ). 
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Proposition 28.5.1 A subset A of R is a \-null set if and only if *(A) = 
0; that is, given € < 0 there exists a sequence (In)°, of open intervals which 
cover A for which SY), U(In) < . 


Proof Immediate. (Add end of proof sign here) 


Corollary 28.5.2 (R,L,.) is a complete measure space. 


As examples, a countable subset of R, such as Q, is a null set, and Cantor’s 
ternary set is a null set which is not countable. 


Proof For a singleton set is a null set. 


On the other hand, Cantor’s ternary set is a null set which is not 
countable. 

Recall that a subset of R is a G5 set if it is the intersection of a sequence 
of open sets, and is a Kg set if it is the union of a sequence of compact 
sets. It follows from Theorem 27.5.1 that G5 sets, K, sets and F, sets are 
Lebesgue measurable. 


Theorem 28.5.3 Suppose that A is a subset of R. The following are 
equivalent. 


(i) A is Lebesgue measurable. 
(ii) There exists a Kz set C and a null set M disjoint from C such that 


A=CUM. 
(iii) There exists a Gs set B and a null set N contained in B such that 
A=B\N. 


Proof Clearly (ii) implies (i). Suppose that A is Lebesgue measurable. 
For each k € Z, AN (k,k + 1] is Lebesgue measurable, and so for each 
n €N there exists a compact set K,,, such that Ky» CAN (k,k + 1], and 
A( Kin) > A(A)—1/n. Let Ly = UPL) Ken, and let Ny = (AN(K, k+1])\ Lg. 
Then 


ANE) = MAN (K+ 1) — ACER) < MA) — A(Kaen) S A/n, 
for each n € N, so that N; is a null set. Then 
A=CUN, where C = U{Kxn 2k € Zn € N} and N = Ugez Nx. 


C isa K, set, N is a null set and CN N = 9. Thus (i) implies (ii). Finally, 
it follows by taking complements that (ii) and (iii) are equivalent. 


Suppose that (X,7) is a topological space. Recall that the o-field B gener- 
ated by the collection of open sets is called the Borel o-field, and its elements 
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are called Borel sets. Since the Lebesgue measurable subsets of R form a 
o-algebra which contains the open subsets of R, the Borel o-field B is con- 
tained in the o-field £. The restriction of Lebesgue measure to the bounded 
Borel sets of R is called Borel measure. 


Corollary 28.5.4 Suppose that A is a subset of R. The following are 
equivalent. 


(i) A is Lebesgue measurable. 
(ii) There exists a Borel set B and a null set N contained in B such that 


A= BN. 
(itt) There exists a Borel set C and a null set M disjoint from C such that 
A=CUM. 


Proof Immediate. 


A measure space (X,%, 4) is complete, and the measure pu is complete, if 
whenever B is a subset of a null set A, then B € %, so that B is also a 
null set, Lebesgue measure on R is complete, but the corresponding Borel 
measure is not. We can always complete a measure space. 


Proposition 28.5.5 Suppose that (X,™,) is a measure space. Let N be 
the set of subsets of null sets in %. Then y= {AUN :AEXY,NEN} 
is a o-field containing S. If A= AUN €, let fi(A) = (A). Then fi is 
well defined, is a complete measure on ¥ which extends pu, and Nis the set 
of pi-null sets. 


Proof First, it is easy to verify that N is a o-ring of subsets of X. If 
Ai = A; UN, and Ap = Ay U No, then Ay ia As = (Ay NY Ag) UN, where 
N = (A, No) U(N,M Ag) U (N12) EN. If (Aj), = (Aj UNs)%, is a 
sequence in } then UX, A; = (UfE, Aj) U (URL Nj) € +, and so Sigma is a 
o-field, which clearly contains ™. 


Exercise 


28.5.1 Let g : [0,1] — [0,2) be the mapping of Exercise 27.6.1. If A is a 
Borel subset of [0,1], is g(A) a Borel subset of [0,2]? 


28.6 Almost sure convergence 


In measure theory, the first Borel-Cantelli lemma is frequently used to show 
that a property holds on a measure space, except possibly on a set of mea- 
sure 0. If so, we say that it holds almost everywhere almost surely. Thus 
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if (fn)221 is a sequence in £°(X,™X, 4) and if f € £°(X,™X, pu) then we say 
that f, — f almost surely, as n > oo if there exists a null set N such that 
fn(x) > f(x) for all x € X\ N. Note that we do not require that f,,(a) does 
not converge to f(x) for x € N; we are content to remain ignorant about 
what happens on NV. 


Proposition 28.6.1 Suppose that (X,U,m) is a measure space, 
that (fn)SX1 and (gn)&, are sequences in L°(X,¥,h) and that 
fig € £L2(X,%, pw). If fn > f and gn > g almost everywhere, as n + ov, 
then fn + 9n 7 f+g and fngn > fg almost everywhere, as n — oo. 


Proof For the union of two null sets is a null set. 


Suppose that (X, %, j) is a finite measure space, that (frn)°2, and (gn)°4 
are sequences in £°(X, ¥, ). We say that f, > f almost uniformly if for each 
€ > 0 there exists A € © with (A) < € such that f,, > f uniformly on X \A 
as n — co. This terminology is standard, but is unfortunate, since ‘almost’ 
usually involves sets of measure 0: ‘nearly uniform convergent’ would be 
better. 

How are these notions of convergence related? The next result is rather 
remarkable. 


Theorem 28.6.2 (Egorov’s theorem) Suppose that (X,%,f) is a 
finite measure space, that (fn)°, is a sequence in L°(X,¥,) and that 
f € L°(X,¥, pu). Then fn > f almost everywhere as n — oo if and only if 
fn 2 f almost uniformly as n — oo. 


Proof Suppose first that f, — f almost everywhere as n — oo and that 
€ > 0. Let 
C = {x: fn(x) converges in R as n > oo}, 


and let 
Bea je = (ha _ fl > 1/k) and An,k = Um>nBm,k: forn,k EN. 


First, keep k fixed. Then (Ap,)°2, is a decreasing sequence in ), and 
N22 Ane S (lim sup,,_,. |fn—f| > 1/k) C X\C, so that, since u(X\C) = 0, 
[(An,&) —> 0 as n — oo, by lower continuity. Thus there exists n, such that 
U(An,,b) < ef ak, 

Now let A = US, An,,4- Then (A) < 372, w(An,k) < €. Ife ¢ A and 
KEN, thenz ¢ A,, x, andsox ¢ B,, forn > nz. Thus |f,(x)—f(x)| < 1/k 
for n > nz; fn > f almost uniformly. 

Conversely, suppose that f, — f almost uniformly as n — oo. For each 
k € N there exists Ay € © with u(Ax) < 1/k such that f, > f uniformly on 


832 Measurable spaces and measurable functions 


Figure 28.6. 


X \ Ap as n > oo. Let A = MP2, Ap. Then p(A) = 0 and f, — f pointwise 
on X \ A. Thus f, > f almost everywhere as n — oo. 


Let us also establish an easy, but important, approximation result that 
we shall need later, when we consider integration. Here the convergence is 
pointwise. 


Theorem 28.6.3 Suppose that f is a real-valued measurable function on 
a measure space (X,%, 4). There exists a sequence (D,,)°, of simple mea- 
surable functions which converges pointwise to f. If f is non-negative, then 
the sequence (D,)?_, can be taken to be a pointwise increasing sequence of 
non-negative functions. 


Proof We use a simple construction. Suppose that f € L°(X,¥,), and 
that n € N. We divide the interval [—n, 7) into 2n.2” disjoint intervals, each 
of length 1/2"; we set Jj, (G—1)/2",9/2"| for —n2" +1 < 7 < 7.2". Let 
Ajn = (f € Ijn); then Aj is measurable. We set 


7.2” 


Dilf)= SY) (G-1/2"Ma,.- 


j=—n2"41 
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Thus D,(f) is a simple measurable function, and if n > |f(a)| then 
Dn(f)(z) < f(a) < Dnr(f)(x) + 1/2". Consequently, D,(f) — f point- 
wise. If f > 0, then the functions D, are non-negative, and the sequence 


(D,,)°21 increases pointwise to f. 


29 


Integration 


29.1 Integrating non-negative functions 


After so much consideration of measure and of measurable functions, we 
are now in a position to develop the theory of integration. We begin by 
considering the integral of a non-negative extended-real-valued measurable 
function f defined on a finite or o-finite measure space (X, %, 41). We define 
the tail distribution function 7 to be 


Agit) = pf > 2), fort € [0 c0). 


If A(t) = oo for some t > O (so that Az(s) = oo for 0 < s < t) we 
define [ y f du = oo. Otherwise, the function \¢ is a decreasing real-valued 
function on [0,0o). It is continuous on the right, since if t, \. t as n > oo 


then (f > tn) 7 (f > t), so that u(fn > t) 7 u(f > t). If u(x) = o, it 
may happen that A(t) + oo as t \, 0. We define 


[ teu= [asa 


Here, the integral on the right is an improper Riemann integral, taking values 
in [0,00]; this integral exists, since Af is a decreasing function. Note that 
r;(t) > w(f = 00) as t > oo, so that if u(f = 00) > O then fy f du = oo. 
The diagram below shows why this definition is made: the ‘area under the 
curve’ is shifted to the left, and then evaluated. 

Note that if 0 < f < g almost everywhere then Af < Ag, and so fy fdu < 
Jy gd. In particular, if f = g almost everywhere then [fy fdu = fy gdp, 
and if f = 0 almost everywhere then f, f du = 0. 

As an important but easy example, let us consider the integral of 
a non-negative simple measurable function f. We can suppose that 
f= ee ajla,, where Aj,...,A, are disjoint measurable sets of finite 
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Figure 29.1. 


measure, and 0 < aj < --: < ax. Let ag = 0 and let B; = UE, Ai. Then 
B; =(f > aj-1), so that 


\;(t) = L(B;) for iy 4 2 eS y, tor 1 9 hy 
a Th O for a, < t. 
Thus 


I fdu= > (aj — aj-1)u(B;) 


k 
= Sila; j — 05-1) Sua 


j=l 
k i k 
= S- Sa; =i) | H(A) = So aip(As) 
i=1 \ j= i=1 


It follows by elementary arguments that if f = ae ajl4,, where the a; 
are non-negative, but not necessarily distinct, and the A; are not necessarily 
disjoint, then fy f du = ye j=1 aj p(A;). 

We need the following easy, but fundamentally important, result concern- 
ing improper integrals of decreasing functions. 


Theorem 29.1.1 Suppose that (g,)°°, is a sequence of decreasing non- 
negative functions on (0,00), which increases pointwise to a function g. Then 


| (Oca | eid. 
0 


n—-oo 0 


Proof The function g is a decreasing non-negative function, so that the 
improper Riemann integral exists. We consider the case where ie g(t) dt is 
finite; the proof when it is infinite is proved in exactly the same way. 
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7 sequence Ga gn(t) dt)°°, is increasing, and is bounded above by 
Gg t) dt. Suppose that « > 0. There exist 0 < a < b < oo such that 


[soa [soa o, 


and there exists a dissection D = (a = to <--- < ty = b) of [a,b] such that 


k 


b 
sp(9) = do alty)(ty ta) > [alt dt ~e/3 


j=l 
Since gn — g pointwise, there exists N € N such that gn(t;) > g(tj) — 
€/3(b—a), forl <j<kandn>N.Ifn>N, then 


oo b 
[ Gn(t) dt a gn(t) dt > sp(gn) = San t;)(tj — tj-1) 
0) a 


k k 
= do alti Nlts =f) = S“(9(t;) — gn(t;)) (tj — t7-1) 


which establishes the theorem. 


This enables us to prove the fundamental theorem of integration theory. 


Theorem 29.1.2 (The monotone convergence theorem) Suppose that 
(fn)o@1 ts an increasing sequence of non-negative measurable functions on a 
finite or o-finite measure space (X,%, 4) which converges pointwise almost 
everywhere to a function f. Then 


[tatu | f du as n — oo. 
x x 


Proof The sequence ({f. y fn du)7_, is increasing, and converges to a limit 
less than or equal to f. x J du. The importance of the result is that equality 
holds. 

If Az, (t) = co for some N € N and some t > 0 then fy fp dy = oo for 
n > N, and the result holds trivially. Otherwise, if t > 0 then the rere 
(fn > t)?2, of sets in © increases to (f > t), so that A-,(t) > Af(t) a 
n — oo. If i, A(t) dt < oo then the result follows from Theorem 29.1.1. if 


ix A p(t) dt = oo, then given M > 0 there exists T such that i A p(t) dt > 
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M. But then limpoo fo Ap, (t) dt > M, and so limpsoo fO° rp, (t) dt > M. 
Since this holds for all M > 0, fy fn dps + 00 as n > 0. 


The following example shows how powerful and useful this theorem is; it 
provides a direct proof of Theorem 26.7.5. 


Example 29.1.3 If «> 0 then 


nin®™ 


ei ee 


The functions ¢*~'(1 — t/n)"JIjo.n] increase pointwise to the function 
t?-1e-* on [0, 00) as n > 00, so that 


co n t 
T(z) -| Pte d= Mm} = =) ae 
0 


noo Jo n 


Making the change of variables s = t/n, 


| ale Cee) aa nw | sls)" dean Bow +1), 
0 ae 0 


where B is the beta function. As in Volume 1, Section 10.3, if « > 0 and 
y > 0 then, integrating by parts, B(z,y+ 1) = (y/(a@ + y))B(a,y). Using 
this repeatedly, 


ih t nin 
ee 1 — -)" dt = ———_———_-. 
i ( u(a@+1)...(a@+n) 


x 


We use the monotone convergence theorem to prove a useful inequality. 
Theorem 29.1.4 (Fatou’s lemma) Suppose that (fn)°, is a sequence 


of non-negative measurable functions on a finite or o-finite measure space 
(X,X,). Then 


[ lim int fn dp < lim int. / fin dw. 


In particular, if fn > f almost everywhere then 


| f du <lim inf | totu 
xX noo 
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Proof Let gy = infj>y fj. Then gn < fn and gn increases pointwise to 
lim infpso6 fn, so that 


[im inf frdu= lim | Qn dx < lim inf [wm dt. 
D's Noo noo XC noo 


Equality need not hold: for example if fn = nJ(o,1/nj or if fr = (1/n) Dion 
then f, — 0 pointwise, but in fn dX = 1, forn EN. 
The integral respects algebraic operations. 


Theorem 29.1.5 Suppose that f and g are non-negative measurable func- 
tions on a finite or a-finite measure space (X,%, 4), and that a and 6B are 
non-negative numbers. Then 


[tor+sndu=of panes f aay. 


Proof First suppose that f = ae eta, ond g = >i Bmis,, are 
simple measurable functions, with UR_, A; =U tem =: Then 


k n 
af + Bg = S- S- (aaj + BBm)LAjnBns 
j=l m=1 
so that 


k n 


[ (of +89) du = 37 Y (005 + B8m)u(Aj O Br) 


j=l m=1 


k n 
= a) oa; » BAZ Bn) 
j=l 


m=1 


If f and g are measurable then, by Theorem 28.6.3, there exist increasing 
sequences (f;,)°°., and (gn)721 of non-negative simple measurable functions 
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which converge pointwise to f and g respectively. Then the sequence (af, + 
Ban)°21 of simple functions increases pointwise to af + 8g. Applying the 
theorem of monotone convergence, 


i (aps pita tie, | ap ete a 


n> Co x 


tim (af foduts f anar) 


sof fante f fay 


Suppose that f is a non-negative measurable function on a finite or o- 
finite measure space (X, %, 4), We can also integrate f over measurable sets. 
If Ae dy, we set [, fdu = fy fla, du, where I, is the indicator function of 
A. Alternatively, let D4 = {B ¢€ x, BC A}. Then y is a o-field of subsets 
of A, the restriction 44 of fs to Ny is a measure on iy, the restriction f4 
of f to A is \4-measurable, and ja fdp= vy fa dpa. 


Exercise 


29.1.1 Suppose that f is a non-negative measurable function on a mea- 
sure space (X,¥,y) and that f(x) > 0 for almost all x. Show that 
Jy f du = 0 if and only if w(X) = 0. 
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We next consider the problem of integrating a real-valued measurable 
function f on a finite or o-finite measure space (X,%, 4), when f is not 
necessarily non-negative. This is done by integrating the positive and neg- 
ative parts of f separately, and trying to combine the integrals. Thus we 
make the following definitions: 


ef, fdqu= f,f  du—f,f dpif [, f* du<ocoand fy f- du < ox; 
«ff dp=oo if [, f* du=oo and [, f- de <cx; 

e fy f du = —oo if fy ft du < oo and fy f- du=ov. 

e {x f du is not defined if J, f* du = 00 and fy f~ du =o. 


The function f is said to be integrable if [, f* du < oo and f, f~ du < 00; 
this is clearly the case if and only if fy |f| dj < co. 
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Proposition 29.2.1 If f andg are integrable, if h is a bounded measurable 
function and ifaé€R then hf, af and f +g are integrable, and 


[ofau=of fay and [erode f tau f ody 


Proof Let M = supzex |h(x)|. Since (hf)t < M|f| and (hf)~ < Mf, 
the function Af is integrable, and so therefore is af. If a > 0 then 


forau=fatyau- [tory au= fp artan— f af au 


=a(f rrae- frau) =o f tay, 


and if a < 0 then 


frera=f lary dn fate du= f lait du— f jalet a 


=lal(f foau— f rtay) =-lol f fan =o fl tay 


Since |f + g| < |f|+|g|, the function f + g is integrable. 
Since (ft+g)T +f +g =(ft+g9) +f +9", 


[erates f rant f oman =f tra aut fe reat fot aw. 


Rearranging, 


[rrodu= f tau f ody 


We denote the set of integrable functions on (X,¥,) by LR(X,Y, 1). 
The proposition shows that ene. 8 , J, 4) is a vector space and the mapping 
f — Jy f dp is a linear functional on it. 


We have the following simple consequence of the monotone convergence 
theorem. 


Proposition 29.2.2 (Beppo Levi’s theorem) If (fn)°, is a sequence of 
integrable functions increasing pointwise to f, then 


[toa | f dp asn— co. 
5.4 x 
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Proof For fy(fn — fi)du > Jy (f — fi) du as n — 00, by the monotone 
convergence theorem, and so 


[tena [r- nian f tray 


= tim (ffm sidare) + fh frau = jim (frais). 


Here is an application. 


Example 29.2.3  Euler’s number 7 is given by the formula 


1 —t co .—t 
i— 
=f c a— | at. 
0 t 1 t 


In Volume 1, Exercise 8.8.9, it was shown that 


y= ay ([ 2th ft a) 


the first integrand increases to (e~’ — 1)/t and the second to e~*/t. 


A much more important result follows from Fatou’s lemma. 


Theorem 29.2.4 (The dominated convergence theorem) Suppose that 
(fn)e@1 is a sequence of measurable functions which converges pointwise 
almost everywhere to f, and that g is an integrable function such that 
lfn| < |g|, for each n. Then 


[ inau f fdu asn—- oo. 
B x 


Proof The functions |g| + fy, and |g| + f are non-negative. By Fatou’s 
lemma, 


[git tau stim int, f (lgl+fn)du =f olqu+tim int, f fu dy 


so that f is integrable, and Je fdp < liminfy +o te fn du. Similarly, the 
functions |g| — f, and |g| — f are non-negative, so that [y(—f)dw < 
lim infpoo fy (— fn) dy; thus 


fdye > timn sup ff dye > tim int f tudu> [fay 
xX x TONS I x 


n—-> Co 


Consequently, all the terms are equal, and the result follows. 
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Corollary 29.2.5 Further, Jy |fn — f|du—+ 0 as n— oo. 


Proof For |fn — f| < 2g almost everywhere, and |f, — f| — 0 almost 
everywhere. 


Corollary 29.2.6 (The bounded convergence theorem) Suppose that 
(fn)°1 is a uniformly bounded sequence of measurable functions on a finite 
measure space (X,%, 4) which converges pointwise almost everywhere to f. 
Then 


[totus f fay and f f= fd 0 as 2-00. 
x x x 


Proof Take g to be the constant function taking the value M = 
sup{|fn(z)|:n Ee N,xe X}. 


The dominated convergence theorem and the bounded convergence 
theorem can be applied to infinite series, as the exercises show. 

What is the relation between the Riemann integral and the Lebesgue 
integral? In order to answer this, we need to introduce the notions of the 
upper and lower envelopes of a bounded function. Let f be any bounded 
real-valued function on an interval J. We define the upper envelope M(f) 
and the lower envelope m(f) as 


M(f)(x) = inf (sup{ f(y): y € I, | — y| < 6}), 


m(f)(2) = pe (inf{ f(y) :y € I, |a —y| < d}). 


Proposition 29.2.7 If M(f) is the upper envelope of a bounded real- 
valued function f on an interval I and m(f) is the lower envelope of f, then 
M(f) is upper semi-continuous and m(f) is lower semi-continuous. 


Proof Suppose that x € I and « > 0. There exists 6 > 0 such that if 
y € (x —6,a4+6) NI then f(y) < M(f)(x) + e€. For such y, there exists 
n > Osuch that (y—n,y+n) C (x—6,x+0), and so M(f)(y) < M(f)(x)+e. 
The lower semi-continuity of m(f) is proved similarly. 


Thus M(f) and m(f) are measurable, even though f need not be. Note 
that m(f)(z) < f(x) < M(f)(x), and that m(f)(z) = M(f)(2) if and 
only if f is continuous at x. The function Q(f) = M(f) — m(f) is the 
oscillation of f. 
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Theorem 29.2.8 Suppose that f is a bounded real-valued function on a 
closed interval I = [a,b]. Then 


Ab 

[uw dA = f(x) dx, the upper Riemann integral of f, 
I a 
b 

[im d\ = | f(x) dx, the lower Riemann integral of f. 
I ya 


Proof Suppose that « > 0. There exists a step function v > f such that 
f? o(2) de < {?f(@) dx + «. Then M(f)(x) < v(x) except possibly at the 
finite set of points of discontinuity of v, and so f, M(f)du < f?o(@) dz. 
Since € is arbitrary, it follows that [; M(f) dA < {Ff (@) at 

Let Mn(f)(z) = sup{M(f)(y) : y € [e -— 1/n,z 4+ 1/n| 1 J}, for 
n € N. Since M(f) is upper semi-continuous, M,,(f) decreases pointwise 
to M(f). Thus [; Mn(f)dA > J, M(f) dA as n — oo, by the theorem of 
bounded convergence. Hence there exists N such that {, My(f)dA < J, 
M(f)dA +e. Let 


D=(=7 <<a, = 0) 
be a dissection of [a,b] with mesh size less than 1/N. If 
Kj =sup{f(x): x € [2;-1, 25]}, 


then K; < Myn(f)(x) for x € [x;~1, xj], and so 
ah k 
/ Hla)de < Y7 Kyle; ~a)-1)< [avinas fmnasre 


Since € is arbitrary, it follows that f° F(a) dx < [, M(f) da. 
The other equality is proved similarly. 


Corollary 29.2.9 The function f is Riemann integrable if and only if it 
is continuous almost everywhere. If so, then the Riemann integral of f and 
the Lebesgue integral of f are equal. 


Proof The theorem implies that f is Riemann integrable if and only if 
J,(M(f) — m(f)) dd = 0. Since M(f) > f > m(f), this happens if and 
only if M(f) = f = m(f) almost everywhere; that is, if and only if f is 
continuous almost everywhere. 
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If f is Riemann integrable, then f = M(f) almost everywhere, so that f 
is Lebesgue measurable and 


[roas fanas fra 


Complex-valued integrable functions can also be defined. If f is a complex- 


valued measurable function on (X,™¥), and f = g+ih, where g and h are 
real-valued functions, then f is integrable if g and h are, and the integral is 


defined as 
[sam fp odueri f hdu. 
x x x 


The set of complex-valued integrable functions is denoted by jie (X, &, 2). 
It is readily verified that LEX , J, 44) is a complex vector space, and that 
the mapping f > f[. x f du is a complex linear functional on it. The reader 
should verify that the dominated convergence theorem and the bounded 
convergence theorem also hold for complex-valued functions. 


Exercises 


29.2.1 Suppose that (X,%,) is a finite measure space, and that ¢ is a 
bounded finitely additive real-valued function on © which is abso- 
lutely continuous with respect to p. Show that @¢ is countably 
additive. Does the result extend to o-finite measure spaces? 

29.2.2 By making the substitution « = ny, calculate 


n—->oco 


1 
lim nf (1 — y)” cos ay dy. 
0 


29.2.3 Prove the following form of Dirichlet’s test. Suppose that (fn)? 4 
is a decreasing sequence of integrable functions which converges to 
0 almost everywhere and that (g,)°°, is a sequence of bounded 
measurable functions for which the sequence of partial sums 
(So =1 97 x21 is uniformly bounded. Show that 77-1 fngn converges 
almost everywhere to an integrable function s, and that 


ee | fogn a 
[sua f toga 


29.2.4 Let f be the indicator function of a fat Cantor set. Show that there 
exists no function equal to f almost everywhere which is Riemann 
integrable. 
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The remaining exercises provide examples of the use of the 
theorem of dominated convergence, and the theorem of bounded 
convergence.. 

29.2.5 Use the thorem of dominated convergence to prove Kronecker’s 
lemma: 


oe) n 
1 
If a; > 0 and a ee 
j= j= 


29.2.6 Suppose that p is a finite Borel measure on the Euclidean space R¢. 
If y € R4, let 


nO i ei) d(x); 
R2 


jcis the Fourier transform of u. Show that fi is a bounded continuous 
function on R4. 
29.2.7 Suppose that 1 < a < 2. Let f,(x) =n%x/(1+n?27), for x € [0,1]. 
Show that f, — 0 pointwise, but not uniformly. Use the theorem 
of dominated convergence to show that fo fn(z) dx +0 as n—- oo. 
Show that this can also be proved by making a change of variables. 
29.2.8 Suppose that 0 < x < a. Let 


ayia = 3 =e and let tp = Dosis 


j=l 


Show that 


x x/2 
sale) = | in(t)at = f se UE ye 
0 0 


sint 2 


29.2.9 Show that if0<a<6< 7/2 then 


- dt > 0 as n— oo. 
sint 


[ sin(2n + 1)t 
a 

Deduce that s,(”) > (a — x)/2 as n > ov. 
29.2.10 Show that 


a /(2n+1) 
[ sin(2n + 1)t i< | sin(2n + 1)t ? 
0 0 


sint sint 


-[ sint gee ah sin’ 
9 (2n+1)sin(t/(2n + 1)) 2Jo tt 
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Deduce that there exists K such that 


sup |s,(x)| < K, for x € [0,7]. 
neN 


29.2.11 Let 
Sa and let v,(x) = 


j=l j=l 


By making a change of variables, show that u,(x) > x/2 as n > oo 
and that sup,en |Un(x)| < A (the constant in the previous exer- 
cise), for x € [0,7). Deduce that v,(a) > 2/2 as n > oo and that 
SUPneNn |Un(x)| < 2K, for x € (0,7). 

29.2.12 Suppose that f is a Lebesgue integrable function on [0,7]. Show 
that 


oe) 


2 ae _[* 
ie fle)sin@2n— eae = f f(t) dt 


n=1 


29.3 Changing measures and changing variables 


In this section, we establish various results involving changes of measure and 
changes of variable. 


Proposition 29.3.1 Suppose that ¢ is a measurable mapping from a 
finite measure space (X,4,4) into a measurable space (Y,T). If A € T, 
let b4p(A) = u(@-1(A)). Then dsp is a finite measure on T. 


Proof If (An)°2, is a sequence of disjoint sets in T then (¢~1(Ap))2, is 
a sequence of disjoint sets in ©, and so 


dx tt(UnenAn) = L(Unene | = Donor An)) = S © bxpt(An) 


Some care is needed when (X, %, jz) is o-finite. For example, if¢:R > R 
is defined by ¢(x) = sinz and if A is a Borel subset of R then (@~!(A)) = 0 


Or ©. 


Proposition 29.3.2 Suppose that @ is a measurable mapping from a o- 
finite measure space (X,%,) into a measurable space (Y,T). Suppose also 
that there exists an increasing sequence (A,)r2, in T with union Y such 
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that u(d~!(An)) < co for eachn EN. If A€ T, let dxp(A) = u(d-1(A)). 
Then 4 is a o-finite measure on T. 


Proof Suppose that (B;)7<, is an increasing sequence in T, with union B. 
Then 
x (u)(B) = p(d-*(B)) = lim p(o" "(BN An)) 


noo 


lim lim p(¢7'(B; 9 An)) = lim lim p(¢7!(B; 9 An)) 


N+ CO j—-+00 joo N—->00 


= Jim u(o*(B;)) = Jim 6.4(B;), 


so that ¢, is a measure on T. Since ¢,t4(A,) < 00, it is o-finite. 


The measure ¢,,4 is called the image measure, or push-forward measure. 

If ¢ is real-valued, then ¢,y is called the distribution of ¢. In the case 
where yp is a probability measure, it is also called the law of ¢. 

For example, if (X,», 2) = ((0,27],£,A) and e(t) = e*, then the image 
measure is Lebesgue measure on T, and if we replace £L by 6, then the 
image measure is Borel measure on T. On the other hand, if (X,¥,w) = 
((0, 1], £, \) and h(t) = e?*”, then the image measure is called Haar measure 
on T. 


Proposition 29.3.3 Suppose that ¢ is a measurable mapping from a mea- 
sure space (X,%, wu) into a measurable space (Y,T), and that o, is finite or 
o-finite. Suppose that f is a measurable function on Y. Then f is an inte- 
grable function on (Y,T, bs) if and only if f o@ is an integrable function 


on X; if so, then 
[ sedu= [i talon) 
x Y 


Proof Tf f =I4, where A € T, then 


[ talon) = nora) = f tory ana f fo odp 


By linearity, the result also holds for simple functions. If f > 0 then there 
exists an increasing sequence (f;,)°°., of simple functions increasing point- 
wise to f. Then f, o @ increases pointwise to f o ¢, and so by monotone 
convergence, 


[ feed) = tim f fooan) = jim [ fate) = [ faloun). 


Finally the result follows for general f by considering ft and f~, and 


subtracting. 
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Corollary 29.3.4 If g is an integrable real-valued function on (X,™%, 1) 


then 
[acum f rato.mye. 


Proof Take ¢=g and f the identity mapping on R. 


We can also construct new measures by multiplying by integrable 
functions. 


Proposition 29.3.5 Suppose that g is a non-negative integrable function 
on a measure space (X,%, 1). If AE ™, let (g.du)(A) = f, gdp. Then g.du 
is a finite measure on (X,%), and if f is a measurable function for which 


fg is w integrable, then Jy f d(g.du) = fy fg du. 


Proof Suppose that (A,,)°2, is a sequence of disjoint elements of /, with 
union A. Let By, = Up A;, for n € N. Since glp, increases pointwise to 


gla, it follows from monotone convergence that 


n 


(g- du)(A) = lim (9 -dyi)(Bn) = lim Y1(g-du)(An) = Do(g > dts)(An), 
j=l j=l 


and so g.dj is a finite measure. 

The proof that the equation holds is essentially the same as in the pre- 
ceding proposition. If f = I4 then [, fd(g-du) = Jy fg du, and the result 
also holds for simple functions, by linearity. If f > 0 then there exists an 
increasing sequence (f,,)°°, of simple functions increasing pointwise to f. 
Then f,g increases pointwise to fg, and so by monotone convergence, 


[feta du) = Jim, f faata-dy) = jim f trade =f fod 


Finally the result follows for integrable f by considering ft and f~, and 
subtracting. 


29.4 Convergence in measure 


In order to go further, we need to introduce another mode of conver- 
gence of measurable functions, namely convergence in measure. Suppose that 
(X,%, 1) is a finite measure space, and that £L° = £°(X,™, 1) is the vector 
space of of real-valued measurable functions on X. Suppose that (fp)°2, is 
a sequence in £° and that f € £L°. We say that f, > f in measure if, for 
each c > 0, “((|fn — f| > c) 0 as n > ov. In the case where (X,,P) isa 
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probability space, probabilists call ‘convergence in measure’ convergence in 
probability. 


Proposition 29.4.1 Suppose that (fn)° is a sequence in L° and that 
f EL If fn — f almost everywhere, then fn > f in measure. 


Proof By Egorov’s theorem, f, — f almost uniformly. Thus if c > 0 there 
exists A € © with u(A) < c such that f, — f uniformly on X \ A; hence 
fn 2 f in measure. 


The following example shows that the converse of this proposition is not 
true. Let (X,5, #) = ((0, 1], £, A). Ifn = 2* +7 EN, with O <7 < 2", let f,, 
be the indicator function of the interval (j/2*, (j + 1)/2*]. If 0 < ¢ <1 then 
Mn > ©) = 1/2", and if c > 1 then (fp > c) = 0. Thus f, > 0 in measure 
as n — oo. On the other hand, if x € (0,1] then f,(x) = 0 for infinitely 
many values of n, and equals 1 for infinitely many values of n, so that fy, 
does not converge at any point of (0, 1]. 

Nevertheless, convergence in measure and convergence almost everywhere 
are closely related. 


Theorem 29.4.2 Suppose that (X,%,) is a finite measure space, that 
(fn)oo1 is a sequence in L°(X,¥,p) and that fr + f in measure. Then 
there exists a subsequence (fn, )72, which converges almost everywhere to f 
as k — oo. 


Proof We. use the first Borel-Cantelli lemma. For each k € N there exists 
nz such that pu(|fn — f| > 1/k) < 1/2" for n > nz. We can clearly suppose 
that (nj,)?2, is a strictly increasing sequence. Let By, = (|fn, — f| > 1/k); 
then 377°, u(Bx) < co, so that pu(lim sup;_,,, By) = 0. Ifa ¢ lim sup,_,,, Br 
then there exists K such that x ¢ UP? ,. By, so that | fn, (2) — f(a)| < 1/k for 
k > K, and fn, (x) > f(x) as k > oo. Thus fr, — f almost everywhere. 


Convergence in measure can be characterized by a pseudometric. We 
define the function ¢9 on [0, co) by setting 


go(t) =t forO<t<1, and ¢o(t) = 1 forl1<t< oo. 


Since ¢p is bounded and continuous, ¢ 0 | f| is integrable, for each f € L°. 


Theorem 29.4.3 If f,g € £°(X,, 1), let 


so I Adi =aiae 
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Then p is a pseudometric on £L°(X,o,), and p(f,g) = 0 if and only if f = g 
almost everywhere. If (fn)921 is a sequence in L°(X,a,u), then p(fn, f) + 0 
if and only if fr > f in measure. 


Proof Clearly p(f,g) = p(g, f). Suppose that f,g,h € £°(X,™, ). Since 
go is an increasing function and ¢o(x + y) < ¢0(x) + go(y) for x,y € [0, 00), 


ofr) = f dol — adn s | dollf—al + lla Alay 


< f oollfalau+ | doll ~ A) du = (f.9) + alah) 


Also p(f,g) = 0 if and only if 4(|f — g|) = 0, almost every where and this 
happens if and only if (| f — g| > 0) = 0; that is, if and only if f = g almost 
everywhere. Thus p is a pseudometric on £°(X,%, j). 

Suppose that f, — f in measure, and that « > 0. There exists ng such 
that u(|fn — f| > €/2u(X), for n > no. Then 


bo(lfn — fl) du + / te sven 


pms f) = / 
|fn—f|<¢/2u(X) lfn—f|>€/2u(X) 


<¢/2+6¢/2=€ 
for n > no, and so p(fr, f) > 0 as n > oo. 
Conversely, suppose that p(fn, f) > 0 as n > oo, and that 0<c <1. 
Then 


Cc 


MUa-FI>9< 5 f dollfn— de < alm le 0 


as n — oo, so that f, — f in measure as n > ov. 


How does convergence in measure relate to the algebraic structure of 
og ©. fea) 


Proposition 29.4.4 Suppose that (X,%,p) is a finite measure space, 
that (fn)&1 and (gn)S1, are sequences in £L°(X,X,pu) and that fig € 
£L°(X,d, pu). If fn > f and gn — g in measure, as n — oo, then 
fn +9n 2 f +g and fngn > fg in measure, asn — co. 


Proof It is easy to see that fy + gn — f +g in measure, as n —> ov. 
Let us establish the result for products. First we show that f? > f? in 
measure as n — oo. Suppose that 0 < € < 1. There exists k € N such 
that if B = (f > k) then u(B) < €/3, and there exists no such that if C, = 
(\fn—f| > €/3(2k+1)) then u(C,) < €/3, for n > no. Let A, = X\(BUC,). 
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If x € Ap then |fn(x) + f(x)| < 2k +1, so that do(|f2 — f?|) < €/3. Thus if 
n > no then 


| Ido(f2 — f2)] du 
xX 


< [ Ibo(f2 — f2)| du + [ Ibo(f2 — f2)| du + [. Ibo(f2 — f2)| dy 
Les eulB) Luoy Se 


and so f? — f? in measure. 
The general case follows by polarization. (fn +9n)? > (f +g)? and (fn — 
gn)? + (f — g)? in measure, as n — 00, and so 


fnGn = +((fn ar (Fr Gay) > +((f g)° (f g)”) =fg 


in measure as n — Oo. 


We now define an equivalence relation ~ on the space £L°(X,», 1) of 
real-valued measurable functions on X by setting f ~ g if f = g almost 
everywhere, and denote the quotient space by L° = L°(X,™, 1). Since f ~ g 
if and only if p(f,g) = 0, it follows that if we define do([f], [g]) = e(f,g) then 
this is well-defined (it does not depend upon the choice of representatives), 
and dp is a metric on L°(X,%, 2) (See Volume II, Section 11.1). Further, 


[0] = N° = {f : f = 0 almost everywhere}, 


and L° is the quotient vector space £L°/N°. 

We shall follow the usual custom, and write f both for a measurable 
function and for its equivalence class. For example, we shall write ‘f, — 
f in measure if and only if do(fn, f) > 0 as n — oo’. This practice is 
so well established that the reader needs to become accustomed to it. In 
fact, since countable unions of null sets are null sets, the transition between 
functions and their equivalence classes is usually quite straightforward. Very 
occasionally it is necessary to argue in a more detailed way. 

We now consider properties of the metric space (Lo(X, %, 1), do). It follows 
from Proposition 29.4.4 that the mappings (f,g) ~ f +g and (f,g) > fg 
from L° x L® into L° are continuous. Notice also that a translation mapping 
is an isometry of L°. 


Theorem 29.4.5 The space S(X,%,) of simple measurable functions is 
a dense linear subspace of L°(X,™, 1). 


Proof Suppose that f € L° and that 0 < € < 1. By Corollary 28.4.2, there 
exists n € N such p(|f| > 7) < €/2. By the construction in Theorem 28.6.3, 
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there exists a simple measurable function g such that |g(x)—f (x)| < €/2u(X) 
for x € (|f| <n). Then 


polt.9) = | bo(lf — gl) du +f dollf —gl)du<e/2te/2=e. 
(\f|>n) (f| 


\fl<n) 


The next theorem lies at the heart of many of the results in the theory of 
measure and integration. 


Theorem 29.4.6 If (X,™, 11) is a finite measure space then (L°(X,™, 1), do) 
is a complete metric space. 


Proof Suppose that (fn)929 is a dop-Cauchy sequence in L°. We shall show 
that there is a subsequence (fp, )72., which converges almost everywhere to 
an element f of L°. Then f,, — f in measure, and so f, > f in measure. 

For each k € N there exists ng such that p(|fn— fm| > 1/2*) < 1/2* 
for m,n > nz. We can clearly suppose that (n,)?2., is a strictly increasing 
sequence. Let Be = (|fnx — fines] > 1/2*), and let C = limsup,_,.. Br. 
Since °°, u(Br) < co, u(C) = 0, by the first Borel—Cantelli lemma. If 
x ¢ C then there exists ko such that x ¢ B, for k > ko. Thus 


| fro, (2) ~~ Fronss()| = 1/2", for k = ko, 


and so |fn,(%) — fing (@)| < 2/2* for 1 > m > ko. Hence (fn, (x))2, is a real 
Cauchy sequence, which converges, by the general principle of convergence. 
Thus (fn,(x))724, converges, to f(x), say. If x € C, set f(x) = 0. Then f is 
measurable, and f,, > f almost everywhere. 


We have seen that convergence in measure can be characterized very sat- 
isfactorily in terms of a metric. Is the same true for convergence almost 
everywhere? The next result shows that the answer is ‘no’. 


Proposition 29.4.7 Suppose that T is a topology on L°(X,™, 4) with the 
property that if (fn) is a sequence in L°® which converges almost every- 
where to f, then fn — f in the topology T, as n — oo. It then follows that 
if fn > f in measure then fn — f in the topology T, as n + oo. 


Proof Suppose not. Then there exists a neighbourhood N of f and a 
subsequence (fn, )?2., such that fp, ¢ N for all k € N. Let g, = fn, Then 
gx — f in measure as k — oo, and so there is a subsequence (gx,)72, such 
that g,, — f almost everywhere, as 1 — oo. But gy, ¢ N, for alll € N, 
giving a contradiction. 
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We can extend these results in two ways. First, suppose that (X,%, 1) is 
a o-finite measure space. Suppose that (f,)92, is a sequence in L°(X,», 2) 
, and that f € L°(X,»,). If A € © and p(A) > 0, let m4: L°(X,¥, pu) 3 
L°(A,%, 2) be the restriction mapping. Then f, converges locally in measure 
to f ift4(fn) — 7a(f) in measure, as n > oo, for each A € © with (A) > 0. 


Proposition 29.4.8 Suppose that (X,%,) is a o-finite measure space, 
with a sequence (Ip)? of disjoint elements of & of finite positive mea- 
sure, whose union is X. Suppose that (fn)&, is a sequence in L°(X,», 1), 
and that f € L°(X,X,p). Then fn > f locally in measure if and only if 
T1,(fn) > 71,(f) in measure, as n —- oo, for eachk EN. 


Proof A worthwhile exercise. 


Then L°(X,™,) is isomorphic to the product [[72, L°(Ik, =, 4), and 
local convergence in measure is characterized by a complete product metric 


such as 
- . do(m1,(f), 71,(9)) 
do(f, g) — _ uly) : 


Secondly, we can consider the space LOX , u, 44) of (equivalence classes 
of) complex-valued measurable functions. Results corresponding to those 
established above are obtained, usually by considering real and imaginary 
parts. 


Exercises 


29.4.1 Show that the set of step functions is dense in L°([0, 1], £, A). 

29.4.2 Show that the space C((0,1]) of continuous functions is dense in 
E(|0,.1),£,.4): 

29.4.3 Suppose that (f,,)°2, is a sequence of measurable functions on a finite 
measure space (X,¥, 4). Show that f,, converges in measure if and 
only if whenever (g;)721 = (fn, )F21 is a subsequence of (f,)72 there 
exists a subsequence (hx )P°) = (9j,)¢24 Of (g;)721 which converges 
almost everywhere. 

Use this to give another proof of Proposition 29.4.4. 

The remaining exercises show how to construct a metric which 
defines convergence in measure, without using integration. Suppose 
that (X,™X,) is a finite measure space, and that f € £°(X,%, 1) is 
non-negative. Let A» be the tail distribution of f: Ap(t) = u(f > t). 

29.4.4 Show that A+ is a decreasing right-continuous function on [0, 00), and 
that A(t) + 0 as t > oo. 
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29.4.5 Let o(f) = inf{t : As(t) < t}. If f,g € £°(X,%, yp), let p(f,g) = 
#(|f —g\). Show that p is a pseudometric on £L°(X,%, 4), and that 
p(f,g) = 0 if and only if f = g almost everywhere. 

29.4.6 Let d be the corresponding metric on L°(X,™,). Show that d is 
uniformly equivalent to the metric dp defined above. 


29.5 The spaces L}(X,», us) and L4(X, &, p) 


We now consider metric properties of the real vector space ene 1, ft) of 
real-valued integrable functions, and the complex vector space fen e.e ay ft) 
of complex-valued integrable functions on a finite or o-finite measure space 
(X,%, 4). We shall concentrate on the complex case: the corresponding 
results in the real case are easier, and the details are left to the reader. 


Proposition 29.5.1 The function pi(f) = fy |f|du is a seminorm on 
Lk Ep): pil(f) = 0 af and only if f =0 almost everywhere. 


Proof 
+g)= +g\d + du 
pilf +g) i lf +g ws f (lf| + Ig) 


=) fidu f an eae) 
x, xX 
and 
Aap I lafldae I, lol-[fldy = [a I flay = lalpr(f). 


Further, p;(f) = 0 if and only if f{ |f| dj = 0, if and only if | f| = 0 almost 
everywhere, if and only if f = 0 almost everywhere. 


Thus the quotient space LG(X, ©, uw) = LE(X, ¥, w)/N becomes a normed 
space when we set ||[f]||,; = i(f). Again, we write f both for an integrable 
function and for its equivalence class in L@(X, », 1). 


Theorem 29.5.2 LE(X,X,,) is a linear subspace of L2,(X,x, pu). The 
inclusion mapping 


J+ (Lo(X, ©, n), Illy) > (L°(X, ©, 1), do) 
Uniformly continuous. 


Proof We use Markov’s inequality. 
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Lemma 29.5.3 (Markov’s inequality) Jf f € LEX, uu) and a> 0 then 
a(|f| 2a) < lf lly /o- 


Proof For alijfi>a) < |f|, so that 


op(|f| > a) = i: Spode I flay = [Ill 


Thus if « > 0 and ||f —gl|, < ¢? then p(|f — g| > ©) < «, so that 
do(f, 9) <e. 


Theorem 29.5.4 The normed space (L@(X,™, /4), ||.||,) is complete. 


Proof We use Proposition 12.1.9 of Volume IJ, which implies that 
(L1(X,™¥,p),||.||,) is complete if j7(M-(f)) is do-closed in (L°(X,¥, 11), do), 
for each f € L1(X,%, w) and each € > 0 (where M.(f) = {9 : || f — gll, < €})- 

Suppose that g, € M.(f), and that do(gn,g) — 0 as n + oo. There exists 
a subsequence (gn, )72., such that gn, —> g almost everywhere, as k — oo, 
and so |gn, — f| > |g—f| almost everywhere, as k + oo. By Fatou’s lemma, 


[lo flaw stim int f gm - flu Se, 
xX k- 00 xX 


so that g € M.(f). 


Proposition 29.5.5 The vector space SR(X,%,) of simple real-valued 
measurable functions is dense in (LR(X,™, 1), |l-||1)- 


Proof First, suppose that f is a non-negative function in LR(X, &, p)- 
There exists an increasing sequence (f,)°°, of non-negative functions in 
S(X, 5,4) which converges pointwise to f, and so te fdp7 te f dp, by 
monotone convergence. Thus 


[r-todn= fl fodu- f tan 0.08 no 


Thus f is in the closure of S(X,%, ). If f € L'(X,%,) then f+ and f~ 
are both in the closure of S(X,%,), and so therefore is f. 


Corollary 29.5.6 The vector space Sc(X,%,) of simple complex-valued 
measurable functions is dense in (L@(X,», 1), |I-I],)- 


Proof Consider real and imaginary parts. 
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Exercises 


Suppose that (X,%, /) is a finite measure space. 

(i) Let (A, B) = wp(AAB) = p(A\ B) + p(B \ A), for A,B Ee &. 
Show that ® is a pseudometric on %. 

(ii) Let (M,,(X,%),d) be the quotient space, with the quotient 
metric. (M,(X,%),d) is the measure algebra of (X,%, p1). 
Show that the mapping [A] — [4] from (M,(X,%),d) to 
(L'(X,™,p),||-||,) is an isometry. 

(iii) Show that (/,,(X,=),d) is a complete metric space. 

Suppose that (X,%, ) is a finite measure space, and that (f,,)°2, is 

a sequence of unit vectors in LR(X , J, 44) which converges pointwise 

almost everywhere to a unit vector f. Use Fatou’s lemma to show 

that 


[tidus f prawana [te du-> fF du as n> 00, 
x x 4 x 


Deduce that f, — f in norm as n> co. 
Suppose that (X,%, ) is a finite measure space. Let 


P={Feth(X En): £20, f fde=1}. 


Is P a closed subset of La(X, 5, 1)? 

Show that the vector space of step functions is dense in L1((0, 1], £, ). 
Show that the vector space C((0, 1]) of continuous functions on [0, 1] 
is dense in L1({0,1],£,), and that the vector space of continuous 
functions of compact support is dense in L1(R, L, d). 

Suppose that f € L'({—1,1], A). Set f(x) = 0 for |x| > 1. Show that 


1 
/ |f(~@ +h) — f(x)|dt > 0ash-> 0. 
4 


Suppose that f € L'(R,), Let fly) = Lew f(x)e—"4 da, for y ER. 
By considering suitable approximations, show that 7 is a bounded 
continuous function on R and that |f(y)| > 0 as |y| > oo. 


29.6 The spaces LR(X, 5, ) and L2(X,», 1), for 0 < p< co 


We now introduce some further spaces of functions, and of equivalence 
classes of functions. Suppose that 0 < p < oo. We define ee = LEX, )) 
to be the collection of those real-valued measurable functions for which 
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Sx |f\P du < 00, and define LE = LE(X,%, 1) to be the collection of those 
complex-valued measurable functions for which fy |f|? dj < oo. We shall 
establish results in the complex case, and again leave it to the reader to 
verify that corresponding results hold in the real case. 

If fe Le and a is a scalar, then af € es Since 


|a + BP < 2? max(|al?, |b|) < 2?(|alP + |d}”), 
f+ge Le if fig e oe Thus fee is a vector space. 


Theorem 29.6.1 = (i) If 1 < p < o then ¢,(f) = Sx LF? de)? is 
a semi-norm on LE, and $,(f) = 0 if and only if f = 0 almost 
everywhere. 

(ii) If0 <p <1 then py(f,g9) = fy |f — g|P du is a pseudometric on LE, 
and pp(f,g) = 0 if and only if f = g almost everywhere. 


Proof The proof depends on the facts that the function t? is convex on 
(0, co) for 1 < p < o and is concave for 0 < p< 1. 

(i) As in Proposition 29.5.1, ¢dp(af) = |aldp(f), and ¢,(f) = 0 if and 
only if f = 0 almost everywhere. If f or g is zero almost everywhere then 
trivially ¢,)(f + 9) = op(f) + dp(g). Otherwise, let F = f/¢,(f) and let 


G = g/%p(g), 80 that p(F’) = op(G) = 1. Let A = }p(g)/(op(f) + op(g)), 80 
that 0 < A < 1. Then 


f = (Gp(f) + bp(g))A — A)F and g = (¢p(f) + bp(g))AG, 


so that 


If + gl? = (bp(f) + bp(9)? (A — A)F + AGHP 
S (p(F) + bp(9))” (CL = AYP + ALG)? 
S (bp(f) + bp(g))? (1 — AFP + AIG?) 


since the function ¢t? is convex, for 1 < p < oo. Integrating, 
[it +a du < (onl) + opty” (a2) fLePran+a f \aPan) 
= (bp(f) + bp(9))”: 


Thus we have established Minkowski’s inequality 


1/p 1/p 1/p 
Pd Pd Pd 
(fires 1) < (fi 1) (fia 1) 


and shown that ¢, is a semi-norm. 
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(ii) If 0 < p < 1, the function t?~! is decreasing on (0,00), so that if a 
and b are non-negative and a+b > 0, then 


(a+b)? =a(at+b)P'+b(a +b)? < a? +P. 


Integrating, 


fltrarans f si+iavrdns f eran f lal an 


this is enough to show that pp is a pseudometric. 


As with Tips we define LO(X,z,u) to be the quotient space 
LE(X,B, w)/N, and set 


LF Illp = ¢p(f) for p > 1, and dp([f], [g]) = pp(f,g) for 0< p <1; 


||. ||, is a norm, and dy is a metric. We again write f both for a function in 
LE(X,», 1) and for its equivalence class in LE(X,&, p). 


Theorem 29.6.2 If0< p< oo then the inclusion mapping 


5: (LQ(X,%, 4); Ill) 2 (LOX ©, 2), do) 
is uniformly continuous. 


Proof Markov’s inequality shows that if f € L&(X,¥,) and a > 0 then 
uf] 2 a) < Uy [FP du) /o?. 
Ep 2i,e> 0 and) ||} gl, < e'+1/P then p(|f — g| > ©) < ©, so that 


do(f, 9) <e. 
If0<p<1,e>0 and d,(f,g) < &*t' then p(|f — g| > ©) < «, so that 


do(f, 9) <e. 


Theorem 29.6.3 (LG,||.||,) is @ Banach space for 1 < p < oo and 
(L2,,dp) is a complete metric space for0<p <1. 


Proof The proof is essentially the same as the proof of Theorem 29.5.4, 


inserting an exponent p when this is required. 


Proposition 29.6.4 Jf 0 < p< 1 then the vector space SR(X,™, 1) of 
simple real-valued measurable functions is dense in (LR (X,¥,p),dp) and 
the vector space So(X,%, 1) of simple complex-valued measurable functions 
is dense in (L2,(X, X, p), dp). 

If 1 < p < o then the vector space SR(X,%,) of simple real-valued 
measurable functions is dense in (LR (X,™, 1), l|-Il,) and the vector space 
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Sc(X,%,) of simple complex-valued measurable functions is dense in 
(LO(X, =, 2), Il-ll,)- 


Proof Once again, by considering real and imaginary parts, and positive 
and negative parts, it is enough to approximate a non-negative function f by 
simple measurable functions. There exists an increasing sequence (f,)°2, of 
non-negative functions in S(X,%,) which converges pointwise to f. Then 
(f — fn)? — 0 pointwise as n — oo, and (f — fr)? < f?, and so by dominate 
convergence [y(f — fn)? du + 0 as n — oo; this gives the result. 


In metric space terms, these results are the most important results of 
integration theory. When (X, 5, yw) = (R, £, A), the vector space of step func- 
tions, and the vector space of continuous functions of compact support, are 
dense in L?(X,X,) (Exercise 29.6.2). The results show that LZ(X, X, p) 
can be thought of as the completion of Se(X,%, 4), when Se(X,%, 1) is 
given an appropriate norm, or metric, and that LZ(R, £, A) can be thought 
of as the completion of step functions, or the vector space of continuous func- 
tions of compact support, when it is given an appropriate norm, or metric. 

The Banach space L2(X, %, 1) is particularly important. 


Theorem 29.6.5 If f,g © LZ(X,X,) then fg € LG(X,¥, pu). The func- 
tion (f,9) = Jy fG dp is an inner product on L2(X,X, 1), which defines the 
norm, so that L2(X,™%, u) is a Hilbert space. 


Proof Since fg = $((f +9) — f? 97), fg € L&(X,», y). It then follows 
that (f,9) = Jy f9 dp is an inner product on L%(X,X, #) which defines the 
norm on L2,(X, %, 4). 


We can also establish Hélder’s inequality. Recall that if 1 < p < oo and 
1/p+1/p' = 1, and if a,b are non-negative, then 


with equality if and only if a? = bP’. 
If z = re’ is a non-zero complex number in polar form, we define the 


signum sen (z) to be e’’. We define sen (0) = 0. 


Theorem 29.6.6 (Holder’s inequality) Suppose that 1 < p < o, that 
1/p+1/p' =1 and that f € LO(X,=,p) and g € LE(X,z,p). Then fg € 
EN X33), and 


| [ fad) < [ Ifoldy <[Ifllpllall- 
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Equality holds throughout if and only if either ||f\\, \l9 
Asen (f).|f|?-+ almost everywhere, where \ # 0. 


g =o, org = 


Proof The result is trivial if either f or g is zero. Otherwise, by scaling, 
p' = 1. Then, by the 


it is enough to consider the case where ||/\|,, = |lg 
inequality above, |fg| < |f|?/p + |g|” /p’; integrating, 


Fale lg?” = fi ane. ! 
lfgldu < | —-du+ | ~—dp=1/p+1/p =1=|fIl, llgll,- 
xX x P x 4 
Thus fg € L6(X,», u) and so | fy fgdul < flfgldu < |ifll, ilgll,- 


If g = sen(f).|f|2~1 almost everywhere, then fg = |fg| = |f|? = |g|?’ 
almost everywhere, so that 


[taal = fata I Fllp = llgll = WF lial, - 


By scaling, the result holds if g = sgn(f).|f|?~!. 
Conversely, suppose that 


| [ fods| =f \folau =I 


Then, again by scaling, we need only consider the case where || f||,, = ||9ll,, = 
1. Since | fy fgdu | = fy\fgldu, fg = |fg| almost everywhere, so that 


p* 


either f(x)g(x) = 0 or sgn (f(x)) = sgn (g(x)), for almost all x. Since 
[ \toldu=1= f iP /oau + f lope’ du and [fP /p-+ lg" /o! = Ifa 
x x 


|fg| =|f|P/p + |g|”’ /p’ almost everywhere, and so |f|? = |g|?" almost every- 
where. Thus |g| = | f|?/”” = |f|?-! almost everywhere, and g = sgn (g)|g| = 
sen (f)|f|?~! almost everywhere. 


Holder’s inequality shows that there is a natural scale of inclusions for 
the L? spaces, when the underlying space has finite measure. 


Corollary 29.6.7 Suppose that (X,%,) is a measure space, that u(X) < 
co and that 0<p<4q< oo. Then L4(X,%, pu) C LE(X,%, p). 
Ifl<p<q<co and f € LE(X,¥,p) then |fll, < w(X) 4 IF lq. 


Proof Suppose that f € L4(X,™, yu), where q < oo. Let r = q/(q—p), so 
that p/q+1/r = 1 and 1/rp = 1/p — 1/q. We apply Holder’s inequality to 
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the functions Ix and |f|?, using exponents r and q/p: 


[leans woo ( a yan) 


so that if p > 1 then 


; 1/q 
IF llp < (aX)? ( i lan) = p(x)VP-Y/a I fl]. 


We leave as an exercise for the reader to establish the corresponding 
inequalities when 0 << p< 1<q<ooand when0<p<q<l. 

Suppose that (Q, 4, P) is a probability space. It follows from this corollary 
that £2,(Q,2,P) C LE(Q, =, P) and that if f € L2,(,u,P) then 


[ser] < f islaP <i, 


If fe Le (Q, 4, P), the quantity if f dP is called the expectation or mean 
of f, and is denoted by E(f). If f € L%(Q, 4, P), the quantity oF = folf- 
E(f)|? dP is called the variance of f. Note that 


o}= [BU F- BID) aP 
= [ FFap —26()E(A) + BUVELA = [1/13 — IEUDP. 


Proposition 29.6.8 (Chebyshev’s inequality) Jf f € LZ(Q,¥,P) and 
t > 0 then 


P(|f — B(f)| > 1) < 03/2. 
Proof By Markov’s inequality, 


P(|f —E(f)| >t) =PUf - ENP > ®) < 03/2. 


Here is an application. 
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Proposition 29.6.9 (The second Borel—Cantelli lemma) Suppose that 
(A,)°2, is a sequence of events in a probability space (Q,4,P) for which 


spas = oo and P(A; A;) < P(A;).P(A;) fori Fj. 


Then 
P(lim inf A,) = P({z: 2 € Ap infinitely often}) = 1. 
noo 


n=1 
is an increasing sequence of functions. We apply Chebyshev’s inequality to 
Nas EN g) = Saou 


Proof Let pj = P(Aj), let sn = 04) pj and let Ny = 0%, Ja,. (Nn) 


2 
n 


o% = [ S (la, -7;)) oP 


jal 


“Ef I4,—pj dP +2 S° Bl Ta, — pi), — pj) dP 


1l<i<jg<n 


Ifk EN and s, > k then 


P(N, =k) < P(|Ng—89| > Sn — k) S 


by Chebyshev’s inequality. Thus 


P( lin Ny <k) = lim PUN, < k)= 


n—-oco noo 


Hence P(limn+o Nn > k) = 1, and so N, — oo almost everywhere. This 


clearly implies the result. 


The second Borel—Cantelli lemma is frequently used when the events 
A, are pairwise Sa a (A; N Aj) = Bes ee) tory = Ff) or 
independent (P(N'_,A jae.) = ie ,P(Ai,) for i1 < --- < ap). 

Exercises 


29.6.1 Show that the set of step functions is dense in L?([0,1],£,A), for 
0O<p<m. 
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29.6.2 Show that C([0, 1]) of continuous functions is dense in L?((0, 1], £, A), 
and that the vector space of continuous functions of compact support 
is dense in L?(R, £, A), for 0 < p< oo. 

29.6.3 Suppose in Corollary 29.6.7 that 0 < p< 1<q< cw. What is the 
corresponding inequality relating d,(f,0) and ||g||,? Suppose that 
0<p<q<1. What is the corresponding inequality relating d,(f, 0) 
and d,(f,0)? 

29.6.4 Suppose that (X,%, 1) is a finite measure space. Show that if f isa 
non-negative measurable function and p > 0 than. 


| fequ=p | tP—*)d>(t) dt. 
x 0 


Deduce that if p < q and A(t) = O(t~%) then f € L?(X,%, 1). 
29.6.5 Suppose that 0 < p< q< co. Show that 


tV/9T9 1 (t) € LR(R, L A) \ LR(R, Ly A), 
and ¢~!/P Jy y(t) € LA(R, £, d) \ER(R, £,)). 


In this case, there are no natural inclusions. 
29.6.6 Suppose that (Q, 4, P) is a probability space. Suppose that 0 < h < p 
and that f ¢ L?+"(Q,¥,P). Show that 


(/ \frap) < (furar) (f s-rar). 


29.7 The spaces L??(X, =, wu) and L&(X, », p) 


Suppose that (X,%, ) is a finite or o-finite measure space. A function f in 
La XL) is essentially bounded above if there exists M such that f < M 
almost everywhere; that is, there exists M such that u(f > M) = 0. The 
essential supremum esssup(f) is then defined to be inf{t : u(f > t) = O}. 
If (tn)°2, is a decreasing sequence for which tn — esssup(f), then u(f > 
esssup(f)) = limn+ou(f > tr) = 0, while if t < esssup(f) then p(f > 
t) > 0. f is essentially bounded below if —f is essentially bounded above, 
and f is essentially bounded if it is essentially bounded above and below. 
We define L& = LeE(X,%, pu) to be {f € LR : f is essentially bounded}. 
Rn is a linear subspace of ee. 


Theorem 29.7.1 The function p(f) = esssup(f) is a seminorm on 
L°?( XD, fi), and 


{f : p(f) = 0} =NR(X, 4, un) = {f © LR: f =0 almost everywhere}. 
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Let ||.||,, be the corresponding norm on the quotient space L°(X,¥, u). Then 
(L°(X,%, 11), ||-||,,) #8 a Banach space. 


Proof The first statement follows easily from the definitions. If f € £°, let 
B = (|f| > esssup(|f|), and let f’ = fIx\g. Then esssup(|f’|) = sup(|f")), 
and f’ — f € NR(X,»,), so that [f] = [f"]; this idea is always useful 
in considering convergence in the norm |].||,,. In order to prove com- 
pleteness, we use Proposition 14.2.5 of Volume II; it is enough to show 
that if S7P° II[fnlll,, < co, then S°°°,[fn] converges in norm. We can 
pick representatives f/, in Cy for which esssup(|f/|) = sup(|f;,|). Then 
yo (sup | f/,|) < oo, and so the sum )°°°, f(x) converges uniformly on X 
to a bounded measurable function f on X. Consequently }°°~_, [fn] converges 
in norm to [f]. 


Norm convergence in L™®(X,%,) is called uniform convergence almost 
everywhere. 

We can also consider the space LE(X,L,) of essentially bounded 
complex-valued functions (measurable functions f for which |f| is essentially 
bounded), and the corresponding Banach space (L@(X, &, 11), |]-||,,)- 


Exercises 


29.7.1 If (X,%,) is a finite measure space, show that the set of simple 
measurable is dense in (LR (X, ¥, 2), ||-||,,)- 

29.7.2 Show that CR([0,1]) is not dense in LR (0, 1], £, A). 

29.7.3 Give an example of an element of LR ([0,1],£,A) which cannot be 
approximated by step functions in the ||.||,, norm. 


30 


Constructing measures 


30.1 Outer measures 


We used outer measure to define Lebesgue measure. Can we do the same in 
a more general situation? 

An outer measure on a non-empty set X is a mapping p* from the set 
P(X) of subsets of X into R* which satisfies 


(a) p*(0) = 0, 
(b) if F C F then p*(E£) < p*(F), and 
(c) if (EZ,))e2, is a sequence in P(X), then p*(U%, En) < 072, w* (En). 


The function pu, defined by y.(E) = y*(X) — p*(X \ E) is the cor- 
responding inner measure. By (c), w*(X) < w*(E£) + w*(X \ £), and so 
p(B) < p*(£), for all FE € P(X). 

Thus Lebesgue outer measure A* on a finite interval is an example of an 
outer measure. 

First we show that if (X,&, ) is a complete finite measure, then it defines 
an outer measure, and the resulting outer measure determines the measure 
space (X, y, 1). 


Theorem 30.1.1 Suppose that (X,%,) is a complete finite measure 
space. If EF € P(X), let p*(E) =inf{p(A): AEX, E C A}. 


(i) If E C X, there exist sets A and B in % such that A C E C B, 
(A) = a(B) and p(B) = u*(B). 
(ii) u* is an outer measure on X. 
(iii) if BE CX then E €® jf and only if w(F) = Ww (FOE) + w(F\E) 
forall F CX. 
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Proof (i) For each n € N there exists B, € © with FE C B, and p(B) < 
p(B) +1/n. Let B=N{B,:n€ N}. Then B € ¥ and E CB, so that 


(EB) < p(B) < w(Bn) < (LE) + 1/n, for allneN. 


Thus y*(E£) = p(B). Applying this result to X \ E, it follows that there 
exists C € © with X \ E CC and p*(X \ FE) = p(C). Let A = X \ C, so 
that A C E. Since u*(X) = u(X), it follows that 


be (E) = w"(X) — p(X \ BE) = w(X) — w(C) = (A). 


(ii) Conditions (a) and (b) are clearly satisfied. Suppose that (E,,)°°, is a 
sequence of subsets of X. For each n € N there exists B, € % with E, C By 
and y*(E,) = p(B,). Then B = UPC, B, € © and 


oe) 


PURE) <p e)< > a8.) => a): 
n=1 n=1 


(iii) Suppose that the condition is satisfied. There exist sets B and C in 
such that FC B, X\E CC, p*(£) = p(B) and p*(X \ E) = (C). Then 
BUC=X and 


p(B) + w(C) = "(E) + u*(X \ B) = "(X) = w(X), 


so that u(BOC) = uw(BUC) — p(B) — u(C) = 0. Since the measure yu is 
complete, FN (BNC) €%. Since FE = (X\C)U(EN(BNC)), EFEX. 

Conversely, suppose that E € © and that F is a subset of X. By condition 
(c), W(FOE)+pu*(F\ E) > u*(F); we need to prove the converse inequality. 
There exists A € © such that FC A and p*(F) = (A). Let B= ENA and 
let C = A\ E, so that A is the disjoint union of B and C. Since ENF C B 
and F\ ECC, 


y*(F) = (A) = w(B) + u(C) > uF B) + p"(F\ 8). 


This result helps explain the definition of © in the next theorem. 
Theorem 30.1.2 Suppose that u* is an outer measure on X. Let 
V={ACKX: wW(BNA) +p (E\ A) = (£) for all E CX}. 


Then % is a o-field, and if pw is the restriction of u* to %, then p is a finite 
measure, and (X,%, 4) is a complete measure space. 
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Proof By condition (c), w*(EN A) + u*(E \ A) > p*(E) for all A and E, 
and so 


V={ACKX: wW(ENA) +p (E\A) <p (£) forall BCX}. 


The proof comprises six separate steps. 

First, we show that » is a field. Certainly X € ©. Since ANE = E\(X\A) 
and E\ A= EN (X \ A), it follows that A € ¥ if and only if X \ Ae %. 
Thus it is sufficient to show that if A and B are in \), then so is AN B. If 
EC X, then 


p(B) = w(EN A) + e(E\ A) 
= [p"(EN ANB) + u*((EN A) \ B)| 

+[W"((E \ A) B) + w"((E \ A) \ BY] 

> w(ENANB) 

+u"(((E A)\ B)U((E\ A)N B)U ((E \ A) \ B)) 

= w*(EN(ANB)) +p*(E\ (ANB). 


Secondly, we show that p* is additive on . If A and B are disjoint 
elements of ©, then 


w(AU B) = p*((AU B)N A) + p*((AU B) \ A) = w"(A) + 2*(B), 


so that * is additive on &. 

Thirdly, suppose that (A,,)°2, is a sequence of disjoint elements in ©, 
that B, = Uf_,Aj; and that A = UR2) An. We show that if HE C X then 
iE NBS Se u*(E  A;). We prove this by induction on n. It is 


trivially true when n = 1. Suppose that it is true for n. Since By, € &, 


W(EO Bnyi) = (EO Bras) 1 Bn) + w((EO Br41) \ Bn) 
n+l 
= p*(EN Bn) + w*(EN Ani) = 2H" EN A;) 


which establishes the induction. 

Fourthly, we show that y*(A) = S°°°, u*(An). By the previous step, 
yi u*(Aj) = w*(Bn) < w*(A). Since this holds for all n € N, p*(A) > 
Po w*(An): the converse inequality follows from the definition of outer 
measure. 


868 Constructing measures 
Fifthly, we show that A € %. If FC X andneéEN, then 
u'(E) = w (EN Bn) + w(E \ Bn) 


n 


= So p(B A;) + "(EB \ Bn) > So et (EN Aj) + (EB \ A), 


j=l j=l 
so that 
p(B) >) uX(EN Ay) +u"(E\ A) > eX(EO A) + pX(E\ A), 
j=l 
and Ae &. 


Consequently, © is a o-field, and the restriction of * to X is a finite 
measure. 

Sixthly, we show that “1 is a complete measure. Suppose that A € %, that 
p(A) = 0 and that F C A. Then u*(F’) = 0, so that if EF C X then 


y (ENF) +u"(B\ F) = u(E\ F) < (8). 


Hence F' € &. 


If we start with an outer measure j*, consider the measure pu of this 
theorem, and use pz to construct an outer measure pw’, as in Theorem 30.1.1, 
then it does not necessarily follow that u* = pu. Nor does it necessarily 
follow that if u*(A) = u,.(A) then A € &, as Exercise 30.1.2 shows. 


Exercises 


30.1.1 Let y* be an outer measure on a set X, let jz be the measure which 
it defines, and let Y be the outer measure defined by py. Show that 
p(B) > p(B), for BCX. 

30.1.2 Let X be a set with four elements. Let u*(0) = 0, u(&) = 1/3 
if E is a singleton set, let u*(£) = 1/2 if E has two points, let 
p*(E) = 2/3 if E has three points and let y*(X) = 1. Show that p* 
is an outer measure. What is the corresponding o-field ©? What is 
the corresponding measure jz? What is the outer measure 1’ defined 
by yu? Which subsets E of X satisfy u*(E) = ps(F)? 


30.2 Caratheodory’s extension theorem 


We are now in a position to prove a fundamental extension theorem, which 
allows us to construct many interesting measure spaces. We need another 
definition. A collection S of subsets of a set X is a semi-ring if 
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(a) OES, 

(b) if A,B Ee S then AN BES, and 

(c) if A,B € S and AC B then there exists a finite sequence (C,...,C,) 
of disjoint elements of S such that B\ A= UF_1 Cj. 


Here are some examples. 


e The collection S of all subsets of R of the form (a, b], (—oo, b], (a, co) or 
R is a semi-ring. 

e If Ry is aring of subsets of a set X1 and Rg is a ring of subsets of a set X92 
then the collection of sets of the form A, x Ag, with A; € Ry and Ag € Ro 
is a semi-ring of subsets of X, x Xo. 

e Recall that the Bernoulli sequence space Q(N) is the infinite product 
Wea14, 1};, and that a j-cylinder set is a set of the form 


{2 €Q: a4; =a; for 1<i< Jj}, where (a1,...,a;) € {0,1}. 


Q(N) was introduced in Volume II, Section 13.2, and cylinder sets in 
Volume II, Section 15.4.) The collection of cylinder sets in 2 is a semi-ring. 


A non-negative real-valued function m on a semi-ring S is a pre-measure if 
m(@) = 0 and if it is o-additive: if (A;,)°2, is a sequence of disjoint elements 


of S' whose union is in S, then m(U% An) = So72 m(An). 


Theorem 30.2.1 (The Caratheodory extension theorem) Suppose that m 
is a pre-measure on a semi-ring S' of subsets of a set X, and that X © S. 
Then there exists a complete finite measure w on a o-field % containing S, 
for which (A) = m(A) for AES. 


Proof If E CX, let 
u*(E) = inf ‘> m(An) : An € S,E © ead ; 
n=1 


We show that ju* is an outer measure, and that if & is the o-field and yz the 
measure given by Theorem 30.1.2, then © and p have the required properties. 
Note that, if A € S, then u*(A) = m(A), since m is a pre-measure. 

Clearly conditions (a) and (b) of the preceding section are satisfied. Sup- 
pose that (£,)°°, is a sequence of subsets of X, and that « > 0. For 
each n, there exists a sequence (Ap,%)72, in S such that E, C UP Ank 
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a Ang) < p*(En) + 6/2”. Then U2, By SUS, UR, Ang, and 


k 
Since ¢€ is arbitrary, condition (c) is satisfied; 4* is an outer measure. 

Next, we show that S C X%. Suppose that B € S, that BE C X and that 
€ > 0. There exists a sequence (A,)?2., in S such that E, C UP2,An,g and 
E CUS, An and S7°°, m(An) < w*(E) +. Then £N BC U% 1 (An B); 
since A,B €S for alln EN, w*(ENB) < O°), m(An NB). Similarly, 
p(B \ B) < O°, m(Ap \ B). Since m(A,) = m(An NB) + m(Ap, \ B), it 
follows that 


u'(E OB) + p*(E\ B) < S>m(Ann B) + 5/ m(Ap \ B) 


n=1 n=1 
=) > m(An) < u*(E) +6 
n=1 


Since ¢ is arbitrary, u*(EN B)+ u*(E \ B) < u*(£), so that Be &. 
Finally, if A € © then p(A) = p*(A) = m(A). 


Corollary 30.2.2 If EF C X, there exists B © X such that E C B and 
pe (E) = p(B). E €d if and only if w*(E) = yp, (£). 


Proof Ifk € N there exists a sequence (Ap,)°2, in S such that EC 
Ue Ang and S7P°, m(Ank) < w*(£Z)+1/k. Let By = U2 Ang. Then By € 
b, and u(Br) < 372, m(Ankg) < p*(E) + 1/k. Let B = 92,By. Then 
Bed, EC Band p(B) < w(Be) < w*(E) +1/k for all k € N, so that 
u(B) = w*(£). 

If EF € &, then certainly u(E£) = u*(£) = u.(E). Suppose conversely that 
u*(E) = u.(E). Then there exist sets A and B in © such that AC ECB 
and (A) = pe(E) = u°(E) = u(B). Thus u*(E \ A) < u(B\ A) = 0, 
so that, since the measure space is complete, E \ A € %. Consequently, 
E=AU(E\A)ex. 


Example 30.2.3 Finite Borel measures on the Bernoulli sequence space 
Q(N). 


Q(N) is acompact metrizable space, when it is given the product topology, 
and the cylinder sets are open and closed. If C' is a j-cylinder set, C is the 
union of the two (j + 1)-cylinder sets 


CO={rec: £541 = 0} and CY ={rec: eee =), 
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If 1 is a finite Borel measure on 2(N), then p(C) = p(C) + n(C), for 
every cylinder set C. Conversely, suppose that m is a non-negative real- 
valued function on the semi-ring of cylinder sets, which satisfies m(C) = 
m(C) + m(C), for every cylinder set C. Then it is an easy exercise 
to show that m is additive. But it is then trivially a pre-measure, since if 
(C,)°2, is a disjoint sequence of cylinder sets whose union C is a cylinder 
set, then all but finitely many sets C;,, must be empty, since C’ is compact 
and the sets C), are open. It therefore follows from Caratheodory’s extension 
theorem that there is a measure py on a o-field containing the cylinder sets, 
which extends m. But the cylinder sets generate the Borel o-field, so that 
the restriction of 44 to the Borel o-field is a finite Borel measure on 2(N). 


30.3 Uniqueness 


Is the extension provided by Caratheodory’s extension theorem uniquely 
determined? There are two closely related results which show that the answer 
to this question, and other similar questions, is ‘yes’. We need a definition. A 
collection M of subsets of a set X is a monotone class if whenever (Ap)? 1 
is an increasing sequence in M then U°,A, € M and whenever (A,,)°C, is 
a decreasing sequence in M then N?2@,An € M. 

Theorem 30.3.1 (The monotone class theorem) If R is a field of subsets 
of a set X and if M is a monotone class containing R, then M contains the 
o-field o(R) generated by R. 


Proof Since the intersection of monotone classes is clearly a monotone 
class, there is a smallest monotone class Mo such that RC Mp C M. Since 
o(R) is a monotone class, Mp C o(R). Let My = {A € Mp: E\AE 
Mp for all E € R}. Then M; is a monotone class containing R, and so 
M, = Mp. If A € Mo, let 


My ={ECX:ENAE Mp}. 


Ma, is a monotone class. If B € R, then R C Mp, and so Mo C Mg. 
This means that if A € Mp then AN B € Mp. This in turn means that 
B € Mag. But this holds for all B € R, and so R C My. Thus Mo C My. 
Consequently if A’ € Mp then A’N A € Mo. Thus Mp is a ring: since it is 
also a monotone class, and since X € Mp, it is a o-field containing R. Thus 
o(R) C Mo CM. 


In the next result, we weaken one condition, and strengthen the other. 
We need some more definitions. Suppose that X is a set. A m-system in 
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X is a collection II of subsets of X with the property that if E,F € I, 
then EOF ETL. A A-system in X is a collection A of subsets of X which 
satisfies 


(i) X EA, 
(ii) if (A,)°2, is an increasing sequence in A, then U°°, A, € A, and 
(iii) If A,Be Aand AC Bthen B\ AEA. 


If (A,,) is a decreasing sequence in a A-system A, then 
Mp=1An = Ai \ Up=1(A1 \ An); 


so that a A-system is a monotone class. Verify that a A-system which is also 
a m-system is a o-field. 


Theorem 30.3.2 (Dynkin’s 7-\ theorem) /JfII is a 2-system of subsets of 
a set X and A is a X-system containing II, then A contains the o-field o(I1) 
generated by II. 


Proof Let I(II) be the intersection of the \-systems which contain I. Then 
I(II) is a \-system. We show that [(II) is a 7-system, which establishes the 
result. Suppose that A € I(II). Let l4 = {EF € WII): ENA € IID}. 
Then /(A) is a A\-system (verify this). Suppose first that B € II. If C € II, 
then C € lg, so that II C lg. Consequently I(II) C lg. Now suppose that 
A € II). If B € I then A € lg, and so B € ly. Thus II C ly. Consequently 
WIL) c la. Thus if A’ € UII) then AN A’ € I(ID) : (I) is a 7-system. 

Note the similarities in the proofs of the two theorems. For many prob- 
lems, either can be used, but often Dynkin’s a — A theorem is more 
convenient. 


Theorem 30.3.3 Suppose that u, and [2 are finite measures on a o-field 
x, and that II is a 7-system contained in d. If 44(A) = u2(A) for all A € II, 
then p1(A) = p12(A) for all A € o(II). 


Proof Let So = {A € %: py(A) = pe(A)}. Then Xp is a A-system 
containing II, and so it contains o(II). 


Corollary 30.3.4 The extension in Caratheodory’s extension theorem is 
unique. 


Proof For a semi-ring is a 7-system. 


Exercise 


30.3.1 Use the monotone class theorem to prove Theorem 30.3.3. 
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30.4 Product measures 


Suppose that (X, =) and (Y,7T) are two measurable spaces. A set of the form 
Ax B, where A € Mand B € T, is called a measurable rectangle. The o-field 
generated by the measurable rectangles is called the product o-field, and is 
denoted by H @T. 

Here is an important example. 


Example 30.4.1 Suppose that (X,d) and (Y,) are two separable metric 
spaces, and that ¥ is the Borel o-field of X, T the Borel o-field of Y. Then 
“= @ T is the Borel o-field of the product metric space X x Y. 


Proof Let B be the Borel o-field of X x Y; let Xo be a countable dense 
subset of X and let Yo be a countable dense subset of Y. Let 


A= {{(2,y) : d(x, xq) < 1/n, p(y, Yo) < 1/n} :2Q€ Xo, Yo € Yo,n € N}. 


Then any open set is a countable union of sets in A, and so B = o(A). But 
every element of A is a measurable rectangle, and so B = o(A) CL @T. 
On the other hand, if A x B is a measurable rectangle, and if U is open in 
Y, then 

AxUE{CxU:CeExX} CB, 


and 
AxBEe{AxD:DET}CB. 


hence Ax BE B,andsoLi@el cB. 


Suppose now that yz is a measure on ©) and vy is a measure on 7’. Can we 
define a measure w®v on © ®T in such a way that if A x B is a measurable 
rectangle then (u @v)(A x B) = p(A).v(B)? 

We begin by considering the case where pw and vy are finite measures. If 
CCXxY and x € X, we define C™ to be {y : (x,y) € C}. 


Theorem 30.4.2 Suppose that C € N@T. Then C™ €T for each x € X, 
and the function v(C™) is p-measurable. 


Proof We use Dynkin’s 7-\ theorem. Let C be the collection of subsets of 
X x Y for which C) € T for each « € X, and the function v(C™) is p- 
measurable. If C,D € C and C C D then (D\C) = D@™\C@ and v((D\ 
C)@)) = v(D™) — v(C@)), so that D\ C € C. If (Cn)2, is an increasing 
sequence in C, with union C, and x € X, then C™ = use, (Cc) eT, and 
v(C)) = lity 56 y(cy, so that the function v(C)) is p-measurable. 
Thus C € C, and so C is a A-system. The set of measurable rectangles is a 
am-system contained in C’. It therefore follows that % @ T CC. 
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We use this to define u. ®v. If C € UN @T we set 
(wan(c)= fC) aula), 


Theorem 30.4.3 wv is a finite measure on U@T, and 
(u@ v)(A x B) = p(A).v(B) 
for every measurable rectangle A x B. 


Proof Certainly (u@v)(@) = 0, and if Ax B is a measurable rectangle, then 
(u@v)(AxB) = p(A).v(B). In particular, (u@v)(X xY) = w(X).v(Y) < oo. 
If (C,,)°2, is an increasing sequence in © ® T’, with union C, then v(c®) 
increases to v(C)) as n — oo, for each x € X, and so, by the monotone 
convergence theorem, 


(w@ry(C)= fC) dula) = Jim f (CP) dule) = Jima (Hu »)(Cs). 


It therefore follows from Exercise 28.4.1 that w® v is a finite measure on 
VOT. 


We can also define a measure w@v on © @ T by reversing the roles of X 
and Y. Ify € Y, let Cy) = {@ € X : (x,y) € C}. Then Cy) € © for each 
y €Y, and the function (Cy) is v-measurable, and we set. 


(u®v)(C) = [ w(Cyy) dv(y). 


Theorem 30.4.4 The measures 1 ®v and Sv are the same. 


Proof The collection {C € N@T: (u@v)(C) = (w@v)(C)} is a A-system 
containing the measurable rectangles, and is therefore equal to © ® T. 


We can extend these results to three or more products. For example, 
if ((X;i, i, wi))$_, are three finite measure spaces, then we can construct 
the measures (j11 ® M2) ® wg on (Hy @ Vg) ® Ug and py @ (fe @ pg) on 
1 ® (Sp ® S3). Further applications of Dynkin’s 7 -\ theorem show that 
(X1 ® Ug) @ Ug = Uy ® (De @ U3) and (p41 @ pa) ® pz = pr ® (po ® pig). 

We can also consider products of o-finite measures. Suppose that (X, ©, j) 


and (Y,T,v) are o-finite measure spaces, and that (J,)?2, is a disjoint 
sequence of elements of ¥ of finite measure whose union is X, and that (J;)72, 
is a corresponding sequence in 7’. We construct the product measure w®v on 
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each set I, x Jj. If A € & xT, we then define (u@v)(A) = D0, ) M(AN (Uk x Ji): 
Again, 


(4. v)(A) = I yA) dle); 


but in this case the integrand and the integral can take infinite values. 

We can use product measures to illustrate the notion that the integral 
is the ‘area under the curve’. Suppose that f is a non-negative measurable 
function on a measure space (X,%, 4). We consider Borel measure \ on 
[0, 00). Let Ay = {(a,t) € X x [0,00) :0 < t < f(x)}; Ay is the set of 
points in X x [0,00) which are ‘under the curve’. If « € X, then Ay) = if 
f(x) = 0; otherwise 


AW) = {t € [0,00) :0<t< f(x)} =[0, f(2)). 


Thus (A) = f(x), and (w@v)(Af) = fy f( ). On the other hand, if 
t € [0,00) then Ay) = {x € X; f(x) > t}, so ae oe )=p(f > ¢) and 
(u@v)(A,) f) =f 8 "a > t) dt. This reveals a certain circularity of argument, 
but also throws some a on the definition of the integral. 

We now consider functions of two variables. (The results extend easily to 


functions of three or more variables.) 


Theorem 30.4.5 (Tonelli’s theorem, I) Suppose that (X,X,u) and 
(Y,T,v) are measure spaces, and that f is a non-negative %®T measurable 
function on X x Y. 

(i) The function y > f(x,y) is T-measurable, for each x € X, the 
extended-real-valued function « — Jy, f(x,y) dv(y) is S-measurable, and 


fo  faue ve I (/ f(x,y) ay) dy (2). 


(ii) The function «x > f(x,y) is N-measurable, for each y € Y, the 
extended-real-valued function y + Jy f(a,y) du(«) is T-measurable, and 


Lad d(u@v) = i ( I f(e,y) an(a)) Pea 


Proof (i) Let 
Ay={(@yi)e X x Y & [0,c0) 0 St < f(x,y) }. 
For fixed x and t, 


{yeY: flz,y)>th={yeY: (w,y,t) € As}, 
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so that {y © Y : f(x,y) > t} is T-measurable; hence the function y > f(x,y) 
is T-measurable. Similarly, 


[ f(a,y) do(y) = w@ A{(w,t) : (e,yst) © Ash), 


so that the extended-real-valued function «— fy f(x,y) dv(y) is &-meas- 
urable. Finally, 


[ Fauer) = (wer) @ ray) 
= (uw (v@ (Ay) 


= [vero < f(x,y) < t) du(z) 


=| ([ seman) ance) 


The proof of (ii) is exactly similar. 


The importance of this result is that the integral can be evaluated by 
repeated integration, and also, and equally important, that we can change 
the order of integration. 

What about functions which may take positive and negative values, but 
are 4 ® v integrable? 


Theorem 30.4.6 (Fubini’s theorem, I) Suppose that (X,%,) and 
(Y,T,v) are measure spaces, and that f is a ®T measurable function 
on X x Y. If f is  ® v-integrable, then the function y > f(x,y) is T- 
measurable, for every x € X, and is v-integrable except on a p-null set 
N. The function x — fy f(a,y) dv(y) is U-measurable and .-integrable on 


X \N, and 
[tawon= fo (f fend) anc 


Conversely, if the function y > |f(x,y)| is > measurable except on a 


p-null set N and Sev Uy IFC x,y)|dv(y)) du(a) < co, then f is uw @ v- 
integrable, and 


[tewons [Cf temarey) aul 
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Further, there exists a v-null subset M of Y such that 


[tewon= [Cf semana) arc. 


Proof If f is y ® v-integrable, then 
| ft d(u@v) < oo and f dl @v) < oa: 
X@Y X@Y 
It therefore follows that if 
N+={(ceX: | f(e,y)doy) = 00} 
Y 
and N7-={reEx: | i (a) dv@) =o, 
Y 
then N* and N7~ are p-null sets. Setting N = N* U N-, the functions 


ty f(a, y) dv(y) and fy f(x,y) dv(y) are p-integrable on X \ N, and so 
therefore is f\, f (2, y) dv(y). Further, 


[ fawen= fo ranean ff fauer) 
=f ([ Pema) dato 
~ [Uf eanaetan) ance) 
=f (Cf seman) auto 


Conversely, suppose that (ii) holds. It then follows from Tonelli’s theorem 
that fy. y |f|d(u @v) < 00, so that f is 1 @ v-integrable. 


Fubini’s theorem holds because the Lebesgue integral is an absolute 
integral. The next example illustrates this. 


Example 30.4.7 Fubini’s theorem for counting measure. 


Suppose that (X,,u) = (Y,T,v) = (N, P(N), 1), where pw is counting 
measure. The P(N) ® P(N) = P(N x N), so that all functions are mea- 
surable. Fubini’s theorem then states that if f is a function on N x N, 
then 50; ;|f(i,9)| < 00 if and only if )772, (00921 |f(@,9)|) < 00 If so, then 
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=, £49) converges for each j and jet f(i,j) converges for each i, and 


SIG = Ge DS Ge 
ij i=1 \j=l i=1 \j=l 


This is Exercise 4.4.3 of Volume I. 
If (X,u,w) and (Y,T,v) are complete measure spaces, it is natural to 
consider the completion 


(X x Y, N@T, usv) of (X x Y,H@T,w@v). 


(Note that, unlike © @ T, the o-field S@T depends upon p and v.) There 
are corresponding Tonelli and Fubini theorems. 


Theorem 30.4.8 (Tonelli’s theorem, II) Suppose that (X,¥,m) and 
(Y,T,v) are complete measure spaces, and that f is a non-negative N®@T 
measurable function on X x Y. 

(i) The function y > f(x,y) is T-measurable, except on a null subset N of 
X, the extended-real-valued function « + fy, f(«,y)dv(y) is U-measurable 
on X \ N, and 


[.savon= [0 (f semana) auto 


(it) The function x > f(x,y) is U-measurable, except on a null subset M 
of Y, the extended-real-valued function y > Jy f(x,y) du(x) is T-measurable 
on Y \ M, and 


[sewn [Cf tenant) anc. 


Proof There exist %& ® T- measurable functions g and h on X x Y such 
that 0 < g < f < hand such that g = f = h (u ® v)-almost everywhere. 
Thus 


o=f a-sauor=f (few - slew) ew) aula) 


so that, except on a y-null subset N of X, fy-(h(a,y) — g(x, y)) dv(y) = 0. 
Thus if « € X \ N then h(x, y) = g(x,y) for v almost all y. Since (Y,T,v) 
is complete, if « € X \ N then h(z,y) = f(x,y) = g(x,y) for v almost all 
y; hence the function y > f(a,y) is T measurable, and fj), f(a, y) dv(y) = 
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fy 9(a,y) dv(y). Thus 
[fatwa = fo oduer) 
=| (f aenary) auto) 
=f (f semantn)) dato 
=f Cf seman) ancy 


Again, the proof of (ii) is exactly similar. 


Theorem 30.4.9 (Fubini’s theorem, II) Suppose that (X,%,p) and 
(Y,T,v) are complete measure spaces, and that f is a S&T measurable 
function on X x Y. If f is wQv-integrable, then the function y + f(x,y) 
is T-measurable and v-integrable except on a p-null set N, the function 
a— fy f(x,y) dv(y) is X-measurable and p-integrable on X \ N, and 


[, Faveen) = I, ¢ f(x,y) ivy) du(a). 


Conversely, if the function y + |f(a,y)| is measurable except on a 
p-null set N and Sev CE x, y)| dv( y)) du (x) < ov, then f is pav- 
integrable, and 


[ faeen) = I, ¢ f(x,y) ivy) du(a). 


Further, there exists a v-null subset M of Y such that 


[fava = i (/. f(z,y) in(a)) dv(y). 


Proof The proof again follows by sandwiching f between two © ® T- 
measurable functions. The details are left to the reader. 


In particular, these last two theorems apply to Lebesgue measurable 
functions in R?. 

A word of caution about the naming of these results. Many authors simply 
use ‘Fubini’s theorem’ to refer to any of the theorems that we have called 
Fubini’s theorem or Tonelli’s theorem, while some authors also attribute 
some of the results to E.W. Hobson. 
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Exercises 


30.4.1 Suppose that X is an uncountable set with the discrete metric. Show 
that the diagonal A = {(z,z): x € X} is not in P(X) @ P(X). 

30.4.2 Give the details of the proof of Theorem 30.4.9. 

30.4.3 Suppose that 0 < a < b. Show that the function f(x,y) = e~*Y is 
integrable on [0,00) x [a,b]. Use Fubini’s theorem to calculate 


30.4.4 Let f(0,0) = 0 and let Fla, y) = ayf/(a?+y - if (x,y) 4 (0,0). 
Show that the integrals si 4 x,y) d(x) and jim f(x,y) dX(y) exist 
and are equal for all x,y € [1 glia ee on [—1, 1] x [-1,1]? 

30.4.5 Give an example of a Lebesgue ae function f on the unit 
square [0,1] x [0,1] for which Jo f° x,y) dX(x) exists and equals 1 for 
all y and So F( x,y) dX(y) exists and equals 0 for all «. Why does this 
not contradict Fubini’s theorem? 

30.4.6 Let f(z, y) = (2? —y?)/(2?+y?)?, for (x,y) € (0,1) x (0, 1). Calculate 


[ ([ senae) dy and i ([ ena) iy. 


What does this tell you about the integrability of f? 


30.5 Borel measures on R, I 


There are many other measures defined on the Borel sets 6 of R than 
Lebesgue measure. We begin by considering finite measures. Let M+(R) be 
the set of finite Borel measures defined on the Borel sets B of R. 


Proposition 30.5.1 Suppose that up € M*(R). Let F,,(t) = u((—co, t]). 
Then Fi, is a non-negative right-continuous increasing function on R, 
F,,(t) + 0 as t + —oo and F,,(t) > w(R) as t > +00. 


Proof Certainly Fj), is non-negative and increasing. If t, \, t as n — oo 
then (—o0, tn] \y (—00, t], so that Fu(tn) \ F(t), by downwards continuity; 
thus Fj, is right continuous. Similarly, (—oo,—n] \, @ as n > ov, so that 
F,,(t) + 0 as t > —oo, and (—oo,n] 7 Ras t > +00, so that F),(t) > u(R) 
as t > oo, by upwards continuity. 


The function F, is called the cumulative distribution function of p. 
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Theorem 30.5.2 Let F(R) denote the set of non-negative bounded 
increasing right-continuous functions f on R for which f(t) > 0 ast > 
—oo. Then the mapping 1 > F,, is a bijection of M*(R) onto F(R). 


Proof First we show that the mapping is injective. Suppose that Fi), = Fy. 
The collection of sets I of the form U’_;(a;, bj] is a m-system, and (A) = 
v(A) for each A € II. Let A be the collection of Borel sets B for which 
p(B) = v(B). Then A is a A-system containing II, and so, by Dynkin’s 7-2 
theorem, A contains o(II), which is the Borel o-field. Thus p = v. 

In order to show that the mapping is surjective, we use the Caratheodory 
extension theorem. Suppose that F’ € F(R). Let S be the semi-ring of 
sets of the form (a, }], together with the empty set. Let m(@) = 0 and let 
m((a,b]) = F'(b) — F(a). We show that m is a pre-measure on S. Suppose 
that (a, 6] is the disjoint union of the sequence ((a;,;])92,. Then 

nm nm 
> m((a;, bj]) = SOF (;) — F(ay)) < FO) — F(a) = m((a,d)), 
j=l j=l 
and so S072, m((a;,6j]) < m((a, 9). 

We must prove the reverse inequality. Suppose that « > 0. Since F' is 
right continuous, there exists a < a’ < b such that F(a’) — F(a) < «€/2 
and for each j € N there exists b/, > 6; such that F(b,) < F(bj) + €/2*1. 
The open intervals (a;, bi) cover the compact set [a’, b], and so there exists J 
such that [a’, b] C Ut_1 (ay, b;). But this implies that alr e —F(a;)) > 
F(b) — F(a’). Hence 


eg: 


(F(b;) — F(a;)) = SO(F QO) — F(a) - €/2 
: = 


J 


ll 
e 


YS m((a;,8;]) = 
j=l 


M 


> )_(F(b}) — F(aj)) — €/2 = (Fb) — Fla’)) — €/2 


1 
Fb) — F(a)) —e€ = m((a, J) —e. 


V 
—m~ & 


Since ¢€ is arbitrary, the result follows. By the the Caratheodory extension 
theorem, there exists a measure /4 on a o-field containing o(.S) which extends 
m. But a(S) is the Borel o-field, and so F is the image of the restriction of 
ps to a(S). 


Suppose that F' € F(R) and pr is the corresponding Borel measure. If 
f € L'(up), the integral f, f dup is frequently written as fy f dF; it is 
called the Stieltjes integral of f with respect to F. 


882 Constructing measures 


We can also consider the set #(R) of o-finite measures on R; here 1(R) 
may be infinite, and it may be the case that ju(—oo,t] = oo for all t € R. 
The cumulative distribution function is therefore unsuitable. Instead, we 
consider functions for which f(0) = 0. If ys is a o-finite measure on R, let 


po,t] we> 0, 
J,(t) =< 0 if t =0, 
—p(t,0] ift <0, 


so that pu((a,b]) = J.(b) — J,(a). 


Theorem 30.5.3 Let 7(R) denote the set of non-negative increasing 
right-continuous functions f on R for which f(0) = 0. The mapping up > Jy 
is a bijection of R(R) onto F(R). 


Proof ‘This follows from the previous theorem, for example, by first con- 
sidering the measure ju, defined by setting u,(A) = u(AN(—k, k]), and then 
letting & tend to infinity. The details are left to the reader. 


Another important case concerns o-finite measures defined on the semi- 
infinite open interval (0,00). If « is such a measure and 0 < t < o, let 
Au(t) = u(t,oo): Ay is the tail distribution function on (0,00). This relates 
to the tail distribution of a non-negative measurable function f on a measure 
space (X, 5, yu): 


Ap(t) = w(f > t) = (fets)(t, 00) = App (t). 


We are usually only concerned with measures for which \,,(t) < oo for t > 0 
(although, if ju is not a finite measure, then A,,(t) + oo as t \, 0). We denote 
the set of such measures by R,(0, 00). 


Proposition 30.5.4 Jf uw € R.(0,00) then A, is a decreasing right- 
continuous function on (0,00) for which r,,(t) > 0 as t + oo. 


Proof Just like the proof of Proposition 30.5.1. 


Theorem 30.5.5 Let A(R) denote the set of decreasing right-continuous 
functions on (0,00) for which f(t) + 0 as t > co. The mapping u > Ay 
is a bijection of R,(0,00) onto A(R). 


Proof Once again, this is left as an exercise for the reader. 


We shall study Borel measures on R and their cumulative distribution 
functions further, in Section 32.4. 


30.5.1 
30.5.2 


30.5.3 
30.5.4 


30.5.5 


30.5.6 
30.5.7 
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Exercises 


We can also construct the Borel measure Af corresponding to a func- 
tion F in F(R), by following the proof of the existence of Lebesgue 
measure. 

If J = (a,b) is an open interval, set Ip(I) = F(b—) — F(a), with 
similar definitions for semi-infinite and infinite open intervals. 

Use this to define I7(O), for open sets O. 

If K is a compact subset of R, set sp(K) = 1(R) —1(R \ K). 

If A is a subset of R, define the outer measure (Ar)*(A) and inner 
measure (A77)x(A) as 


(Ar)*(A) = inf{le(U) : U open, A C U}, 
(Ar)«(A) = sup{sr(K) : kK compact , Kk C A}. 


Show that (Ar)«(A) < (Ar)*(A). 

Say that A is \p-measurable if equality holds, and then define \-(A) 
to be the common value. Show that the set of Ar-measurable sets is 
a o-field ir containing the Borel o-field. 

Show that Ap is a finite measure on Yip. 

Show that F’ is the cumulative distribution function of Apr. 


31 


Signed measures and complex measures 


31.1 Signed measures 


So far we have been concerned with measures which take non-negative val- 
ues. We now drop this requirement. A signed measure o on a measurable 
space (X,¥) is a real-valued function on © which is o-additive: if (A,)°°, 
is a sequence of disjoint elements of ©, then 


An important feature of this definition is that infinite values are not allowed. 
A finite measure is a signed measure; in this setting, we call such a measure 
a positive measure. 


Proposition 31.1.1 Suppose that o is a signed measure on a measurable 
space (X,%). 


(i) o(M) =0. 

(ii) If (An)°21 is a sequence of disjoint elements of 4, then Po, 0(An) 
converges absolutely. 

(itt) If (An)P2, ts an increasing sequence in % with union A then o(A) = 
Hiri 2 Se (Ay, 

(iv) If (Bn)°2, is a decreasing sequence in % with intersection B then 
OB) = Nites, 61 a). 

(v) o(%) = {a(A): A € Xd} ts a bounded subset of R. 


Proof 


(i) Take A, = 9 for n € N. Then )>°°, o(A,) converges, so that o(@) = 0. 
(ii) If 7 is any permutation of N then }7??_, 7(A;(n)) converges, so that the 
result follows from Theorem 4.5.2 of Volume I. 
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(iii) Let Cy = A, and let C, = Ap \ An-i for n > 1. Then A is the disjoint 
union of the sequence (C;,)°2.,, so that 


n 


o(A) = d. o(Cn) = lim, d o(Cj) = lim o(An). 
n= I= 
(iv) Since (X \ B,,)°@, increases to X \ B, 


n=1 


o(B) =o0(X) — o(X \ B) =0(X) - Jim o(X \ Bn) 


(v) We need a lemma. 
Lemma 31.1.2 Let 
H={H ed: {o(C):CeExX,C C A} is unbounded}. 


If H EH, then there exists H' © H and C € & such that H is the disjoint 
union H'UC and |o(C)| > 1. 


Proof There exists D € © such that D C H and |o(D)| > |o(H)| + 1. 
Then |o(H \ D) > 1. If D EH, take H’ = D and C = H \ D. Otherwise, 
H \ D must be in H; take H’ = H\ Dand C =D. 


Suppose that X € H. Let Ap = X. Applying the lemma repeatedly, there 
exists a decreasing sequence (A,,)°°, in H, such that if C, = An_i \ An 
then |o(C;,)| > 1. But (C;,)?2, is a sequence of disjoint elements of ©, and 
so )>°°_, a(C,) converges. This gives a contradiction. Thus X ¢ H, and so 
o(%) is bounded. 


The set cap(X, ) of signed measures on a measure space (X, 1) contains 
the finite measures, and is a linear subspace of the vector space space of all 
real-valued functions on 4. Thus if a and v are positive measures then 7 —v 
is a signed measure. We can decompose a signed measure o as the difference 
of two positive measures, in a canonical way. 


Theorem 31.1.3 [fo is a signed measure on a measurable space (X,™%), 
then there exist disjoint P and N in %, with X = PUN, such that o(A) > 0 
for A C P and o(A) < 0 for A CN. Let ot (A) = o(ANP) and let 
o (A) = —o(ANN). Then oF and o~ are positive measures on %, and 
g=ot-a. 

Further, the decomposition is essentially unique; if X = P'’U N’, where 
P’ and N' are disjoint elements of % for which x(A) = 0(AN P’) > 0 and 
v(A) =—o0(ANN’) >0 for AEX, thenn =ot andv=oa-. 
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Proof Say that A is strictly non-negative if o(B) > 0 for all B C A. First 
we show that if A € © then there exists strictly non-negative C C A with 
a(C) > o(A). Suppose not. If ¢(A) < 0 then we can take C' = 9. Suppose 
that o(A) > 0. Let lo = inf{o(B) : B C A}: —oo < Ig < 0. Choose By C A 
such that o(B,) < Io/2, and let Ay = A\ By. Then o(A,) > o(A), and 
if 1, = inf{o(B) : B C Aj} then Ip/2 < l, < 0. Repeating the process, 
we obtain a decreasing sequence (A,,) such that o(A,,) is increasing, and 
l, = inf{o(B) : B C A,} - 0. Then o(Mp(An)) > o(A) and Mp(An) is 
strictly non-negative. 
It follows that 


M =sup{o(A): A € ©} = sup{o(A) : A strictly non-negative}. 


There exist strictly non-negative P,, such that o(P,) > M—1/n. Then P = 
UnPn is strictly non-negative, and o(P) = M. It follows that if AN P = 0 
then o(A) < 0, so that we can take N = X \ P. 

It is then immediate that of and o are positive measures on (X, %), 
and that o=o0T -—a. 

Finally, suppose that P’, N’, 7 and v satisfy the conditions of the theorem, 
and that A € U. If BC ANP’ then o(B) > 0, so that oT (AN P’) = a(AN 
P’) = n(A). Similarly, if B C ANN’ then o(B) < 0, so that ot (ANN’) = 0. 
Consequently, 


ot (A) =0(ANP’) = 2(ANP’) = 2(A), 


so that 7 =o7. Similarly, vy = o~. 


+ 


The decomposition ¢ = ot — oa” of this theorem is called the Jordan 


decomposition of o. We set |o| =o* +07. |o| is a positive measure. 


Proposition 31.1.4 Ifa@€cap(X,¥) and AE® then |o(A)| < |o|(A) and 

|o|(A) = sup{|o(B)| + |o(C)|: B,C EU, BNC =0,BUC = A}. 
Proof First, 

|o(A)| = |o(AN P) + 0(ANN)| < |o(AN P)| + lo(ANN)| 
= |o|(AN P) + |o[(ANN) = |o|(A). 

Secondly, 

|a|(A) = o(ANP)+a0(ANN) 

< sup{|o(B)| + |o(C)|: B,C EL, BNC =0,BUC = A}, 
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while if B,C € ©, BNC =9 and BUC = A, then 
)] S lol(B) + lol(C) = lo|(A). 


is a sequence of disjoint elements of % with 


|o|(A). 


|o(B)| + |o 


(C 
Corollary 31.1.5 Jf (An) 
union A then °°, |o(An)| 


Proof For 


(oe) 
n=1 
= 


do lo(A OS Dolo = |o|(A). 
n=1 


Theorem 31.1.6 Ifo € cag(X,%), let |lol|., = |o|(X). Then ||.||_, ts 
a norm on the vector space can(X,%) of signed measures on (X,%) under 
which can(X,%) is complete. 


Proof Let o = a -—v be the Jordan decomposition of o. If A > 0 then 
Ao = An — Xv is the Jordan decomposition of Aa, so that ||Ao|| = Alo]. 
If A < 0 then Ao = |A\v — |A|z is the Jordan decomposition of Ac, so that 
|[Aol] = |Alv(X) + [Al@(X) = [Al lel. 

If 01,02 are signed measures then 
Ilo1 + Galea = lor + o2|(X) 
sup{|(o1 + 02)(A)| + |(o1 + o2)(X \ A)|: Ae dS} 
< sup{|(o1(A)| + |o2(A)] + |(o1(X \ A)] + lo2(X \ A) : A € BO} 
< sup{|(1(A)| + |(o1(X \ A)] : A € &} 

+sup{|o2(A)| + |oo(X \ A)|: Ae D} 


_ oullea a lo2llea : 


Thus ||.||_,, is a norm on cag(X,%). 
Sapcee that (o,)72, is a Cauchy sequence in cag(X,&). If A € ¥ then 


|oj(A) — on(A)] S loy — on|(A) S Iloy — Orla s 


so that (o;%(A))?2, is a Cauchy sequence in R, which converges to o(A), 
say. We shall show that o is a signed measure and that 0; — o in norm as 
ko. 

Suppose that (A,,)°°, is a sequence of disjoint elements of © with union 
A, and that « > 0. There exists K ¢ N such that ||oj; — o%||,, < €/2 for 
j,k > K. By Corollary 31.1.5, 


(oe) 


do lo5(An) — 0% (An)| < log — 7K(A) ¥ lle — OK leg < €/2; 


n=l 
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for 7 > K. 
Letting 7 — oo, it follows that S°°°., |a(An) — ox(An)| < €/2, and 
similarly |o(A) — ox(A)| < €/2. Thus 


(> o(4n) —o(A) 
n=1 


AN 
> aa 
Me 
a 
es 
| 
Q 
an 
x 
=3 
eee 
+ 
Ss 
= 
| 
Q 
x 
= 
A 
fan 


Since € is arbitrary, it follows that o is o-additive. 
Finally, if A € © then 


|o(A) — on(A)] + lo(X \ A) — on(X \ A) < 


for k > K, so that ||o — ox||_, < € fork > K; 0, > 0 ask > oo. 


We can use integrable functions to define signed measures. 


Theorem 31.1.7 Suppose that f € L'(X,¥,p). If AE %, let f.dy(A) = 
Jaf dp. Then f.du is a signed measure, and the mapping f > f.du is an 
isometric linear mapping of L'(X,%, 1) onto a closed subspace of the space 
caR(X,») of signed measures on (X,™). 


Proof Suppose that (B,,)°2, is an increasing sequence in ©, with union 


B. Then |fIz,| < |f| for each n € N, and flg, — fIg pointwise as n — oo. 
By the theorem of dominated convergence, 


(uey= [ fap / Bf du = f.du(B), 


so that f.ds is a signed measure. 
Clearly f.du = ft.du — f~.dp, so that 


If-dtlhea = IF 4e | .4 a IF 4] ca 


= fo ttdus f rau= f iflae=lisih. 


Thus the mapping is an isometry. Since L'(X,™, yz) is complete, the image 


is closed. 


We return to this topic in Section 32.1. 
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31.2 Complex measures 


We can also consider measures which take complex values. Suppose that 
(X, &) is a measurable space. A complex measure o is a complex-valued func- 
tion on © which is o-additive: if (A,)°2, is a sequence of disjoint elements 
of &, then 


[oe] 
o(Ug21An) = S$" o(An). 

n=1 
If o is a complex-valued measure, then the real and imaginary parts of 7 
are signed measures. Thus the vector space cac(X, ™) of signed measures is 
the direct sum cag (X, =) ®i.cag(X, =), and we can deduce properties of o 
from this. 

We can give cag(X,¥) a complex norm ||.||,q(¢), under which it is a 

Banach space. 


Theorem 31.2.1 Ifo € cac(X,X) and AE ®, let 
k 
|o|(A) = sup{)> |o(Aj)| : Aj € %,{A1,..., Ax} @ partition of A}. 
j=l 


Then |o| is a positive measure on (X,X). Let |lo|leqc) = |o|(X). Then 
II-lleacc) #8 @ norm on cag(X,%), under which cac(X,&) is complete. The 
restriction of ||-||cqc) 10 Can(X, &) is the norm ||.||.q of Theorem 31.1.6. 


Proof Suppose that (B,,)°2, is a sequence of disjoint elements of © with 


union B, and that {Aj,...,A,} is a partition of B by sets in ©. Then 


k lee) 
S > |o(A;)| < » jo; 7B 
j=l 


m=1 


k 
De 
j=l 
co k co 
> ]o(ApN Bm)l | <>) lel(Bm); 
m=1 \j=1 m=1 


taking the supremum over partitions of B, it follows that |o|(B) < )7*°_, 
|o|(Bm). 

Conversely, suppose that ¢ > 0. For each m € N there exists a partition 
(Aim,---,Akmm} of Bm by sets in © such that 


kim 
S-|o(Ajan)| > |o(|Bm) — €/2”. 
j=l 
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ifn € N then {Ay : 1 <9 < byl < m < np UX — U2 By} is a 
partition of B, so that 


|o|(B) = S°{|o(Ajm)| 1S 9 < hm, 1 Sm <n} t |o(X — U1 Bn)| 
> > |o|(Bm) - 
m=1 


Since this holds for all n € N, |o|(B) > S>?°_, |o|(Bm) — €. Since this holds 
for all € > 0, |o|(B) > S°°_, |o|(Bm), and so |o| is a measure. 
We leave it as an exercise for the reader to show that thati].||,4(¢) is a 


norm on caq(X, d). 

Suppose that o € cag(X,X). It follows from the definitions that ||o||,, < 
\I7||-a(cy: Let ¢ = 7 —v be the Jordan decomposition of o, with correspond- 
ing dissection X = PUN. If {Aj,...,Ax} is a partition of X by sets in 
yy, 


k k 
SletAs)l SLAP) — (4; 9) = Slee 
j=l j=l 
Taking the supremum, IF lleace) = Koala Thus IIo lleacey = eal 


If o = 01 +102, with oj, a2 signed measures, then 


lI lleacey Ss 71 Ilea(c) at \I72\lea(c) = Io1llea + lo2llea < <2 IF lleac) ’ 


so that, considered as a real normed space, (cac(X, ©), |]-||-a¢c)) is isomor- 
phic to (cag (X, %), ||-||.,.)@(car(X, &), ||.|,,,), and is therefore complete. 


The quantity ||o||.,(c¢) are called the total variation of o. From now on, 
we shall denote it by |].||,- Theorem 31.2.1 shows that this should cause no 
confusion. 

We also have a complex version of Theorem 31.1.7. 


Theorem 31.2.2 Suppose that f € L4(X,», yu). If A€ &, let f.du(A) = 
14 f du. Then f.dp is a complex measure, and the mapping f > f.du is an 
isometric linear mapping of L@(X,X, 1) onto a closed subspace of the space 
cac(X,X) of complex measures on (X,™%). 


Proof It follows by considering real and imaginary parts that f.du is a 
complex measure. If A;,...,A, are disjoint elements of © then 
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.du(A;)| = d 3 ta 
yl y1(Ay)| a ede fiin ws fis = [fll 


and so ||f-dulleq < \If lla 
Suppose that € > 0. By Corollary 29.5.6, there exists a simple function 


9 = j=1 62a, such that || f — gl|, < €/2. Then 


“fau(Ayl=>°| f faul 


= || 
= | oldu [ \t-slau 
dX Aj dX Aj 


> Igll, — lf — oll, 2 Wl — 21 — gla 2 Wl — 6 


so that ||f.du||.,, > ||fl|,. Thus the mapping is an isometry, and again the 
image is closed. 


du|— >_ | | (f=g) dp 
gd 2, g) dt 


j 


Exercise 


31.2.1 Show that ||.||,q(c) is a norm on cac(X, ¥). 


31.3 Functions of bounded variation 


We now consider a signed measure a on the Borel subsets of R, with Jordan 
decomposition 0 = 7 —v. We define the cumulative distribution function of 
o in exactly the same way as for positive measures: if t © R then F,(t) = 
o((—oo,t]). Since F, = F, — F,, F, is a bounded right-continuous function 
on R, F,(t) > 0 as t > —oo and F,(t) > o(R) as t > +00. 

How do we recognize the cumulative distribution function of a signed 
Borel measure on R? If J is a closed interval in R, we denote the set of all 
finite strictly increasing sequences T = (to < ty < +--+ < tg) in I by T(J). 
Suppose that f is a real-valued function on R. If T = (to < t) <--+< tx) € 
T (1), we set 


k 
ob(f) = Sofa) -— Flty-a)) 4, 


j=l 
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k 
and ur(f) = >» ie) =f gaa: 


j=l 


Clearly vr(f) = vt (f) +up(f) and f(te) — f(to) = wi(f) —vur(f). We set 


v'(f,1) = sup vp(f), 


TET (1) 

v (f,J)= sup v(f) 
TET (1) 

and u(f,Z) = sup vr(f). 
TET(D) 


The quantity v*(f,I) is the positive variation of f on I, v~(f,I) is the 
negative variation of f on I, and v(f,Z) is the total variation of f on I. 
We write uF (t) for vt (f, (—oo, t); v; (t) and v¢(t) are defined similarly. A 
real-valued function f is of bounded variation if v(f,R) is finite. 


Here are some basic properties of the variations of a function. 


Theorem 31.3.1 Suppose that f,g are real-valued functions on R, and 
that I is a closed interval in R. 


(i) of, =o (FD +0-(F,D. 
(ii) Ifa<b<ce thenv*(f,[a,c]) =v*(f, [a,b]) + ut (f, [b, c]), and similar 
equalities hold for v(f,|a,c]) and uv" (f, a, c]). 
@wuftg Dev D+vgGD), vo f+gD<svfh,D+v GD 
and u(f + 9,1) < vo(f,D) + vg, 1). 
(iv) a (=f) _ og mee a (= f,1) = or (f,) and v(—f,t) _ v(f, J). 
(vu) If X > 0 then vt Af, D = dA FD), vw OS, D = Av (f, I) and 
wlAy 4) = Ae): 
(vi) If I = [a,b] and v(f,I) < co then f(b) — f(a) =v (f,D —v (f,D. 
Proof ‘These results follow from the fact that adding extra points to T’ € 


T (I) does not decrease any of vt (f,I), v~(f,Z) or v(f, D). 
For (i), 


vf D+v (FD = sup (up(f) + vp(f)) = sup er(f) = v(f, D). 


TET (1) TET (L) 


(ii) and (iii) are proved similarly, and (iv) and (v) follow from the definitions. 
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(vi) Given € > 0, there exists T € T(I) such that 
vu" (f,1) — up(f)| < €/2 and v(f, 1) — ur(f)| < €/2, 
so that 
lt (F,.D) — 0 (FD) — (F() — f(@))| 
= |vt(f,D) — 0 (FD) — (op (f) — up (f))| <e. 


Since ¢ is arbitrary, (vi) holds. 


Corollary 31.3.2 Suppose that f is a function of bounded variation. Then 
ut, vu; and vf are increasing functions on R. which tend to 0 as t + —oo. 
Further f(t) tends to a limit f(—oo) as t + —oo, and to a limit f(+00) as 
t > +00, and 


f(t) = f(-—c) +u; Of —v,(t) forte R. 


The set of points of discontinuity of f is countable, and each discontinuity 
is a jump discontinuity. 


Proof The functions vt, Up and vy are increasing, by (ii). Given € > 0 
there exists T = (to < --- < t,) € T(R) such that ur(f) > v(f,R) —«. If 
t < to then 

us(t) + (fF, [t, tol) + ur(f) < vet) + o(F, [E, t0]) + oF, Ito, tel) = ve (te) 

< uf, R) < or(f) +6, 

so that v¢(t) + 0 as t + —oo. Consequently uF (t) — 0 and v; (t) + 0 as 
t+ —o. 

If s <¢ then 

f() — f(s) = (of © — ¥7 () — (WF(s) — 07 (s)) + 0 as 5,t + 00, 
so that f(t) tends to a limit f(—co) as t + —oo. Similarly, f(t) tends to a 
limit f(+00) as t > +oo. Further 
F(t) = f(s) + (vO — v FO) — (OF (8) — 9; (s)) 
+ f(—00) + (uF) — vt fF) as s > —on, 

so that f(t) = (f(—o0 + uF (t)) — uF (t). 


The final result follows from the fact that vf and v; are increasing, and 
so their sets of points of discontinuity are countable, and each discontinuity 


is a jump discontinuity. 
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We denote by bvg(R) the vector space of right-continuous functions f on 
R of bounded variation for which f(t) > 0 as t > —oo. 


Proposition 31.3.3 If f € buo(R) then UF, uv, and vy are in buo(R). 


Proof We need to show that each of the functions is right-continuous. 
Since uF = $(vp + f) and v7 = 5(vp — f), it is enough to show that vf is 
right-continuous. Suppose that t € R and that « > 0. There exists 6 > 0 
such that |f(s) — f(t)| < €/2 fort < s <t+06. Chooseet <r<t+0. 
There exists T = (t = to) < ty < --- < t = 1) © T([t,r]) for which 
ur(f) > v(f, [t, r]) — €/2. Then 


ug(ti) — vst) = o(F, [6 r]) — off, a 
< (ur(f) + €/2) Due (tj-1)| 


= I(t) - fO|+e2<e 


Since vf is an increasing function, this shows that f is right-continuous. 


Theorem 31.3.4 = (i) The function v(.,R) is a norm on buo(R); we 
denote v(f,R) by |If lle. 

(ii) If f is an increasing function in buo(R), then || f\l,, = f(+00) = Ilflln 

(iti) If f € buo(R) then |Ifllyy = oF, es Ika ; 


Proof Since v(f,R) > ||f|l,,, so that v(f,R) = 0 if and only if f = 0, this 
follows immediately from Theorem 31.3.1. 


Theorem 31.3.5 The mapping F : 0 — Fy, is a linear isometry of 
(car(R,B),||-lleq) onto (bvo(R),||-l,,), with inverse mapping uw: f > py, 
where wf = [yt — Bye Ifo =a —Vv is the Jordan decomposition of o then 
a UF and F, = Uz. 
Proof Ifo € cag(R), with Jordan decomposition o = am — v, then 
Fy = F, — F, so that F, € bup(R), by Proposition 30.5.1. If F, = 0 then 
F, = F,. It therefore follows from Theorem 30.5.2 that 7 = v, so that F 
is injective. If f € buo(R), then f = up —v;. Then py = [yt — ys © 


car(R). If o € cag(R) then o = prf,, so that F is bijective; the mapping 
f — pf is the inverse of the mapping F’. If y is a positive measure, then 
Fully, = UCR) = |luI|_,- Thus if o € cag(R), with Jordan decomposition 
o=7-—Y, then 


l|Follon = || Fx -_ Fy lle = || llew 7 Fv llbe = IIT lea + lhe _ IW llea > 


31.38 Functions of bounded variation 895 


so that F is norm-decreasing. Similarly, if f € buo(R), then 


<| 


+| 
ca 


éFllea = | byt — bys Pat [y= 


ca ca 


= If llov > 


by " les he 


so that F—! is also norm decreasing. Thus F is an isometry. Further, 


_ + 
= le? 


Foley = Wollea = Wt lea + Wllea = WF ellos + WFullon » 


so that F, = UF and F, = v;, by Theorem 31.3.1 (iv). 


It is a straightforward matter to establish corresponding results for 
complex Borel measures on R (Exercise 2). 


Exercises 


31.3.1 A partially ordered vector space (E,<) is a real vector space E 
together with a partial order < on EF which satisfies 
eifxe<ythena+z2<y+z, and 
eifa<yand A> 0 then Ax < Ay. 

Show that ca(X,%) is a partially ordered vector space when we set 
ao <tif7—a isa positive measure. Show that if o = 7 — v is the 
Jordan decomposition of o then 


mn =inf{y: pu positive, py > o.}. 


Show that bvo(R) is a partially ordered vector space when we set 
f <q if g-—f is an increasing function. Show that 


UF = inf{g € bug : g increasing, g > f}. 


Show that the mapping o — F; is an order-preserving mapping of 
ca(R, B) onto bup(R). 

31.3.2 Suppose that f € buo(R) and that f = g —h, where g and h are 
increasing functions in buo9(R). Show that g > UF and h > UF. Show 
that equality holds if and only if || f\l;,, = Ilglly. + llllou- 

31.3.3 Define the cumulative distribution function F, of a complex Borel 
measure o on R, and the total variation u(f,R) of a complex-valued 
function on R. Define the vector space bug(C). If f € bug(C), let 
lf ll, = v(f, R). Show that ||.||,,, is a norm on bvg(C). Show that the 
mapping o — Fz is a linear isometry of (cac(R, B),||-||-a(c)) onto 
(bvo(C), Illlo): 
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Measures on metric spaces 


Lebesgue measure A was defined on the real line R, and properties of A 
are closely connected to the topology of R. In fact, almost all the measures 
spaces that are met in analysis are defined on a Hausdorff topological space, 
and, more particularly, on a metric space. In this chapter we consider a 
metric space (X,d). The Borel c-field B is the o-field generated by the open 
subsets of X (or by the closed subsets of X). We call a measure defined on B 
a Borel measure on X. Such measures necessarily have good approximation 
properties. 


32.1 Borel measures on metric spaces 


Theorem 32.1.1 A finite Borel measure on a metric space (X,d) is 
closed-regular: if B is a Borel set then 


p(B) = inf{u(O) : O open, B C O} 
= sup{u(C) :C closed, C C B}. (*) 
There exist an increasing sequence (A,,)°°, of closed sets and a decreasing 


sequence (U;,)°°, of open sets such that u(A,) > w(B) and u(U;,) > p(B) 
as 2 —> CO. 


Proof The proof uses Dynkin’s z- theorem in a rather standard way. Let 
G be the set of those elements of 6 for which (*) holds. We show that the 
collection C of closed subsets of X, which is a 7-system, is contained in G. 
We then show that G is a A-system; consequently G = B. 

First suppose that C' is a closed subset of X. Let 


Cyr = {x € X :d(x,C) < 1/n} = UcceM1 jn (Cc). 
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Then (C;,)°2, is a decreasing sequence of open sets, whose intersection is C. 
Thus pu(C,) > u(C) as n + co, by downwards continuity, so that 


u(C) = inf{u(O) : O open, C C O}. 


Since, trivially, u(C) = sup{yu(A) : A closed, A C C}, it follows that C € G. 
Certainly X € G. 
Suppose that (H,,)°°, is an increasing sequence in G, with union H. For 
each n € N there exist a closed set C;,, and an open set O, with C, C Hn C 
Ory, for which 


M(Cn) > w(Hn) — 1/2" and u(On) < wn) + 1/2". 


Let A, = Ufa Cj and Un, = U?°_,Om. Then (A,)e2, is an increasing 
sequence of closed subsets of H, and (U,,)°°, is a decreasing sequence of 
open sets containing H. Then 

Jim “(An) < H(A) = Tim (Hn) < lim (u(An) + 1/2") = lim (An); 
so that (A) = limy 05 f(A, )- 

Similarly, since U,, \ A CUP. (O., \ Ain). 


0-< w(Un) — HH) S H(Un \ H) SY) W(Om \ Hm) < 2/2". 
Thus w(U,) > u(H) as n > oo. Thus H €G. 

Finally, suppose that G,H © G and that G C H. Suppose that € > 0. 
There exist open sets U and V such that GC U, H CV, uw(U) < w(G)+e/2 
and p(V) < u(H)+e/2. Similarly, there exist closed sets A and B such that 
ACG, BC dH, p(A) > u(G) — ¢€/2 and p(B) > pw(A) — «/2. Then V\ A 
is open, H\GCV\A and w(V \ A) < w(A \ G) +. Similarly, B \ U is 
closed, B\ U C H\G and p(B\U) > w(H\G) -—e. Thus H\G eG, so 
that G is a A-system. 


Corollary 32.1.2 Ifo is a signed Borel measure or complex Borel measure 
on a metric space (X,d) and B € B then there exist an increasing sequence 
(A,,)?2, of closed subsets of B and a decreasing sequence (U,)°°, of open 
sets containing B such that if (Cy,)°Z, is a sequence in B with A, CC, C B 
then o(C,) > o(B) as n > ov, and if (Dy)? is a sequence in B with 
BCD, CU, then o(D,) > o(B) as n> oo. 


Proof There exist an increasing sequence (A,,)°°, of closed subsets of 
B and a decreasing sequence (U;,)°°_, of open sets containing B such that 
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|a|(An) — |o|(B) and |o|(U;) > |o|(B) as n > ov. If (C;,)°@, is a sequence 
in © with A, C C, C B then 

|o(B) — o(Cn)| = |o(B \ Cr)| S$ lol(B\ Cn) < Jo|(B \ An) > 0 


as n — oo. A similar argument establishes the result for the sequence 
(Dn)r- 


n=l" 


Exercises 


32.1.1 Give a proof of Theorem 32.1.1 using the monotone class theorem. 

32.1.2 Suppose that yw and v are finite Borel measures on a metric space 
(X, d). Show that y = v if and only if u(U) = v(U) for each open set 
U: 

32.1.3 Suppose that w and v are finite Borel measures on a metric space 
(X,d). Show that = v if and only if fy fduw = Jy f dv for each 
bounded continuous real-valued function f on X. 


32.2 Tight measures 


In general, compact sets are better behaved than closed sets, and it is impor- 
tant to be able to approximate sets from the inside by compact sets. A finite 
Borel measure ys on a metric space (X,d) is said to be tight, or regular, if 
whenever B is a Borel subset of X then 


u(B) = inf{y(O) : O open, B C O} 
= sup{u(K): K compact, K C B}. 


Proposition 32.2.1 A finite Borel measure 4 on a metric space (X,d) is 
tight if and only if there exists an increasing sequence (Kp,)°°, of compact 
subsets of X such that (Kn) > u(X) as n> oo. 


Proof The condition is necessary. Suppose that yu is tight. For each n © N 
there exists a compact subset L,, of X such that u(Ln) > w(X) — 1/n. Let 
Ky, = Uf_,L;. Then the sequence (K,)°°, satisfies the condition. 

Conversely, suppose that the condition is satisfied, and that B is a Borel 
subset of X. Suppose that « > 0. Since pw is closed-regular, there exists 
a closed set A such that A C B and C O, w(O) < yw(B) +e and p(A) > 
p(B) —e/2. There exists n € N such that u(K,,) > w(X)—e€/2. Then AN Ky, 
is a compact subset of B and 


WAN Kn) = w(A) — w(A\ Kn) 2 H(A) — W(X \ Kn) > w(B) - €. 
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Recall that a topological space is 7-compact if it is the union of a sequence 
of compact subsets. 


Corollary 32.2.2 A finite Borel measure 1 on a o-compact metric space 
(X, d) is tight. 


Here is a more remarkable result. 


Theorem 32.2.3 (Ulam’s theorem) A finite Borel measure js on a 
complete separable metric space (X,d) is tight. 


Proof — Let (%;)92, be an enumeration of a countable dense subset of (X, d). 
For each n € Nandk €N, let An, = UF_1 Mi jn(24); (where Mj /,,(x;) is the 
closed 1/n-neighbourhood of x;). For fixed n € N, the sequence (An,x)7° 4 
is an increasing sequence of closed subsets of X whose union is X, and so 
H(An~) 4 U(X) as k — oo. Thus there exists k, such that u(X \ Anz) = 
wX) — p(An,x,,) < 1/2". 

Let Ky = N7_,Am,k,» Then Ky is a closed subset of X. It is also totally 


m=n 
bounded, since, for each m > n, Kn C Am,x,,, and is therefore contained 


m.? 


in finitely many open balls of radius 2/m. Since (X,d) is complete, K,, is 
compact. Further, 


oe) 


TG Geta Ea (Or 6. re Wo) Se Oe aie aa 


and so (K,,)°°, is an increasing sequence of compact subsets of X for which 


p(K,) > u(X). The result therefore follows from Proposition 32.2.1. 


A Polish space is a separable topological space (X,7) for which there is a 
complete metric on X which defines the topology. 


Corollary 32.2.4 A finite Borel measure ts on a Polish space is tight. 


Proof For tightness is a topological property. 


Thus a finite Borel measure on the space J of irrational numbers is tight. 


Exercises 


32.2.1 Show that a finite Borel measure on a countable metric space (X, d) 
is tight. 

32.2.2 Give an example of a o-compact metric space (X,d) which is not a 
Polish space. 

32.2.3 Give an example of a Polish space which is not o-compact. 
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32.3 Radon measures 
We now consider a o-finite Borel measure js on a metric space (X,d). 


Proposition 32.3.1 Suppose that is a o-finite Borel measure on a 
metric space (X,d). 


(i) Ifa eX then p({zr}) < oo. 
(iit) There exists an increasing sequence (C;,)°~, of closed subsets of X of 
finite measure for which u(X \ C) =0, where C = UPLCh. 


Proof There exists an increasing sequence (A,,)°2_, of Borel sets of finite 
measure for which U??., A, = X. 


(i) « € A, for some n € N, and p({x}) < w(An) < oo. 
(ii) If B is a Borel subset of X andn EN, let un(B) = w(BN Ap). 


Then jy is a finite Borel measure on X, and so is closed-regular. Thus there 
exists a closed set D,, contained in A, with 


Un(Dn) > bn(An) — 1/2” = (An) — 1/2”. 


Let C, = Uf_,Dj, and let C = Ur, Cy. Then (C,,)e2, is an increasing 
sequence of closed subsets of X of finite measure. Further, if p > m then 


p((X\C) A Am) = (Am \C) < p(Am \ Dp) < p1(Ap \ Dp) < 1/2”. 


Since this holds for all p > m, w((X \C)N Am) = 0, and so 


w(X\C) = lim p(X \C)M Am) = 0. 


Corollary 32.3.2 If B is a Borel subset of X then 
p(B) = sup{u(D) : D closed, D C B, u(D) < oo}. 


Proof 
H(B) = w(BOC) = lim p(BO Ch). 


Arguing as above, u(BMC,,) = sup{u(D) : D closed, D C BNC,,}, and so 
the result follows. 


Let us consider an example. Let R be the extended real line {—oo} URU 
{oo} with its usual compact metrizable topology. If B is a Borel subset of 
R, let \(B) = \(B OR), where \ is Lebesgue measure on R. Then \ is a 
o-finite measure on R. \({—oo}) = 0, but if N is any open neighbourhood 
of —oo, then A(N) = oo, and the compact set R has infinite measure. This 
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is clearly not very satisfactory. A o-finite Borel measure on a metric space 
(X,d) is locally finite if each element of X has an open neighbourhood of 
finite measure. 


Proposition 32.3.3 Jf u is a locally finite Borel measure on a metric 
space (X,d) and K is a compact set of X, then (KK) < oo. 


Proof For each x € K there exists an open neighbourhood N, of x with 
u(N,) < oo. These neighbourhoods cover K, and so there exists a finite 
subset F of K such that K C UzerN,. Thus 


w(K) < So p(Nz) < 00. 
cer 


A o-finite measure on a metric space (X,d) is called a Radon measure if 
it is locally finite, and if w(B) = sup{u(kK) : K compact, kK C B} for each 
Borel subset B of X. 


Proposition 32.3.4 A locally finite o-finite measure 4 on a o-compact 
metric space (X,d) is a Radon measure. 


Proof There exists an increasing sequence (A’,,)°°_, of compact subsets of 
X whose union is X. If B is a Borel subset of X, then, by Corollary 32.3.2, 
u(B) = sup{u(D) : D closed, D C B}. But if D is closed, then u(D) = 
limn+oo U(D MN Ky), so that u(D) = sup{u() : K compact, K C B}, and 
the result follows from this. 


Theorem 32.3.5 A locally finite o-finite measure 4 on a metric space 
(X,d) is a Radon measure if and only there exists a a-compact subset Y of 
X such that u(X \ Y) =0. 


Proof If the condition is satisfied, and B is a Borel subset of X, then 
Bry isa Borel subset of Y, and 


u(B) = w(BOY) =sup{u(k): kK compact, K C BN Y} 
< sup{u(k.) : K compact, kK C D} < p(B); 


thus all the terms are equal, and yz is a Radon measure. 

Conversely, suppose that ys is a Radon measure. By Proposition 32.3.1. 
there exists an increasing sequence (C,,) of closed subsets of X of finite 
measure for which u(X \ C) = 0, where C = UPL, C),. Since pw is a Radon 
measure, for each n € N there exists a compact subset K, of C,, for which 
[( Kn) > w(C,)—-1/2". Let Y = USL, Ky. Then Y is o-compact, and arguing 
as in Proposition 32.3.1, u(X \Y) =0. 
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Corollary 32.3.6 A locally finite o-finite Borel measure on a Polish space 
is a Radon measure. 


Proof For each n € N, the closed set C;, is a Polish subspace of (X,d), 
and the restriction of 44 to the Borel subsets of C’, is a finite measure, which 
is tight, by Ulam’s theorem. There therefore exists a compact subset K,, of 
C, with u(K,) > u(Cp) — 1/2”. Let Y = UP2, Ky. Then Y is o-compact, 
and once again, u(X \Y) =0. 
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Differentiation 


In this chapter, we compare two measures defined on the same measur- 
able space, and in particular, compare a finite Borel measure on R with 
Lebesgue measure. This involves further properties of integrable functions 
and of monotonic functions on R. 


33.1 The Lebesgue decomposition theorem 


We consider a o-finite measure space (X,%, 4), and a finite measure v on &. 
We use the Fréchet—Riesz representation theorem to prove a fundamental 
theorem of measure theory. 


Theorem 33.1.1 (The Lebesgue decomposition theorem) Suppose that 
(X,%,) is a o-finite measure space, and that v is a finite measure on %. 
Then there exists a non-negative f € L'(u) and a set BED with p(B) =0 
such that v(A) = J, fdw+v(ANB) for each AE. 


Two measures ys and v on the same o-field © are said to be mutually 
singular if there exists A € © such that u(A) = 0 and v(X \ A) = 0. (If 
so, this is frequently written as wv.) If we define vg(A) = v(AN B) for 
A €%, then vg is a measure, and vy = f.du+ vg. The measures ps and vg 
are mutually singular. 


Proof Let 7(A) = p(A)+v(A); 7 is a o-finite measure on ©. Suppose that 
g € L&(m). Let L(g) = f gdv. Then, by the Cauchy—Schwarz inequality, 


1/2 
(al < (2? ( fade) < W(X) Hla 


so that L is a continuous linear functional on L?(7). By the Fréchet—Riesz 
theorem (Volume II, Theorem 14.3.7), there exists an element h € L?(z) 
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such that L(g) = (g,h), for each g € L?(7) ; that is, fy gdv = fy ghdu+ 
Jy ghdv, so that 


[sa —h)dv = [stan («) 


Taking g as an indicator function [4, we see that 


o(A)= La) = f haw= f nau + f new 


for each A € &. 
Now let N = (h < 0), Gn = (0 < h<1-1/n),G=(0<h <1) and 
B=(h>1). Then 


YN) = f haut f hav <o, 


so that v(N) = 0. But then fy, hdy = 0, and so p(N) = 0. Similarly, 


o(B)= [ nau f hav > o(B) + (8) 


so that p(B) = 0. 
Let f(x) = h(x)/(1 — h(x)) for x € G, and let h(x) = 0 otherwise. Note 
that if z € G, then 0 < f(x) < 1/(1— A(x)) <n. If A € , then, using («), 


1-h 
HANG.) = | —Flane. a= ff flane.du = ff . f dp. 
AGn 


Applying the monotone convergence theorem, we see that v(AMG) = 
faaad dh= Jn die: Thus 


(A) = (ANG) +(ANB) + (ANN) = f faut (ANB), 


Taking A =X, we see that f, f du < oo, so that f € L*(y). 


This beautiful proof is due to von Neumann. 

Suppose that (X,%,) is a measure space. Our aim now is to recognize 
when a complex measure v on X is of the form f.dj, where f € L1(X,», 1). 
Suppose that ¢ is a real- or complex-valued function on /. We say that ¢ is 
absolutely continuous with respect to yw if whenever € > 0 then there exists 
6 > 0 such that if A € © and p(A) < 6 then |¢(A)| < ¢; if so, we write 
o<< p. 
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Proposition 33.1.2 If (X,%,) is a finite or o-finite measure space, and 
vy is a complex measure on %, then v is absolutely continuous with respect 
to w if and only if whenever (A) = 0 then v(A) = 0. 


Proof Suppose that v is absolutely continuous with respect to 4, and that 
p(A) = 0. Then p(A) < 6 for all 6 > 0, so that |v(A)| < € for all € > 0, and so 
v(A) = 0. For the converse, suppose first that v is a finite positive measure 
and that v is not absolutely continuous with respect to w. Then there exists 
€ > 0 such that for each n € N there exists A, € © with u(Ap) < 1/2” and 
v(A,) > e. Then (lim sup,,,,, An) = 0, by the first Borel-Cantelli lemma, 
while v(limsup,_,,, An) > €. Thus the condition does not hold. 

Suppose next that v is a signed measure, and that v(A) = 0 whenever 
p(A) = 0. Let X = PUN be the partition of X in the the Jordan decomposi- 
tion of v. If w(A) = 0 then (ANP) = 0, so that y+ (A) = v(ANP) = 0. Thus 


pr 


is absolutely continuous with respect to yu; similarly, v~ is absolutely 
continuous with respect to 4, and so therefore is v. 


Finally the result follows for complex measures by considering real and 


imaginary parts. 


Theorem 33.1.3 (The Radon—Nikodym theorem) Suppose that (X,™%, 1) 
is a o-finite measure space, and that v is a finite measure on %. Then v 
is absolutely continuous with respect to pw if and only if there exists a non- 
negative f € L'(j1) such that v(A) = f, f du for each AE ®. 


Proof If f € L'(u), then f.dy is absolutely continuous with respect to 
by Proposition 33.1.2. Conversely, suppose that v is absolutely continuous 
with respect to , and that v = f.du+ vz is the Lebesgue decomposition of 
v. Since p(B) = 0 v(B) =0, and so vg = 0. Thus v = f.dp. 


The Radon—Nikodym theorem clearly extends to signed measures v, by 
considering the Jordan decomposition of v, and to complex measures v, by 
considering the real and imaginary parts of v. The Radon—Nikodym theo- 
rem throws light on the relationship between a complex measure o and the 
positive measure |o]. 


Theorem 33.1.4 Suppose that o is a complex measure on a measurable 
space (X,%). There exists a complex measurable function ¢ on X, with |d| = 
1, such that o(A) = [, ¢dlo| for all AE &. 


In other words, ¢ = ¢.d\c|. The function ¢ is the phase function of o. 


Proof The complex measure o is clearly absolutely continuous with 
respect to |a|, and so by the Radon—Nykodym theorem there exists ¢ € 
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LE (X,%,|o|) such that o(A) = f,¢dlo| for all A € X. We show that 
|¢| = 1 almost everywhere. 
First, let A, = (Ré > 1+ 1/n). Then 


|o|(An) = R(o(An)) =| Re djo| > (1+ 1/n)|o|(An), 
so that |o|(A,) = 0. Thus if A = (R¢ > 1), then 
lol(A) = im |o|(A,) = 0. 
Next, let (0,)°2, be a dense sequence in [0, 27). Let 
Bn = (R(e") > 1). 
Then, as above, |o|(B,) = 0. If B = (|¢| > 1), B = UPL, Bn, and so 
|o|(B) = |o|(UP, By) = 0. Thus |¢| < 1 almost everywhere. 


Finally, let C, = (|¢| < 1—1/n). Suppose that D;,...,D, is a partition 
of C,, by sets in %. Then 


k k k 
(p= S1f dais D> | loldol < —1/mlol(Cn) 
Dela = Dl f, Saal DU fp olde < C— a/myen(cn 


Taking the supremum over all partitions, |o|(C,) < (1 — 1/n)|o|(Cn), so 
that |o|(C;,) = 0. Thus |o|(|¢| < 1) = Jo|(UP%,Cr) = 0; |¢| > 1 almost 
everywhere. We can change ¢ on a null set so that |¢| = 1. 


Exercises 


33.1.1 Use the fact that if f €¢ L1(X,™, ) then f.dy is absolutely continuous 
with respect to uw, and Egorov’s theorem, to give another proof of the 
theorem of dominated convergence. 


33.2 Sublinear mappings 


We now establish a result which enables us to use approximation argu- 
ments to establish results about convergence everywhere. First we need some 
definitions. 

Suppose that (X,%, jz) is the measure space. A mapping T from a normed 
space (EF, ||-||~) into a space L°(X,%, 1) is subadditive if T(f +g) < T(f)+ 
T(g) for f,g € E, is positive homogeneous if T(Af) = AT(f) for f € E and 
X real and positive, and is sublinear if it is both subadditive and positive 
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homogeneous. We say that T is of weak type (E,q) if there exists L < 00 
such that u(|T(f)| > a)} < L4||f\|$/a% for all f € E, a > 0. The least 
constant L for which the inequality holds for all f € E is called the weak 
type (E,q) constant. When E = L?(X’,»’, uv’), we say that T is of weak type 


(p,q). 
Weak type is important, when we consider convergence almost every- 
where. 


Theorem 33.2.1 Suppose that (T,)r>0 is a family of linear mappings from 
a normed space E into L°(X,™,), and that M is a non-negative sublinear 
mapping of E into L°(X,»,), of weak type (E,q) for some 0 < q < o, 
such that 


(i) |T-(g)| < M(qg) for allg € BE, r > 0, and 
(ii) there is a dense subspace F of E’ such that T,(f) — To(f) almost 
everywhere, for f € F, asr > 0. 


Then T,.(g) + To(g) almost everywhere, as r > 0, for each g € E. 


Proof We use the first Borel—Cantelli lemma. For each n there exists fp, € 
F with ||g — falle < 1/2”. Let 


By =(M(g — fn) > 1/n) U (Te(fn) 7 To(fn))- 
Then ea 
(Bn) = u(M(g — fn) > 1/n) < aaa 


Let B = limsup(B,,). Then (B) = 0, by the first Borel—Cantelli lemma. 
If x ¢ B, there exists no such that « ¢ B, for n > no, so that 


IT-(9)(x) — Tr(fn)(®)| < M(g — fn)(x) <1/n, for r > 0. 
Thus if n > no, then 
IT-(9)(x) — To(g)()| < 


( 
[Tr (g)(@) — Tr(f))@)| + [Tr fn) (@) — To( fn) (#)| + |To(fn)(@) — To(g)(#) 
< 2/n + |T(fn)(#) — To(fn)(#)| < 3/n 


for small enough r, and so T,(g)(x) + To(x) as r > 0. 


We can consider other directed sets than [0, co); for example N, or the set 
{(h,t):h € R2,t >0 and |lAl| < t}, 


ordered by (h,t) < (k,s) if Ni(h) C Ng(k). 
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33.3 The Lebesgue differentiation theorem 


We now consider finite Borel measures on R®2% and functions in 
L1(R4,£4q, a). As usual, let N,(x) denote the open Euclidean ball {y : 
ly — 2| < r} of radius r with centre x. Then Ag(N,(x)) = r4Qq, where Qz4 is 
the Lebesgue measure of the unit ball in R2. 

If yz is a finite Borel measure on R%, we set 


HIN, (z)) _ w(Nr(@)) 


A,(u)(x) = MN (2) Og 


Proposition 33.3.1 The function A,(1) is lower semi-continuous. 


Proof Suppose that « € R%, and that « > 0. Let rj, increase to r as 
n — oo. By upwards continuity, there exists n € N such that p(N,.,,(x)) > 
uN, (2)) — er4Qq. If |ly — z|| < r—rp then N,.,,(2) C N,(y), so that A,(y) > 
A,(z) —€. 


We say that has a spherical derivative Du(x) at x if, given € > 0, there 
exists ro > 0 such that if 0 < r < ro and z € N,(y) then |A,(p)(y) — 
Dyu(x)| < e. It is important that in this definition we consider spheres to 
which x belongs, and not just spheres centred at 2x. 

Similarly, if f € L'(R%, Lg, Aq), we set 


Jnv,(a) fdXa 1 
A,(f)(2) = “\(N; (az) = oe f dXa. 


A,(f)(«) is the average value of f over the ball N,(x). Again, we say that f 
has a spherical derivative Df (x) at x if, given € > 0, there exists rg > 0 such 
that if 0 << r < ro and « € N,(y) then |A,(f)(y) — Df(x)| < ¢. Thus the 
spherical derivative of the function f is the same as the spherical derivative 
of the measure f.dAq. 

First we consider a function f in L1(R%, Lg, Aq). We set 


mu(f)(#) = ae (sup{Ar(|fl)(y) : y © Nr(w)})- 


Theorem 33.3.2 The function my, is a lower semi-continuous sublinear 
operator of weak type (1,1). 


Proof Suppose that m,(f)(x) < oo. Ife > 0, there exist r > 0 and y € R4 
such that x € N,(y) and A,(|f|)(y) > mu(f)(x) — e. Since N;(y) is open, 
there exists 6 > 0 such that N5(x) C N,(y). If w € N5(x), then m,(f)(w) > 
A,(|f|)(y) > mu(f)(#) — ¢. A similar argument applies if m,,(f) = oo, Thus 
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Mxz(f) is lower-semicontinuous. 
The key result is the following covering lemma. 


Lemma 33.3.3 (Wiener’s lemma) Suppose that G is a finite set of open 
balls in R“. Then there is a finite subcollection F of disjoint balls such that 


S> Aa(U) = ra U v)> aU U). 


UcF UcF UEG 


Proof We use a greedy algorithm. If U = N,(z) is an open ball, let U* = 
N3,(xz) be the ball with the same centre as U, but with three times the 
radius. 

Let U; be a ball of maximal radius in G. Let U2 be a ball of maximal 
radius in G, disjoint from U;. Continue, choosing U; of maximal radius, 
disjoint from Uj,...,U;—1, until the process stops, with the choice of U,. 
Let P= {ip cvextl py 

Suppose that U € G. There is a least 7 such that UjU; # 0. Then the 
radius of U is no greater than the radius of U; (otherwise we would have 
chosen U to be U;) and so U C Uj. Thus UyegU © Uver U* and 


da ( U 0) < Na ( U v") 2 Ae) =3* bal’): 


UEG UcF UcF UcF 


Proof of Theorem 33.3.2. Let f € L1(R2). Let Ey = (m,(f) > a), for 
a > 0. Let K be a compact subset of E,. For each x € K, there exists 
Yr € R42 and rz > 0 such that x € N,,(yx) and A,,(|f|)(ye) > a. It follows 
from the definition of m,, that N,, (yz) C Eq. The sets N,, (yz) cover K, and 
so there is a finite subcover G. By the lemma, there is a subcollection F’ of 
disjoint balls such that 


SMU) > aya (U 0) es 


UEG 


But if U € F, adAg(U) < ie |f| dq, so that since UyepU © Ea, 


Sy <5 files flaw 


UcF UcF 
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Thus Ag(K) < a Ue. |f|dXq)/a, and 


3d 
Ad( Eo) = sup{Aq(K) : K compact, K C Ey} < =| | f| dXa. 
Eo 


Thus m,, is sublinear and of weak type (1; 1). 


Corollary 33.3.4 Let m(f) = max(mu(f),|f|). Then m is a sublinear 
mapping of weak type (1,1). 


Proof For (m(f) > a) € (mu(f) > a) U (|f| > a), so that 


ara(m(f) > a) < (3441) i flava 


Theorem 33.3.5 (The Lebesgue differentiation theorem) Suppose that 
f € L'(R4,La,Aq). Then f(x) is the spherical derivative of f at x, for 
almost every x € R¢. 


Proof We use Theorem 33.2.1. For each r > 0 and f € L!(R4, Lg, Aa), 
|A,(f)| < m(f), so that A, is a linear mapping of L1(R2, Ly, Aq) into 
L°(R2,Lq,Xa), dominated by m. Let Ao(f) = f; then Ag is also domi- 
nated by m. Let F be the linear subspace of L1(R%,£q, Aq) consisting of 
continuous functions of compact support. F is dense in L'(R4, Ly, Aq), and 
A,(f)(x) > f(x) as r > 0, for each 2 € R4, and so the result follows from 
Theorem 33.2.1. 


Corollary 33.3.6 (The Lebesgue density theorem) Jf E is a measurable 
subset of R® then 


1 Aa(N,- (2) NE) 
—— r = —__——— > 1 t all E 
rag, fal (x) NE) ral Ne (=) +1 asr—0 for almost all x € 
and 
: al N;( re) = OE) as r — 0 for almost alla ¢ E 
raQg wer” ~ dal; (@)) 


Proof Apply the theorem to the indicator functions IzNN;(0), fork € N. 


Next we consider a finite measure pw for which pw and Ag are mutually 
singular. 


Theorem 33.3.7 Suppose that ys is a finite Borel measure on R4 for which 
pb and Aq are mutually singular. Then pw has spherical derivative 0 at Aq- 
almost every point of R2. 
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Proof There exists a Borel Ag-null set A for which p(R4 \ A) = 0. Since 
ju is tight, there exists an increasing sequence (K,,)°°, of compact subsets 
of A with u(K,) > u(A) — 1/4” for n € N. Let U;, be the open set R2\ Ky: 
then p(U,) < 1/4”. 

Let 


A, ={(e@,r) 3 © € U,,0 <r < min(1/2", d(2, K,)) and Ap(p)(@) > 1/2"} 


and let Vi = Uren, Nr(x). Suppose that L is a compact subset of 
Vn. There exists a finite subset G of H, such that L C UgmegNr(z). 
By Wiener’s lemma, there exists a subset F’ of G such that the sets 
{N,(x) : (2,r) € F} are disjoint and 


M (Uren Nr(2)) = (1/3")Ad(Ue,ne@Nr(2)). 


Then 
Na(L) < Ad(UaeryeGNr(2)) < 3*G(UaeryerNr(2)) 


= 37 SO) da(N,(x)) $34.2" S$) u(N;(2)) 


(a,rJEF (a,r)EF 
=O 2 Ue weoNr a) <2" 2" nV, a 3.2%, 


Since Aq is tight, \g(V_) < 34.27”. 

Let B = limsup,_,,. Vn. It follows from the first Borel—Cantelli lemma 
that Aq(B) = 0. Consequently Ag(AU B) = 0. If f ¢ AUB then there exists 
N such that z ¢ V;, forn > N.Ifn > N,and0 <r < ¥min(1/2",d(z, K,)) 
then Ag,(w)(@) < 1/2”. If d(a,y) < r then N,(y) C No,(x), so that 
A,(u)(y) < 24/2". Thus pz has spherical derivative 0 at 2. 


Combining these two theorems, we have the following. 


Theorem 33.3.8 Suppose that 1 is a finite Borel measure on R2. Then 
has a spherical derivative Du at A\q-almost every point of R¢. The function 
Du is Xg-integrable. Set v(A) = w(A)—J, Dudrg. Then v is a Borel measure 
on R2, v and dq are mutually singular, and p= Dy.dd\q+v is the Lebesgue 
decomposition of |. 


Proof Let w= f.d\qg+v be the Lebesgue decomposition of jz. Then ps has 
spherical derivative f Ag-almost everywhere. 
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Exercises 


33.3.1 This exercise establishes a version of Vitali’s covering theorem. 
Suppose that V is a bounded open subset of R%. A Vitali covering 
of V is a set V of open balls contained in V with the property that if 
F is a finite subset of V then 


V \ (UyerU) =U{WeEV:Wn (UyerU) = ().} 


Use Wiener’s lemma to show that there is a disjoint sequence (Up, )°21 
in? such that Ag(V \ (US,U,))=0 
33.3.2 Does the result hold for any open subset of R4? 


33.4 Borel measures on R, IT 


We now apply the Radon—Nikodym theorem to Borel measures on R. A 
real- or complex-valued function f on R is absolutely continuous if whenever 
€ > 0 there exists 6 > 0 such that if (I ae = ((ay, bj) )Foy is a sequence 


1 
of disjoint intervals of total length ya! i= x — aj) less than 6 


then ae |f (bj) — f(a;)| < €. An absolutely continuous function is clearly 
uniformly continuous. 


Theorem 33.4.1 A positive, signed or complex Borel measure v on R 
is absolutely continuous with respect to Lebesgue measure X if and only if 
its cumulative distribution function F, is an absolutely continuous function 
on R. 


Proof It is clearly enough to consider the case where v is a positive mea- 
sure. Suppose first that v is absolutely continuous with respect to A. Given 
€ > 0, there exists 6 > 0 such that if A € B and A(A) < 6 then v(A) < «. 
If (J je := = ((2550)))5- , is a sequence of disjoint intervals of total length 


m4 idy).= ee ,(b; — aj) less than 6 then MU 1(a;,b;]) < 6, so that 


k 
v(UF 1(a;, by =e Eds )| <<, 


and F, is an absolutely continuous function. 

Suppose conversely that F, is an absolutely continuous function. We use 
Proposition 33.1.2. Suppose that A is a Borel set for which A(A) = 0, and 
that € > 0. There exists 6 > 0 for which the absolute continuity condition 
is satisfied. There then exists an open set U containing A, with \(U) < 6. 
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Suppose that U = UPI; = USS 1 (aj, b;) is a disjoint union of an infinite 
sequence of open intervals. Then 


< fim v(Uf=1 (43, b)) = jim, 2 Fo(t) — F,(a;)) Se. 
jJ= 


(The case where U is a finite union is even easier.) Since € is arbitrary, 


v(A) =0, and so v is absolutely continuous with respect to X. 


We now apply the results of the previous section to monotonic real-valued 
functions on R. The results generalize in a straightforward way to functions 
of bounded variation. 


Theorem 33.4.2 Suppose that F is a bounded increasing function on R 
and that F(t) + 0 as t + —oo. Then F is differentiable almost everywhere. 
If f is the derivative of F, then f is integrable, and eee fdX < F(t) for 
almost all t € R. Equality holds for allt € R if and only if Jafar = 
limp +400 F(t), and if and only if F is an absolutely continuous function 
on R. 


Proof Since F' is monotonic, it is continuous except on a countable set 
J, and the discontinuities are all jump discontinuities. Let G(t) = F(t-+), 
for t € R. Then G is right-continuous, and is equal to F’, except on a 
subset of J; G is continuous except on J, and the discontinuities are all 
jump discontinuities. G is therefore the cumulative distribution function of 
a finite Borel measure pz. The measure yz has a spherical derivative Du except 
on a null-set N, which clearly includes J. Thus if « ¢ N then 


F(a+h) — F(a —k) ; (la — kya +h)) _ 


li = =D 
hk ht+k hkyo)) ALK pe) 
Since f is continuous at 2, 
F(a@+h)-—F(a@-—k) | F(x+h)—- F(z) 
ee A og a ee ge 
eee > hy as k \, 0, 
F(a@+h)-F(a@—-—k)  F(x)-F(a—-k) 


Thus F is differentiable at x, with derivative f = Du. 
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By Theorem 33.3.8, f is integrable, and wy = f.d\+v, where v and 4 are 
mutually singular. If t Zg J, then 


F(t) = p((—20, ]) = [ Lotu-ooit) 2 [ fa 


Equality holds for all ¢t if and only if y = 0. This happens if and only if F' is 
absolutely continuous, and if and only if 


Finally, let us consider the structure of a finite Borel measure 4: on R. By 
the Lebesgue decomposition theorem, = f.dA + v, where f € L'(R,B, 4), 
and v and X are mutually singular. The cumulative distribution function 
J -c0,2] f dX of f.dX is absolutely continuous, so that Ff, has the same set J 
of discontinuities as F,. 

If  € J, let j(x) be the size of the jump at x. If A is a Borel set, 
let a(A) = So{7(z) : e € AN J}. Then a is an atomic Borel measure: 
a({z}) = (x) > Oif x € J, and a(R \ J) = 0. Further, a and X are 
mutually singular. 

Now let 7 = v—a. Then 7 is a finite measure, 7 and \ are mutually singu- 
lar, as are 7 and a. The cumulative distribution function F, has no jumps, 
and is therefore a continuous function. Since 7 and \ are mutually singular, 
F,, is differentiable almost everywhere, and its derivative is 0 almost every- 
where. A Borel measure on R such as 7, which has a continuous cumulative 
distribution function, but for which a and \ are mutually singular, is called 
a continuous singular measure. 

Summing up, if py is a finite Borel measure on R, then yz can be written as 
the sum of an absolutely continuous measure f.d\, an atomic measure a, and 
a continuous singular measure 7. It is easy to see that this decomposition is 
uniquely determined. 


34 
Applications 


In this chapter, we give examples to show how the theory of measure that 
we have developed is used. 


34.1 Bernstein polynomials 


We now use Chebyshev’s inequality to show that the polynomial functions 
are dense in C[0, 1]. Suppose that f is a continuous real- or complex-valued 
function on [0,1]. The nth Bernstein polynomial B,,(f) is defined as 


Balfte) = dof (4) (“ea - or 
j=o NMA MS 
Note that B,,(f) is a polynomial of degree n, that B,(f)(0) = f(0) and that 
Br(f)() = f(). 


Theorem 34.1.1 If f is a continuous real- or complex-valued function on 
[0,1] then B,(f) converges uniformly to f asn— oo. 


Proof The proof is usually given in the language of probability the- 
ory, but we shall give a purely analytic account. We consider the unit 
cube J, = [0,1]" with Lebesgue measure 4,,. Suppose that t € [0,1]. For 
1<j<nlet 


and let f; be the indicator function of Cj. Then 
i. fjdn = f fo yt tor 1 Sy < 71, 
Ir Jn 


and i fifidy=F for 1 <4 <5 <n. 
In 
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Let an = (fi +--+: + fn)/n be the average of fi,..., fn. Gn takes values 
0,1/n,2/n,...,1, and a,(x) = j/n if and only if x € C; for exactly 7 values 


of 7. Thus 
= J — wv j — n—-J 
An(Qn = (")e (1 t) 


1 n 
An dAn = — | fj (An) =t, and 
[, lf, fie) 


I < 2 
[Om f, BOM) +73 S> (f fifi an) 


Further, 


so that 


2 
t(1 — ih 
o* (an) = a2 dXn a (/ an a = ( u < —. 
In Je n An 


We now consider f ca,. Suppose that € > 0. Since f is uniformly continuous 
on [0,1], there exists 6 > 0 such that | f(s) — f(t)| < €/2 for |s — t| < 6. Let 
L = (an, — t| > 6) and let S = (ja, — t| < 6). By Chebyshev’s inequality 
(Proposition 29.6.8), 


Now 


/, foot =Y1(2) (“)ea— yr = BANE, 


so that if 0 <t <1 then 


If) nol=lf re (8))) @n(s)| 
Lon (s))] dn (s) 


= [\#)~ Hants) arals) + f 128 ~ flan(s))]ada(s) 


= € lifes 
—~ 2 4né? 


84.2 Bernstein polynomials 917 


since | f(t) — foa,| < €/2 on S and |f(t) — f oap| < 2||f||,, on T. Thus 
lf(t) — Br(f)(®)| < € ifn > ||f|l,, /66?, and so B,(f) converges uniformly 
to f asn —> oo. 


Corollary 34.1.2 Suppose that y and v are finite, or signed, or complex 
Borel measures on [0,1] for which 


| ane) = | t" dv(t) forn € Zt. 
[0,1] [0,1] 


Then w=v. 


Proof For if f € C[0, 1] then 


fdpu= lim Bali ee = lan Bf ides f dv, 
[0,1] noo J10,1] W109 J 10,1] [0,1] 


and so the result follows from Exercise 32.1.3. 


Exercises 


There are many ways of showing that continuous functions on [0,1] can 
be approximated uniformly by polynomials. The following exercises provide 
another proof. 


34.1.1 Define a sequence of polynomials (p,,)?29 by setting po = 0 and 
Pnti(t) = pr(t) + s(t? = (Dn (t))”) forn EN. 


Show that if -1 <¢t< 1 then 0 < pz(t) < pnyi(t) < t?. 
34.1.2 Use Dini’s theorem to show that p,(t) — |t| uniformly on [—1, 1]. 
34.1.3 Show that if g is a piecewise linear function on [0, 1] then there exists 
X1....,2% € [0,1] and constants co,..., cz, such that 


k 
g(a] = co +) eile — 23, 
j=l 


and deduce that g can be approximated by polynomials uniformly on 
(0, 1]. 

34.1.4 Show that a continuous function on [0,1] can be approximated 
uniformly by polynomials. 
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34.2 The dual space of L2,(X, E, u), for 1 < p < co 


We now use the Radon—Nikodym theorem to determine the dual space of 
I2,(X, =, u), where yu is a finite or o-finite measure, and 1 < p < oo. Recall 
that if (E,||.||,,) is a normed space then the dual space E’ is the space 
of continuous linear functionals on E. The quantity ||@||' = sup{|d(x)|_ : 
|z|| 2 < 1} is then a complete norm on E’. Recall also that if 1 < p < co 
then p’ = p/(p— 1) is the conjugate index of p; we also set 1! = oo. 


Theorem 34.2.1 Suppose that (X,,) is a finite or o-finite measure 
space and that 1 < p < oo. If g € IX (X,X,p) and f € LR(X,x,p), let 
bg(f) = te fgdp. Then the mapping 6: g — og 1s a linear isometry of 
LE(X,E, 2) onto (LE(X,¥, uw)’, |]-II/). 


A corresponding result holds in the real case, and the proof is essentially 
the same. 


Proof Theorem 29.6.6 shows that fg € LEX, u, 4), so that dg is defined, 
and that @ is a linear isometry of iaeg , 4) into LE(X, ¥, p)’, ||.||'). We 
must show that ¢ is surjective. 


First we consider the case where p is a finite measure. Suppose that 
w € (L24(X,%, p)’. If A € ©, let vy (A) = p(I4). Then 


rp(A)] < vl [Lally = Well! e(A)?”. 


We show that vy is a signed measure on Y. Suppose that (An)P2, is a 
sequence of disjoint elements of ©, with union A. If n € N then 


|vy(A )- Laid )] = Wp (Urreng1Am)| S Pll! User Am)? 


Since HO ig Ag + 0 as n > o0, %(A) = jet (Aj), and so 
Y is a complex measure. If (A) = 0 and B € & is a subset of A, then 
v(B) = 0, and so |vy|(A) = 0. Thus |vy| is absolutely continuous with 
respect to 4, by Proposition 33.1.2. By the Radon—Nikodym theorem, there 
exists g € L&(X, D, u) such that vy = g.du. Thus v(L4) = f, g du for A € &, 
and so w(f) = Jy fgdu when f is a simple function. 

Next we show that g € L?(X,X,). First we consider the case p = 1. 
Let B = (8(g) > |hbl/). If w(B) > 0 then RW(Ia)) > [lull [Zalh,» giving 
a contradiction. Thus (B) = 0. Similarly, if 9 € (0,27] then p(R(e%g) > 
\|2||) = 0. Considering a dense sequence (,,)°~, in (0, 27], it follows that 


g € LE(X,=, yw), and ||gllo < [lv l’- 
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Next, suppose that 1 < p < co. Forn EN, let G, = (|g| < n), let 
In = gla, and let fn = 580Gnlgn|” ~!. Then 


[tairdu = flan” dy, so that [fully = only”, 
x x 
and 

idl =I f Sagal =| ff fasm duel = fol de 

xX xX x 
so that 
gall < MAI Wally = Pll Mgnllo” 

Thus ||9nllp < ||2)||‘. It then follows from the monotone convergence theorem 


that fy |gl?” du < (|[vi)”’, so that g € L2(X,¥,u) and |lglly < |lvll’. If 
fe LE(X , 5,41), it follows, by approximating f by simple functions, that 
Wf) = fx fodu. 

If w is o-finite, there exists an increasing sequence (C;,)?°., of sets in © of 
finite measure, with UPC, = X. The result follows easily by considering 
the restriction of ~ to the spaces L%,(C;,, ©, 4), and letting n tend to infinity. 


A similar result does not hold for Le (X, %, 1). In general, the mapping 
g — ¢, is a linear isometry of L}(X,5,,) onto a proper subspace of the 
dual of D(X, %, p). 


Exercises 


34.2.1 Suppose that (X,%, ~) is a finite measure space and that 1 < p < 2. 
Use the fact that L?(X,¥,u) C L?(X,X,) and that the inclu- 
sion is continuous, to show that any continuous linear functional on 
L?(X,%, ) can be represented by an element of L” (X,¥, 1), without 
using the Radon—Nikodym theorem. 


34.3 Convolution 


We have seen in Theorem 31.2.1 that if (X,%) is a measurable space, then 
(cac(X,%),||.||,,,) is a complex Banach space. We now consider the case 
where (X,X) = (T, B). We write (M(T), ||.||) for (cac(T, B), ||-lleacey)» and 
L?(T) for L?(T,B,m), for 1 < p < oo. First, we show that we can define an 
associative multiplication * on M(T) which makes it into a Banach algebra: 
that is to say, M(T) is an algebra, and ||uxv|| < ||y||.||v ||, for u,v € M(T). 
The essential fact that we use is that T is a compact topological group: 
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the mappings 7) : (e, e**) > e+*) from T x T to T and j : e*” > e~# 
from T to itself are continuous. In fact, similar results hold for any locally 
compact group, and in particular for the additive group of Euclidean space 
(see Exercise 34.3.3). 

If 0 € (—a,7] and A is a Borel set in T, let Tg(A) = eA, and if 
pe € M(T), let To(u) be defined by setting Tg(u)(A) = w(To(A)). Then Tp 
is a norm-preserving linear isomorphism of M(T) onto itself. 

Suppose that 4 and v are complex Borel measures on T. Then the product 
measure j1®v is a Borel meaure on T x T. We define the convolution product 
ju xv to be the push forward measure w,(U ® v): 


(ux v)(A) = (we v)(W"(A)) = (uw @ v)({ (C8, ) : PF) & AQ), 


Using the definition of the product measure, it follows that 


(u*v)(A) = I v(Ty(A)) du(0) = I y(Ts(A)) dv(), 


[ faurn) =[ (ft (cil °)du()) dv(¢) 
-[ ( ; fle) and) ay(6). 


Proposition 34.3.1 Suppose that w,v,7€M(T), and that a, BEC. 
a [Lx =V* pL. 

(it) (uxv) «a = wx (Vv xT). 

(itt) (aw + Bv) xm =a(uxm) + Bx). 

(iv) ||uxv| < |lul|.||v ||, with equality of both are positive measures. 


and that 


Proof  (i)—(iii) follow from the definitions. If By,..., By, are disjoint Borel 
sets in T x T, then 


k k 
Yo lu ev) SD [41 ® |v|)(By) < (41 @ (Bx PF) = WHllea «Whee - 
j=l j=l 


Hence, if A;,...,A, are disjoint Borel sets in T then ae \(uxv)(A;)| < 
||| - [|v], and so ||uxv|| < |||]. ||v||. If « and v are positive measures, then 


the inequalities become equalities. 


Thus (M(T), ||.||) is indeed a Banach algebra, the measure algebra of T. 
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Example 34.3.2 Let dg be the atomic measure which gives mass 1 to 
{e}. Then dg * = To(p). 


In particular, 69 * 4 = 4; 69 is the multiplicative identity of the algebra. 


Example 34.3.3 Let m = A/2a be Haar measure on T. Thus m is an 
invariant probability measure on T. Then m * 4 = pu(T).m. 


For if A is a Borel set in T and 6 € (—7,7] then m(TZ9(A)) = m(A), so 
that 


mew = | m(Zo(A)) di(8) = n(E)m(A) 
T 


Thus spanm is an ideal in M(T), and the mapping p > mxwp isa 
norm-decreasing projection of M(T) onto spanm. 

The measure algebra (M(T), ||.||) is very large and complicated, and its 
properties are still not well understood. It does however provide a good 
framework for considering the convolution of functions. 

We have seen that the space L1(T) can be identified with the closed sub- 
space of (M(T), ||.||) consisting of measure which are absolutely continuous 
with respect to m. We can say more. 


Theorem 34.3.4 Jf f € L'(T) and up € M(T) then 
f.dmxp€ Li(T,B,m). 


Proof We use the Radon-Nikodym theorem. If m(A) = 0 then 
m(Tg(A)) = 0, so that 


(f.dm x 1)(A) -[ (/ vie) du() = 0. 


Consequently f.dm x pw is absolutely continuous with respect to m, and so 
belongs to L!(T, B,m). 


We write f x yu for the measure f.dm x pL. 
Thus L1(T) is a closed ideal in the measure algebra (M(T), ||.||), and is 
therefore a Banach algebra (without identity element). 
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Let us consider the convolution product of two absolutely continuous 
measures. Suppose that f,g € L!(T,B,m). If A € B, then, using Fubini’s 
theorem, 


(f.dm x g.dm)(A) = I ( a - par) g(e®) dm(6) 
=) ( [ree an(@)) g(ei®) dm(6) 


= [ (free yate®)am(a)) aint) 


Thus f.dm x g.dm = h.dm, where 
n(e*) = , f(e-)g(c!) dm(6). 
T 


We therefore define the convolution product of two elements f and g of 
L+(T) by setting 


20 
(Feay(e®) = fF reac) am(a) = 5 f sel yale") a. 


By Fubini’s theorem, the integral exists for almost all ¢, and, as we have 
seen, the product is in L1(T); convolution is a bilinear operator on L!(T). 
Since m(T) = 1, it follows that L9(T) C L9(T) for l < p<q<wo, 
and that the inclusion mapping is norm-decreasing. How does this relate to 
convolution? 


Theorem 34.3.5 Suppose that f € L1(T) and g € L?(T), where 1<p< 
oo. Then fxg € L(T), and ||f x gll, < \Ifll - llgll,- 


Proof Suppose that h € L?’(T), where p’ = p/(p — 1) is the conjugate 
index. Then 


[cream dm < Ci + |al)|h] dm 


Lek cile—8) io 
( [oie risse )| 48) |n(0)] ao 


ao 


ft ("71 £ ei(d—9) 0 
( [a sao) ae) )| a6 


Oe te. or 
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1 20 
<— .||h 
<a fh lolly 


= [fll -Igllp IP 


Thus (f «g)h € L'(L), and ||(f*9)hlly < [lll llallp- lly. Hence the 


f(e*)| a0 


p! 


p<. 


mapping h + f-p|(f *g)h| dm is a continuous linear functional on iP CT); 
with norm at most || fl, - |[gl|,,- It now follows from Theorem ?? that fxg € 


LY(T), and ||f * gllp < llflli - Iigllp- 


We can say more. 


Theorem 34.3.6 Suppose that f € L?(T) and g € L”(T), where 1 < 
p<, and p' = p/(p—1) is the conjugate index. Then f xg € C(T), and 
IF * Flloo SIF lp - Il 


Proof Suppose first that f is continuous and that g € L'(T). Suppose 
that « > 0. Since f is uniformly continuous, there exists 6 > 0 such that if 
|e’? — e'®| < 6 then | f(e”) — f(e’®)| < €/(|lgl|, +1). It then follows that if 
le’? — e''| < 6 then 


pr 


27 
Fe glel*)— (teal) <= [ [s(e'@) - Fe) gle) 1 a8 < 6 
7 JO 


so that f «g is continuous. 
Now consider the general case. It follows from Hé6lder’s inequality that 


1 27 
I(f x g)(e*)| < a f(eF-)|.[g(e)| dO < IIfllp- Ilglly 


so that fxg € L°(T), and ||f *gll.o < Ilfll, -llg 
f' € C(T) for which ||f — f'll, < «/(Ilg 


p" If « > 0, there exists 
py +1). Then 


I(f x g)(e'*) = (f’ * g)(e'*)| < € for all e? € T, 


so that ||f*g—f’*g|| < e. Thus the function f * g can be approximated 
uniformly by continuous functions, and so it is continuous. 


Exercises 


34.3.1 Suppose that 1 < p < o and that p’ is the conjugate index. Let 
f(e) = | cot 6|!/? and let g(e*”) = | cot 6|!/”", for e € T. Show that 
f € LY(T) for 1 < q < pand that g € L9(T) for 1 <q <p’. Show 
that f *g is unbounded. 
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34.3.2 Construct a non-negative element f of L'(T), for which f x f is 
unbounded. 

34.3.3 Define the convolution product of two complex Borel measures on 
R‘. Use this to define the convolution of a function in L1(R2) = 
L*(R4,B,a) with a measure. Define the convolution of two func- 
tions in L1(R%), and show that it is a bounded continuous function. 
Problems occur when we consider functions in L?(R®), for p > 1, 
since L?(R“) is not contained in L!(R“). Extend other definitions 
and results of this section by considering approximations f Ip, where 
Ip is the indicator function of {z : ||z|| < R}, and letting R — oo. 


34.4 Fourier series revisited 


In Volume I, we established some fundamental properties of Fourier series, 
using the Riemann integral. We now have the Lebesgue integral available, 
and can take the theory further. We shall only prove a few results from 
an enormous subject; these are intended as an introduction, and also as 
an illustration of how results from measure theory are used in practice. In 
particular, we restrict attention to Fourier series, and do not consider the 
Fourier transform on Euclidean space, or Fourier analysis on more general 
groups. 

We continue with the notation of the previous section. If is a complex 
Borel measure on T, we define its Fourier coefficients, by setting 


fia [ e-*”8 dys(8) = (7m + u)(0), 


where n € Z and yp(e) = e'”®. Since ||ynl|,, = 1, lénl < |IHll.q, and so 
(jin) Po _55 is a bounded sequence. 


Example 34.4.1 


in for n € Z. In particular, (d9)n = 1 for all n. 
and (7), = 0 if k £0. (Recall that m is Haar measure on T.) 


— 


0 = 
These results all follow immediately from the definition. 


Proposition 34.4.2 If uw and v are complex Borel measures on T, then 


(2D) n = Uni n- 
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Proof For 


(GFP) n =f EM au (0,0) 
= ( is a in) ( i ge iv(@)) = findn: 


Theorem 34.4.3 If is a complex Borel measure on T for which fin = 0 
for alln € Z, then pw = 0. 


Proof If p is a trigonometric polynomial, then Jp Pau = 0. Since the 
trigonometric polynomials are dense in C(T), it follows that if f © C(T), 
then Jed tp = 0. If U is an open subset of T, there exists an increasing 
sequence (f,,)°°., of non-negative functions in C(T) which converges point- 
wise to the indicator function of U. It follows from the theorem of bounded 
convergence that u(U) = 0. If w= w* — pw is the Jordan decomposition of 
pi, then w*(U) = pw (U). Since Borel measures on T are regular, it follows 


that pt =p, and so p = 0. 


We now consider the Fourier coefficients of integrable functions. If f € 
L\(T), we set 


f= (Frain = 5 [flee a0, 


so that fn = (f * Yn)(0). 

In fact, we begin by considering functions in L?(T). The proofs of Bessel’s 
inequality (Volume I, Theorem 9.3.1), and of Parseval’s equation (Volume 
I, Corollary 9.4.7), given in Volume I, can be applied to functions in L?(T). 
Parseval’s equation has the following important consequence. 


Theorem 34.4.4 The mapping F : f + (fn) 
isomorphism of L?(T) onto I2(Z). 


66 . a? 
Reo 18 an isometric linear 


Proof  Parseval’s equation implies that F is an isometric linear isomor- 
phism of L?(T) into J2(Z). On the other hand, (yn)92_,, is an orthonormal 


[o-e) 
sequence in L?(T). Thus if a = (an)°_,, € la(Z) then = a3) , is 
es 
a Cauchy sequence in L?(T), which, since L?(T) is complete, converges to 


an element f € L?(T). Further, fp = (f,7n) = an, so that F(f) = a: F is 
surjective. 


This result illustrates the importance of measure theory in constructing 
complete normed spaces. 
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Theorem 34.4.5 (Riemann-Lebesgue theorem) Jf f € L'(T), then ii 


0 as |n| > oo. 


Proof If kEN, let f®) =fLpi<k)- Suppose that ¢>0. Since 
| f—-f (I +0, by the theorem of dominated convergence, there exists k 
such that \|f - f|/, < €/2. Since f‘*) is bounded, it is in L?(T), so that 


F(f) € lg(Z). Hence there exists ng such that Ff) < €/2 for n > no. 
Thus if |n| > mo then 


fal <1UF — F®)al + |F)al < €/2+€/2=€. 


If f € L*(T), we set s,(f) = ane f)7;. Since an element of L1(T) is 
an equivalence class of functions, it is appropriate to express Dini’s test in 
the following terms. 


Theorem 34.4.6 (Dini’s test) Suppose that f € L'(T), that a € C and 
that e* € T. Let 

di(F)(e*) = 47) + Fe) - 0, 
and let 0,(f)(e’’) = ¢:(f)(e%) cot (s/2). If &(f) € L1(T) then sn(f)(t) > a 


as 1 — OO. 


Proof Note that ¢;(f) is an even function and 6;(f) is an odd function. 
Recall that it follows from the form of the Dirichlet kernel that 


sn(f)(e") —a= = 7 6:(f)(s) sinns ds + = 4 ot(f)(s) cos ns ds 
= -i(6:(F))n + (Gel P))n- 


The conditions ensure that ¢;(f) and 6;(f) are in L'(T), and so the result 
follows from the Riemann—Lebesgue theorem. 


The proof of Riemann’s localization theorem that was given in Theorem 
9.6.3 of Volume I does not extend to unbounded functions in L!(T); but we 
are now in a position to give an easier proof. 


Theorem 34.4.7 (Riemann’s localization theorem) Suppose that f € 
L1(T) and that f(e”) =0 fora <t<b. If 6 < (b—a)/2, then s,(f) > 0 
uniformly on Is = fe :a+6<t<b—d}. 

Proof If h € L'(T), the mapping t > 7T,(h) from [—7,7] to L1(T) is 
continuous, and so {7j(h) : t € [—2,7]} is a compact subset of L1(T). 
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It follows from this that {¢:(f) : t € [—7,a]} is a compact subset of 
[}(T). Let 


i, | “COtle/2) 10/2-< |s|< a 
gle") = { 0 otherwise. 


Ifa+6<t<b—6, then 0:(f) = ¢:(f).g, so that 
K = {6(f):at+5<t<b-d} 


is a compact subset of L'(T). 

Suppose now that « > 0. There exists a finite subset F’ in [a + 6,b — 6] 
such that {0,(f) : u © F} is an €/3-net in K and {¢u(f) : u € F} is an 
e/3-net in {¢:(f) : t € [-7,7]}. By Dini’s test, there exists ng such that 
Isn(f)(e™)| < €/3 for n > no and u € F. If t € [a + 6,b — 6] there exists 
u € F such that ||0:(f) — @u(f)||, < €/3 and ||di(f) — du(f) ||, < €/3. Then 
lsn(f)(e*) — sn(f)(e)| < 2e/3 for n > no, and so |s,(f)(e”)| < © for 
n> no. 


Exercises 


34.4.1 Let (K,,)?2, be the sequence of Fejér kernels. Show that if f € L°(T), 
where 1 < p< ow, then K,« f > f in L?-norm, as n > oo. 
34.4.2 Suppose that f is an absolutely continuous function on T. Show that 


fn = 0(1/n) as |n| > co. 


34.5 The Poisson kernel 


The Poisson kernel in d-dimensional Euclidean space was defined in Vol- 
ume II, Section 19.8, and was used to solve the Dirichlet problem for the 
unit sphere. Here we restrict attention to the two-dimensional case. In this 
case, ideas and results are more transparent, since the Poisson kernel is 
the real part of a holomorphic function. We give a fairly self-contained 
account. 

Let m(z) = (1+ 2)/(1—z). m is a MObius transformation which maps the 
unit disc D onto the right-hand half-plane H, = {z : R(z) > O}, with 
m(—1) = 0, m(i) = i and m(-i) = —i. Writing z = x +iy = re”, 
we have 

i= Deez = fea : 
l—z)\(l-—zZ) 1l-—(24+2Z)4+22 1-(2+2)4+22 
i Egg 
1-224 r? 1-224 r? 
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1—r? re 2r sin 0 
o— Kae — (|... 
1 — 2rcos6 + r? 1 — 2rcos@ + r? 
= P(re’®) + iQ(re’’). 


P(re’’) = P,(e") is the two-dimensional Poisson kernel and Q(re’’) = 
Q,(e*) is the conjugate Poisson kernel. 


Proposition 34.5.1 The Poisson kernel has the following properties. 
(i) P(e”) = P.(e~”) > 0 forO<r <1; 
Te a5 ®) for0<6<|0| <7; 


r(e 
r(e 
a asics Eo | ann ae <0 =|) = asp £13 
(iv) x J", P(e?) dé = 1; 


Proof (i), (ii) and (iii) follow from the formula for P. By Cauchy’s integral 
formula, 


il m(z) i 7° 


1 => el = 
7a) 2mt Jr.(0) 2 Qn 


ae (0) +7Q,(0@) dd 


so that (iv) follows by taking the real part. 


We can also consider the Taylor series expansion of m: 


l+z 
=(l+2)(l+zt+2?4+---) 
l-z 
= 1492492? +10 
Thus 
l+z 
n (7) =14+(24+2Z)4+(24+7) 4-5; 
hence 


P,(e’*) =] + r(e? +4 oe) + r2(e7? ts ge dis, ae 
oo 
= Se, 
—oo 


and the convergence is absolute and uniform in |z| <r <1, forO<r<1. 
Suppose that jz is a complex Borel measure on T. Let 


P(u) (re) = (el) = (P, « w)(e) = [ P,(ei(*)) du(s). 
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Theorem 34.5.2 Suppose that ys is a positive Borel measure on T. Then 
P(p) is a non-negative harmonic function on D and 


= [* e)(t) dt = (7). 


Proof Let z = re” and let 


N N N 
PY) (ret) = ~ ritleint — ye Zn > os 
—N 0 1 


Then P\) (re) 4 P(re) as N > oo, and |P)(re#)| < (1+7r)/(1 —1). 
Thus by dominated convergence, 


PO) « (ret) = PY) (ret—8)) du(s) 
> P(re'-9) du = P(p)(re"). 


= 


But P®) « u(z) = 00 fine” +O fi_nZ™, and so 
P(f)(z) = ee fin Zz” + » fi-n2”. 
0 1 


Since sup, |fn| < || fl ,» the two power series have radii of convergence greater 
than or equal to 1. Thus P(f) is harmonic on D. Finally 


gf mntiyae= ef (fret duts)) at 


= [ (xf Pe) at) aul) = ul). 


We can extend this result to signed measures and complex measures. 


Theorem 34.5.3 Suppose that p is a signed or complex Borel measure on 
T. Then P(1) is a harmonic function on D, + J”. |ur(t)| dt < |u|(T) and 


? Q0 
Fm don Wr (t)| dt > |wl(L) = [ellea a8 7 71. 
Proof We prove this in the case where yu is a signed measure: the complex 
case is similar, but messier. 
First, P.(u) = P.(u*) — P.(u~) is harmonic, and |P,(u)| < P,(|u|), so 
that ||P-(H)l], < Peel Ila = Wella: 
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Suppose that « > 0. There exist disjoint Borel sets P and N with T = 
PUWN such that pz is positive on P and negative on N. There exist compact 
sets C and D such that C C P, DC N and p(C) > w(P) — € and p(D) < 
u(N) +. Let d = d(C, D). Let 6 = d/3, so that the 6-neighbourhoods C5 
and Ds are disjoint. 

As usual, ut(A) = (ANP) and p-(A) = —pn(AN N). Let uo(A) = 
u(ANC), and let pp(A) = —u(AN D). Then ||ut — ucll,, < 6 so that 


| Pelucdm— [Py u*)am < |[P.(u* — po))hy <é 


Thus 


Now P,(tc)(e’) — 0 uniformly on T \ Cs, and so there exists 0 < r¢ < 1 
such that P.(uc)(e") < e€ fort € T\ Cs and ro < r < 1. Thus 
Sa\c; P,(uc)dm < €, and so 


P,(y)dm > | P,(uc)dm — 2e€ 


Cs —E 


= |l¢cllea — 2€ > |u|. — 8¢ 


for rc <r <1. Similarly, there exists 0 < rp < 1 such that [ Ds P.( pi) dm > 
— ||" |leg + 8€ for rp < r < 1. Consequently, 


Pell, > [ P, (4s) dm — a Py(u)am— [Pala 


T\(CsUDs 
> |lHllea — 7€; 


for max(rc,rp) <r < 1. Thus ||P,()||, > |lul|_, as 7 Z 1. 
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We can also consider functions in L!(T). If f € L'(T), we set P(f) = 
P(f.dm), so that 


P(f)(re®) = P.(f)(e®) = al [Somme fet) dt 


fore) 
= . farrier? 
—oo 


Again, P(f) is a harmonic function on D. Let us first consider the case 
where f is a continuous function. 


Theorem 34.5.4 (Solution of the Dirichlet problem) Suppose that f € 
C(T), where T= {z € C: |z| = 1}. Let 


; 1. {7 . 
P(f)(re) = fr(e*) = (P, * f)(e) = =| P,(eP-9) F(e*) dt. 
Then P(f) is a harmonic function on D, and f, > f uniformly on T. 
Further, P(f) is unique: if g is a continuous function on D which is 
harmonic on D and equal to f on T then g = P(f) on D. 


Proof We have just seen that P(f) is harmonic. Suppose that € > 0. Since 
f is uniformly continuous, there exists 6 > 0 such that | f(e") — f(e’®)| < €/2 
if |0 — ¢| < 6. By Theorem 34.5.1 (iii), there exists 0 < rg < 1 such that 
2\|F ll. |P(e’%)| < €/2 for ro < r < 1 and 6 < |d| < 7m. Suppose that 
e © T. Then ifr9 <r <1, 


P(A) — fe =| [ Peeyf(e*) — fle) at 
20 J» 
<5 f Pte ge) - eM) Iat 
= P,(ci0-9)| felt) — Ff (€!9)| at 
27 J\9—1\>6 
tL i(0—t) ity pf 340 
Se fa geg HOO PIU — F€%) a 


<¢€/2+e/2=€. 


This holds for all e € T, and so ||P,(f) — fl|,, <€ for ro <r <1. 
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Finally we show that P(f) is unique. The function equal to P(f)—g on D 
and zero on T is continuous on D and harmonic on D, and must therefore 
be zero (see Exercise 22.6.7). 


Corollary 34.5.5 The trigonometric polynomials are dense in C(T). 


Proof Given f € C(T) and « > 0, there exists 0 < r < 1 such that 
Il fr — fll. < €/2, and there exists N such that 


< €/2. 


N 
fe~ So darllen 
n=—N 


co 


We can use this to give another proof that the polynomials are dense in 
C[-1,1]. Suppose that g € C[-1,1]. Let f(e”) = g(cos@). Then f is an 
even function in C(T), so that 


fr=fn= - | f(e”) cos nt dt, and f,(e) = fo + I a cos né. 
T JO 


n=1 


Now cosn@ = T,,(cos@), where T,, is a polynomial of degree n, the n-th 
Chebyshev polynomial. Thus 


N N 
S- fare”? _ fo +2 ~ far” cos nO 
n=—N 


n=1 
“a Ny a 
= fot+2 ys fat” Tn (cos?) = pr,n(cos 8), 
n=1 


where p,,v is a polynomial of degree at most N. Then, arguing as above, 
9 — Pr,N|l,, < € for suitable r and N. 

We now consider the spaces L?(T) = L?(T,B,m), for 1 < p < co. We 
define 


BaD) is Dprmomeon DSF hig = UP rg SO 
<r< 


for l<p<o. 


Theorem 34.5.6 Suppose that 1 < p < o. If f € L”(T) then P(f) € 
hy(D), and ||P(f)ll,, = lf llp- Further, P.(f) > f in L?-norm asr / 1. 
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Proof Suppose that p’ is the conjugate index. If f € L?, g € L? and 
llg p’ < i 


Lf (df neronmcena) aera 


=f” Pane ate" at = 


On = Qn _ \ 27 Jz 
=|5 (= [re rmetyat) rea 
2m J_, \ 27 Ja a on ° 
roan i (= [eae it) P,(e'*) ds 
2m Ji» \ 27 Ja 


‘ll Tv 
<— é 
sof tlh: ls 


so that P(f) € hp(D), and ||P(f)ll,, < Ilfllp- Given « > 0 there exists 
g € C(T) with ||f —gll, < ¢/3, and there exists 0 < ro < 1 such that 
|P-(9) — Glog < €/3 for r9 < r < 1. Thus ||P,(g) — gll, < €/3 for 79 <r <1. 
If ro <r <1 then 


If -PA)llp < If - gp + lo - Pr@llp + P(g — All <€- 


Thus P,(f) > f in L?-norm as r / 1. Consequently, || fll, < ||P()lla,- 


p Pr(e*) ds < |lfllp » 


When 1 < p < 00, we can say more. 
Theorem 34.5.7 Suppose that 1 < p< co. The mapping f > P(f) is a 
linear isometry of L?(T) onto h,(D). 


Proof Theorem 34.5.6 shows that the mapping is a linear isometry of 
L”(T) into h,(D). We must show that it is surjective. Suppose that f € 
h,(D). Suppose that 0< r<s<1. f, € C(T), and so fs ~ rr en In: 
where cp, = (fon: Let an = cys '”!. It then follows that 


fr = Peja Is) » an! yn. 


n=—cCoO 


This holds for all0 <r <s <1, so that a, does not depend on s, and 


co 


fr = > anr! ym for llO<r <i. 


n=— CoO 


If g € L’, let $(g) = Jp frg dm. Then ¢; is a continuous linear functional 
on L?’(T), and ||¢,||' = Ilfrllp < IF lln,- Let Tbe the vector space of trigono- 


metric polynomials. If g = se Inn € T, let o(g) = yy GnJn- Then 
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dr(g) = S_yrllangn > o(g), as r 7 1, and |9(9)| < IIflla, -ligllpr- 
Note that ¢(Y%n) = an. Thus ¢ is a continuous linear functional on the dense 


linear subspace T of L?'(T), and so it extends to a continuous linear func- 
tional, which we again denote by ¢, on LPP), By Theorem 34.5.6, there 
exists h € L? such that $(g) = Jphgdm. Since $(Yn) = hn, it follows that 
Qn = hn, and so F=P(h), 


This result does not extend to L1(T). Indeed, the following theorem holds. 


Theorem 34.5.8 The mapping  — P(1) is a linear isometry of cac(T) 
onto hy(D). 


The proof of this theorem is beyond the scope of this book’. 


Exercise 


34.5.1 How would you prove Theorem 34.5.3 for complex measures? 

34.5.2 Show that the Chebyshev polynomials satisfy the recurrence relation 
Tn41(2) = 2xT,, (x) — Tr-1(x) for n € N, and deduce that if |z| <1 
and |t| < 1 then 


[oe) 
1—ta 
1D; ——— 
ys, n(x) 1 — 2ta 4+ ¢ 
n=0 


34.6 Boundary behaviour of harmonic functions 


What can we say about the behaviour of the values of an element f(re’’) of 
hi(D) asr A 1? 


Theorem 34.6.1 Suppose that pp is a complex Borel measure on 'T with 
Lebesgue decomposition = f.dm+v. Then P(u)(re") > f(e) for almost 
allt asr A 1. 


Proof — By considering real and imaginary parts, and positive and negative 
parts, we can suppose that p is a positive measure. If J is an open interval 
in T let Ay(u) = w(L)/m(J), let 


my(u)(e) = sup{A;() : J an open interval, e” € I}, 
and let 
mg5(p)(e") = sup{ Ay(w) : I an open interval, I(I) < 26,e” € I}. 


1 See P.L. Duren, Theory of Hp space, Dover (2000). 
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Then, as in Theorem 33.3.2, m,, is a an operator of weak type (M(T), 1), 
and so therefore is ms5. 

Let s,(t) = P,(e'*). Then s, is a continuous even function on [—7, 7] which 
is strictly decreasing on [0,7]. Let y,(u) = m(P, > u). Then y,(u) = 1 for 
0<u< s,(m), yr(u)/2 is the function inverse to s, for s,(7) < u < s,(0), 
and y,(u) = 0 for u > s,(0). 

Suppose that e* € T, that 0 < 6 < m and that 0 <r < 1. Let J = 
(t —6,t+ 6). Then 


[ Pie) dutw) = f ( / a w) dy(u) 


s,(0) 
“= / w(J A (s,(t — u) > v))) du 


: s,(0) 
< maty(e) [ MTN (lt — ul < yr(v)/2)) dv 


: s,(0) : 
< ms(u)(e) : Qm(P, > u) du = 2mg(u)(e%). 


Suppose first that f € L'(). Then, taking 6 = 7, 
1 Tv 


Qn J 


P.(f)(e) ds < 3mu(f)(e"). 


Since the continuous functions are dense in L!(T), the result therefore 
follows from Theorem 33.2.1. 

Next suppose that v and m are mutually singular. By Theorem 33.3.7, v 
has spherical derivative 0 almost everywhere. Suppose that v has spherical 
derivative 0 at e’*. Suppose that « > 0. There exists 0 < 5 < m such that 
ms(v) < €, and there exists rg such that P,(e) < € for rg < r < 1. If 
ro <r <1 then 


v)(e"t) = re—§)) du(s rei!) du(s 
Pyle = fo Pre) duia)+ fi Plrel) dols) 


< 3e+ lull, 


which establishes the result. 
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